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SOME REMARKS ON A SECOND ORDER EVOLUTION EQUATION

Mohammed Aassila

Abstract

We prove the strong asymptotic stability of solutions to a second order
evolution equation when the LaSalle’s invariance principle cannot be applied
due to the lack of monotonicity and compactness.

§1. Introduction and statement of the main result

In recent papers [1, 2] we studied the asymptotic stability for some
dissipative wave systems. Earlier work in the same direction is due to Nakao
[7] who treated particularly the case of abstract evolution equations. In this
work we give a new asymptotic stability theorem which extends the analysis
in [5, 8] by taking into account the new approach introduced in [1, 2].

We focus on abstract equations of the form

u’ —div((1+ |Vu|*)?|Vu|*?Vu) + g(u') =0 in Q xRy,
u(z,0) = uo(z),u (2,0) =us(z) in Q, (P)
u(z,t) =0 on 0N xRy,
where () is a domain in R" of finite measure with smooth boundary 9¢2 and

a > 1, b,c > 1 are real numbers such that ab+ ¢ > 1. Concrete examples of
(P) include the dissipative wave equation

' —Au+g(u')=0 in QxR,,
u(z,0) = uo(z),u (2,0) = ui(z) in Q, (P1)
u(z,t) =0 on 0N xRy,

when a = b =0, ¢ = 2. The degenerate Laplace operator

v’ — div(|Vul*?Vu) + g(v) =0 in Q xRy,
w(z,0) = up(z), v (z,0) = ur(z) in Q (P2)
u(z,t) =0 on 0N xRy,
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when a = b =0, ¢ > 1. And the quasilinear wave equation

Vu
W —div(—— N L) =0 in QxR
V(\/1+\Vu\2) 9(w) -
uw(z,0) = uo(z),u (2,0) = ui(z) in Q, (P3)

u(z,t) =0 on 0N xRy,

when a = 2, b = —1/2 and ¢ = 2. Problem (P3), with —Au/' instead of g(u'),
describes the motion of fixed membrane with strong viscosity. This problem
with n = 1 was proposed by Greenberg [3] and Greenberg-MacCamy-Mizel
[4] as a model of quasilinear wave equation which admits a global solution
for large data. Quite recently, Kobayashi-Pecher-Shibata [6] have treated
such nonlinearity and proved the global existence of smooth solutions. Sub-
sequently, Nakao [8] has derived a decay estimate of the solutions under the
assumption that the mean curvature of 02 is non-positive. The object of
this paper is to study the asymptotic behavior of the solution u of (P) which
is assumed to exist in the class

ue C(Ry, Wy () N CHR,, L2(Q)) (1.1)
without any boundedness or geometrical conditions on (2.
We make the following assumptions on the nonlinear function g:
(H1) ¢g: R — R is locally Lipschitz continuous
(H2) zg(x) > 0 for all z # 0
(H3) There exists a number ¢ > 1 satisfying
(n—2)¢g<n+2 for (P1)
(n—c)g<n(c—1)+c for (P2)
(n—1)g<1 for (P3),
and there exist positive constants ci, ¢ such that
clz| < |g(z)] < co|x|? for all |z|>1.

We define the energy associated to the solution given by (1.1) by the
following formula

E(u(t)) = %HU'(t)Hg + ANV, (1.2)

0A —
where 8—1()1)) = (1 + |v|*)b|v]c 2.
Our main result is the following

Main Theorem. It holds that
E(u(t)) -0, as t— oo,

for every solution u satisfying (1.1).
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§2. Proof of the main theorem
For the proof we need the two following lemmas.

Lemma 2.1. It holds that
t
/ / lug(u')|dx ds = o(t), t— +o0.
0o Jo

Lemma 2.2. It holds that
¢
/ / W' deds = o(t), t— +oo.
0o Jo

Proof of lemma 2.1. As g is locally Lipschitz continuous we have
[ ugt)de <e [ (o)) 2lul do
lu'|<1 Q
L 1/2
<e( [ wotu)dz) " Jullacoy
Q

Similarly, by (H3) we have

1
[, e < e ([ wo(uyaz) Tl
u’|>

where (¢ +1)" = 15 is the Holder conjugate of g + 1.

Then from the Holder’s inequality we obtain

/Ot/ﬂ lug(u')| da ds

t 1/2
<c (/ / uw'g(u') dx ds) Vtsup |[u(s)||r2(q)
0 JQ [0,¢]

t 1
et ([ [ wgtu)de,ds) T sup ful)lpeo)

Using the Holder, Sobolev, and Poincaré inequalities we have
lu(s)|l2(0) < cllu(s)||patia) < cE(s)Y?2 <cE(0)Y? forall s>0.

From these estimates it follows that

¢
//]ug(u')]dw,dsgcﬂ%—ct#:o(t), t — +o00.
0o Jo
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Proof of lemma 2.2. Let € > 0 be an arbitrarily small real and set

M{(e) = sup {ﬁ; ] > @ }

by hypotheses (H1)-(H3), we have M (g) < 400.
Clearly,
lu'|? dx < e.

On the other hand

/
|u'|2da::/ Y u'g(u')dm§M(5)/u'g(u')dm.
|

/|u/|2\/% w'>\ /&7 g(u) Q

As

1/2
2 dz < \/2E(0) (/ )

/u'z\/,% w2/

we deduce that
1/2
/]u!zdx<€+\/ (/ dm) ,
and then by the Holder inequality

/t/ lu'|? dx ds <et 4+ \/2E(0)M(e) vt (/t / u'g(u) dx,ds>1/2
0o Jo o Jo
<et + E(0)/2M () Vt = o(t), t— +oc.

Proof of the main theorem
Assume on the contrary that [ := . liin E(t) > 0. Then we have
—+o00

//uu d:cds—/ /|u|2 A(Vu)Vu — g(u')udz ds

where A(Vu) := (1+ |Vu|*)?|Vu|*~2Vu. Following the approach introduced
n [1, 2], we shall prove that

|u'||5 + /Q A(Vu)Vudz > c3 > 0. (2.1)

We have
lu' @)1I5 + 2[| AVl > 1
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hence, if [|u/(t)[|3 > £ we get (2.1) with c5 = £. And, if we have || A(Vu)|; >
I

-, then

49

o (I Vully + [ Vullzpte) =

S~

that is
HV’UJHab_i_C >c5>0.

Since A is coercive (that is (A(v),v)r2 > cglv|?®+¢ with |v| > |v|), we get
(2.1) with a positive constant ¢; > 0.

Thanks to lemmas 1,2, and the relation (2.1), we arrive by the same
arguments in [1, 2] to

$(t) > —oc0 as t— +oo,

where ¢(t) = [,uu/dz. This is a contradiction to the fact that |¢(t)| <
csE(0). Thus
lim E(t)=0.

t—+oo

Remark. If g is linear or superlinear near the origin, then it is sufficient to
consider a domain 2 C R” in which the Poincaré’s inequality holds.
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