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ON GLOBAL SOLUTIONS FOR THE VLASOV-POISSON
SYSTEM

PETER ZHIDKOV

ABSTRACT. In this article we show that the Vlasov-Poisson system has a
unique weak solution in the space L1 N Loo. For this purpose, we use the
method of characteristics, unlike the approach in [12].

1. INTRODUCTION

Consider the classical Vlasov-Poisson system

%+U-fo+vvf-E(x,t) =0, (t,z,0) ERxR3>xR3 f=f(tz,v), (1.1)
E(z,t) = /RS » VU(z —y)f(t,y,v)dydv, U(z)=rlz|™", (1.2)
f(0’$7v) = fO(l‘v’U)v (13)

where all quantities are real, a-b means the usual scalar product of a,b € R3, k = +1
is a constant, and f is an unknown function that has the sense of a distribution
function of particles in the (z,v)-space. In view of the sense of f, we require

f>0 and ft,z,v)dedv = 1. (1.4)
R3 xR3
Everywhere L, denotes the standard Lebesgue space L,(R? x R3) with the standard
norm (here 1 < p < c0). In what follows, we look for weak solutions of (L.1])-(T.4)
that belong to L1 N L for each fixed t € R.

The Vlasov-Poisson system has applications in particular in plasma physics and
stellar dynamics. There is a numerous literature devoted to studies of Vlasov equa-
tions. Here we mention the following papers. In [Il [, 6, [14], the Vlasov equation
with a smooth bounded potential U is considered; the existence and uniqueness
of a weak solution with values in the space of normalized nonnegative measures is
proved. In [2] 3, [7, [9], the Vlasov-Poisson system is investigated (see also [I]). In
[3], the existence and uniqueness of radial solutions is proved. In [I} 2 [7, 0], weak
solutions of this system are studied (we note that in these papers the question about
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the uniqueness of weak solutions similar to ours is left open). We also mention pa-
per [5] where weak solutions of the Vlasov-Maxwell system are considered. In [I3],
the existence of a global smooth solution to 1.17 is demonstrated. In [8], the
Vlasov equation with potentials of higher singularities is considered and in [I5], a
two-time problem for the equation with a smooth bounded potential is treated. In
addition, when the present article was already prepared, the author learned about
paper [12] where a result quite similar to ours is obtained by a completely different
method.

Here we prove in particular the uniqueness of a weak solution of 7.
In this connection, we mention paper [I0] where for the Vlasov-Poisson system
in the one-dimensional case the non-uniqueness of solutions is shown. This does
not contradict our result because in that article the solution is weaker than ours:
measure-valued solutions are considered there.

Definition. Let f(¢,-,) € C(I;L,) for all 1 < p < oo where I C R is an interval
containing 0 and ||f(¢,+,-)||r.. < C for all t € I. Then, we call f a weak solution

of (1.1)—(1.4) if (1.2)—(1.4) are satisfied and if for any function n = n(¢t,z,v) in
I xR3 x R3 continuously differentiable and equal to zero from outside of a compact
set one has for all ¢t € I:

[ dvdvlnfe.z,0)ft0,0) = n(0.2.0) fo.o)
R3 xR3

t
7/ ds/ dx dv f(s,z,v)
0 R3 xR3
X {ns(s,x, v)+v-Ven(s,z,v) + Von(s,z,v) - E(x, s)} =0.

(1.5)

The main result in the present paper reads as follows.

Theorem 1.1. For any fo € L1 N Ly with a compact support problem (1.1))—(1.4)
has a unique weak solution f(t,x,v) global in t such that its (x,v)-support is bounded

uniformly in t from an arbitrary finite interval. The energy of the system,
1

E(f) = f/ [v2f(t, x,v) dz dv—/ dx dx’ dvdv' f(t,z,v)U(z—2")f(t,z',0"),
2 Jps xR3 R12

does not depend on t.

2. PROOF OF MAIN THEOREM

To (1.1)—(1.4), we associate the system

z(t, xo,v0) = v(t, 2o, Vo), (2.1)
0(t, 20, v0) = w(z(t, x0,v9),t) := /3 . VU (x(t, zo,v0) — y) f(t,y,v)dydv, (2.2)
R3 xR
(2(0,20,v0), v(0, 20, v0)) = (z0, Vo), (2.3)
J(t,z(t, 20, v0), v(t, x0,v0)) = fo(zo,vo)
for almost all (29, vo) € R x R? for a fixed ¢, (2.4)

where (zg,vg) runs over the entire R® x R3. Formally, if (z(t, zg,vo), v(t, 0, v0)) is

a solution of system (2.1)—(2.4) and if f(¢,z,v) is given by (2.4), then f satisfies
(1.1)—(1.4). Here, we are aimed in particular to justify this fact.
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For g € L1 N Lo, set
(Tg)(z) = / VU (@ — y)g(y,v)dy dv.
R3 xR3

Let w(+) be a nonnegative even C'*°-function with a compact support in R? satisfying
Jgs w(z) dz =1 and let U,(x) = (U(:) x nw(n-))(z) where the star means the
convolution and n = 1,2, 3,.... Consider the sequence of approximations of system
([2-1)—(2.4) that occur by substitutions of U, in place of U in (2.1)—(2.4). We denote
these approximations by (2.1n)—(2.4n). Let also T,, be the integral operator which
is defined by analogy with T with the change of U by U,,.

It is the well known result proved in fact in [T, 4 [6] 14] that for each n system
(2.1n)—(2.4n) possesses a unique global solution (z, (¢, zo,vo), vn(t, g, vo)); also,
for any fixed ¢ the map S! transforming (zo,vo) into (z,(t,xo,v0), va(t, zo,vo))
is a diffeomorphism of R?® x R3 onto itself (i. e. it is a one-to-one map contin-
uously differentiable with its inverse), and the corresponding function defined by
fu(t, zn(t, 2o, v0), v (t, o, v0)) = fo(zo,vo) is finite for each fixed ¢ and it is a weak
solution of the problem arising from 7 by replacing U by U,,; in addition,
diam(supp fi(t,-,+)) is continuous in t. Also, for each n the corresponding energy
E,(fn), which occurs by replacing U by U, in the representation for F, and the
norms || fn(Z, )|z, with 1 < p < oo do not depend on ¢. In addition, according to
[16] det J,, (¢, x0,v0) = 1 where

Oz (t, 20, v0), vn(t, o, v0))

Iy =
8(x0, ’Uo)

is the Jacobi matrix. Denote Dy (t) = sup{p € [0,00) : esssup s, fn(t, z,v) > 0}
and Dy (t) = sup{g € [0,00) : esssup,|q fu(t, z,v) > 0}. Also, for any (z,v) €
R3 x R3,n and s,t € R there exists a unique point (zg,v9) € R® x R3 such that
(20 (8, 20,00),Vn(8,20,v0)) = (z,v). By (zn,v,)(t,s,2z,v) we denote the point of
the corresponding trajectory (x, (7, o, vo), vn (T, o, v9)), where 7 € R, taken at the
time 7 = t. Clearly (xn,vn)(t, s, @0 (s, T, 2,0),vn(s, 7, 2,0)) = (xp, vp) (¢, 7, 2, v) and
fa(t,z,v) = fo((zn,vn)(0,t, 2,0)).

Lemma 2.1. For any finite fo € L1 N Lo there exist Do > 0 and T = T(Dy) > 0,
where T'(s) is a nonincreasing function of s > 0, such that DI (t) + D (t) < Dq for
alln and all t € [-T,T].

Proof. We consider only the case t > 0 because for ¢ < 0 all our estimates can be
made analogously. First of all, we have the estimate

(T fa) (2, )] < CUDROP N fulty s )z + [ falt -, L) (2.5)

‘ Further, it can be easily derived from (2.1n),(2.2n) and (2.5)) that for any (zq, vg) €
supp(fo),
t

t
|z (¢, 20, v0)| < Ixo|+/ [un (s, x0,v0)| ds < Ixo|+/ Dy (s)ds
0 0
and

¢
[vn (£, 20, v0)| < C1 + |vo| + C’g/ [D2(s)]% ds.
0
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Hence

D10 < D50) + [ Dile)as
0

Dy (t) < Cs+ Dy (0) + Cy /Ot[Dli(S)]3 ds

with constants C3, Cy > 0 independent of ¢ € [0, 1] and n, which easily implies our
claim. (]

Corollary 2.2. There exists C > 0 such that |(T}, frn)(z,t)| < C for all z and
te[-T,T].

The proof of this corollary follows from ([2.5) and Lemma
Lemma 2.3. There exists a positive constant C' such that
[(Tng)(z1) = (Tng)(22)] < =Clz1 — 22| In |21 — 25

for all g € L1 N Lo satisfying ||gllz, +1|9]|z.. <1 and g(z,v) =0 if |z| +|v] > Do,
alln =1,2,3,... and for all z1,z2 € R3 such that |z, — 22| < 1/2.

Proof. Take arbitrary x,h € R3, such that |h| < 1/2, and g. Then, we have

(Rm@+h%%ﬂmmﬂz(AMM@+L%wN%M@%wWW@+h—%

fVU(xfy))/ g(y,v)dv =1 + L.

Dy (0

Since ||g||r.. <1, for I; we have

< ODT) [l Ry <O
Bar(0)

For Iy, we deduce

|m§@wmwvi 1yl =3 dy < —Cslh| In ).
Bpg (0)\ Bz (0)

Corollary 2.4. One has
[(Tg)(x +h) — (Tg)(x)| < —C|h[In|h|

for all x and h : |h| < 1/2 and for all g € L1 N Ly satisfying ||gllz, + l9llr.. <1
and g(z,v) =0 if |x| + |v| > Dy.

Lemma 2.5. For any € > 0 there exists § > 0 such that

|(£Un(t, anvO)avn(t’$071}0)) - (xn(taxlavl)avn(ta$1,vl))| <€

for alln and all t € [=T,T) if |(x0,v0) — (21,01)] < 0.

Proof. We consider only the case t > 0 because for t < 0 the proof can be made by
analogy. We have by Lemma

t
|.Tn(t71'0,'l}()) - xn(t7x17vl)‘ S ‘1'0 - xl‘ +/ |vn(87x07vo) - ’Un(s,fEl,’Ul)| dS
0



EJDE-2004/58 ON GLOBAL SOLUTIONS 5

and

|Un(t,$0,110) - Un(t,xl,’Ulﬂ
t
< |vg —v1] — C/ | (8, 20, v0) — (s, x1,v1)|In |z, (s, 20, v0) — Tn(s, x1,v1)|ds
0

until |z, (¢, 2o, vo) — zn (¢, 1, v1)] < 1/2. Now our claim follows by standard argu-
ments similar to those used when proving the Gronwell’s lemma (see also [I1]). O

Now, applying the Arzéla-Ascoli theorem, in view of Lemmas [2.1 and es-
timate (2.5) we deduce that the sequence {(z, (¢, o, Vo), vn(t, T0,v0))}n=1,2,3,.. Of
functions from [T, 7] x R x R? into R? x R? contains a subsequence still denoted
{(xn(t, 20, v0), vn(t, 2o, v0)) }n=12,3,.. which converges to a pair of continuous func-
tions (z(t, zo, vo), v(t, o, vo)) uniformly in (¢,20,v9) from an arbitrary compact
subset of [T, T] x R? x R3.

Lemma 2.6. For anyt € [-T,T] there exists f(t,-,-) € L1 N Lo such that for any
p € [1,00) the sequence {fn(t,-,)tn=123 . converges to f(t,-,-) strongly in L,.

Proof. Take a sequence h*(-,-) of continuous functions converging to fy strongly in
L, and almost everywhere, bounded in L, and such that h¥(x,v) = 0 if |z| + [v]| >
Do + 1 for all k. Then, we have

[fn(ts ) = fm(ts ),

<R (2 (0,8, ), va (0,8, ) = B (@ (0,2, ), 0m (0,8, )2,
HR* (@ (0,2, ), 0a (0,2, ) = folza(0,8,,-), 0 (0,2, )1,
HR* @m (0,8, ), v (0,8, ) = fol@m (0,8, ), v (0,2, )|, -

Then, obviously, for any € > 0 the second and third terms in the right-hand side of
this inequality are smaller than €/3 for all sufficiently large k and for all n and m,
and the first term is smaller than €/3 for the same (fixed) values of k& and for all
sufficiently large n and m. O

Corollary 2.7. One has [|f(t,-,-)|lz, = | follz, for allp > 1 and all t.

The proof of this corollary follows from Lemma and %an(t7 )L, =0
which holds for all ¢ € R and for all p € [1,00), which are well known.

Lemma 2.8. Let {¢"}n=123,... C L1 N Lo, each g™ = 0 if |z| + |v| > Dy, this
sequence is bounded in Lo, and let for any p € [1,00) ¢" — g strongly in L,.
Then, (T,g")(z) — (Tg)(z) uniformly in x € R3.

Proof. First, we have

[(Thg") (@) = (Tg)(x)| < [(To = T)g") ()| + (T(9" — 9)) ()|

The first term in the right-hand side of this inequality tends to 0 as n — oo because

(T - T)g™) ()] < / dy |VU,(z — y) — VU (z — )| 4" (y,v) dv
Bp, (0) Bp,(0)
<C VU, (z —y) — VU(z —y)|dy — 0

Bp, (0)
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uniformly in @ € R3. As for the second term, we have

166" -9 < [ dy VU=l [ 1g"e) - gl do 0.
Bp,(0) Bp, (0)
(I
Taking the limit n — oo in (2.1n),(2.2n), we obtain by Lemmas and
¢
(t, 2o, vo) = To +/ v(s, o, vo) ds, (2.6)
0
t
ot o, w0) = v+ [ w(as,mn,un), ) ds (2.7)
0

where the function w is given by (2.2), and (2.2) and (2.7) hold for all (xg,vo)
and t € [-T,T]. Now, it follows by the known uniqueness theorem for ODEs

(see, for example, [I1]) and by Corollary that system (2.6)—(2.7) may have at
most one solution. It is also easy to see from 7 that for any fixed ¢ the
transformation (xq,vo) — (x(t, 7o, v0), v(t, 2o, v0)) is a one-to-one map of R? x R3
onto itself continuous with the inverse (to see this, it suffices to consider the initial
value problem for (z(t,zo,vo),v(t,xo,vo)) with initial data given at an arbitrary
time to € [T, T)).

Theorem 2.9. Denote St (xq,v9) = (x(t,x0,v0),v(t,x0,v0)). Then, for any fived
t € [-T,T] S is a one-to-one map continuous with its inverse of R* x R onto itself
so that in particular it transforms Borel subsets of R3 x R3 into Borel ones. For
any Borel set A C R3 x R? one has m(A) = m(S*(A)) where m(-) is the Lebesgue
measure in R3 x R3.

Proof. Take an arbitrary open bounded set A C R? x R3. As well known, for
any € > 0 there exists compact K. C A such that m(A\ K.) < e. Let o =
dist(K,0A) > 0 and Ag = {z € S'(A) : dist(z,05(A)) > [}. Let also g =
dist(S*(K.),05"(A)) > 0. For any z € K. take a ball B.(z) C A such that
SY(B(2)) € A%' Let By, (#1), ..., By (z1) be a finite covering of K. by these balls.
Then, by construction, there exists a number N such that S’ (K.) C S*(Az) for all
n > N. Now, we have !

m(4) = e < m(Ke) <m( Uiy By, (z)) = m(Sh(Uily By (1)) )
< m(Ag) < m(S*(A))
so that m(A4) — e < m(S*(A)). The inequality m(S*(A)) — e < m(A) can be
obtained by the complete analogy by considering the map S%* inverse to S*. So,
m(A) = m(S'(4)).
For an unbounded open set A the same equality follows in view of representations
A=U AN BL(0) and SY(A) = U, S" (AN Bk(0)).

This also implies the same equality for closed sets. For an arbitrary Borel set
A C R3xR3 the equality m(A4) = m(S*(A)) now can be obtained by approximations
of A by open sets from outside. [

Since the map (zg,v0) — (x(t, x0,v0),v(t, To,v0)) is a homeomorphism of R? x R3
onto itself, for any s and (x,v) € R?® x R3 there exists a unique point (xq,vo)
such that (z(s,zo,v0),v(s,x0,v0)) = (x,v). Using this fact, for any s,t € R



EJDE-2004/58 ON GLOBAL SOLUTIONS 7

and (z,v) € R3 x R3 we denote by (z,v)(t,s,x,v) the point of the trajectory
(x(7,z0,v0),v(T, T0, Vo)) at the time 7 = ¢ with those initial value (z¢, v) for which
($(8,$0,U0)7U(8,$0,'U0)) = (l’,’l}).

Lemma 2.10. For any fixzed t € [-T,T] one has f(t,z(t,xo,v0),v(t, x0,v0)) =
fo(xo,v0) for almost all (xg,v9) € R? x R3.

Proof. We have that, on a subsequence, f,(t,-,) — f(t,-,-) almost everywhere
and f,(t,z1,v1) = fo((xn,vn)(0,t,21,v1)). So, in view of Theorem to prove
Lemma, it suffices to show that fo((xn,v,)(0,¢,-,+)) — fo((z,v)(0,t,-,-)) almost
everywhere. Set

(xn(0,t,21,v1),v,(0,t,21,v1))
= (2(0,t,21,v1) + dn(z1,v1),v(0, %, 21, v1) + Yn(21,01)),

where (0,,,v,) — 0 as n — oo uniformly in an arbitrary compact set, and show that
folx(0,t,21,v1) + 0, v(0, 8,21, v1) + ¥n) — fo(x(0,t,21,v1),v(0,¢,21,v1)) almost
everywhere over a subsequence. Let ¢ be a sequence of continuous functions,
uniformly bounded in L., and supports of which are uniformly bounded, converging
to fo almost everywhere. Then, for p € [1, c0),

1fo(@(0,, ;) 4 0n, (0,8, ) +9m) = fo(x(0,t,-,-),v(0, 1, -, )|,

<l (20,8, ) 4 6, 0(0, 55 ) + ) — r(2(0, 8, -5 ),0(0, 8, -, -)) | 1,
100,85 -) + b, 0(0, 8,5 ) +9n) = @r(2(0, 8, 2) + 00, 0(0, 8, 2) + )|,
+ 1 fo((0,2,-,-), (0,8, -, ) = i (2(0, 2, -, ),v(0, 8, )|, -

The third term in the right-hand side tends to 0 as k — oo in view of The-
orem As for the second one, since the map (x1,v;) — (x(0,¢t,z1,v1) +
On(x1,v1),0(0,t,21,v1) + Y (21,v1)) is one-to-one continuous with the inverse and
preserving the Lebesgue measure, we have that it is equal to || fo — ¢&|z, — 0 as
k — o0. So, for a given € > 0 the second and third terms can be made smaller than
€/3 by taking a sufficiently large k, uniformly in n. As for the first term, it can be
made smaller than €/3 by taking the same sufficiently large fixed &k and sufficiently
large n. O

Proposition 2.11. In the time interval [T, T], System (2.1)—(2.4) has a unique
solution (x(t,xo,vo),v(t, xg,v0)) such that the (x,v)-support of the corresponding
function f(t,z,v) is bounded uniformly for t € [-T,T].

Proof. We have to prove only the uniqueness of a solution. Suppose the opposite.
Without the loss of generality we can accept that there exists to € [0,7) such
that two different solutions (x;,v;)(t, o, v0), ¢ = 1,2, coincide for ¢ € [0,¢] and
for all (xg,vo) and that in an arbitrary small right half-neighborhood of ¢y there
are points ¢t where (x1,v1)(¢, o, vo) # (22, v2)(t, 2o, v) for some (xq,vy). Let also
f = fi(t,z,v), i = 1,2, be the corresponding functions given by . Without
the loss of generality we accept that f;(¢, z;(t, xo,v0),vi(t, 2o, v0)) = fo(xo,vo) for
all (zg,v0) and t. Set also (x,v)(t,x0,v0) = [(z1,v1) — (T2, v2)](t, 0, v0), h(t) =
MAaX (3, v0)esupp(fo) |Z(t o, v0)| and r(t) = max 4, vo)esupp(fo) |V(f; Zo,v0)|. Then,
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applying Lemma [2.3] we obtain for ¢ > ¢, sufficiently close to to,

h(t)g/t r(s)ds, (2.8)

[v(t, z,v0)] < —=C [ h(s)Inh(s)ds

to
t
d [as] [ VUG(s,z0,m0) < i (ss0.0) ~ falspo)]dyde] =1+ 11
to R3 xR3
(2.9)

Let us estimate II. Since the maps S! : (xg,v0) — (24, v;)(¢, zo,v0) are homeo-
morphisms of R x R? onto itself, for any i, s and (z,v) € R® x R? there exists a
unique point (xg,vo) such that (z;,v;)(s,x0,v0) = (z,v). Using this fact, for any
i=1,2, 5,t € R and (x,v) € R® x R3 we denote by (z;,v;)(t, s, z,v) the point
of the trajectory (x;,v;)(7,zg,v9) at the time ¢ with those initial value (xq,vg)
for which (z;,v;)(s,xo,v0) = (x,v). Respectively, S;(t,s) denote homeomorphisms
from R3xR? onto itself mapping (z,v) into (x;,v;)(t, s, x,v). We have that f;(t,z,v)
are solutions of the linear transport equations with the exterior forces

Ei(a.1) = / VU (@ — y)filt, g, v) dy do
R3 xR3

and so, again the mappings S;(s,to) preserve the Lebesgue measure in R3 x R3.
Denote also P;(k,s) = supp(fi(s,-,)) \ (Brn(s)(@1(s, 20, v0)) x R?) and D3 (t) =
sup{p € [0, 00) : esssupy|~,, f2(t, 2, v) > 0} and apply the obvious fact that

ly" —y| < h(s) (2.10)

for any (y,v) € supp fi(s,-,-)) and (y',v") = Sa(s,to)(S1(to,s)(y,v)). Then, we
have for ¢ > ¢y sufficiently close to ¢,

t
IIz/ds‘(/ +/ )dy
to Byn(s)(z1(8,20,v0)) R3\ Byn(s) (z1(s,20,v0))

(2.11)
[, v VU100, 00) = i) ~ fols0)]

where clearly the first term can be estimated as follows

’/ dy/ dv VU(xl(s,:EO,vo)—y)[fl(s,y,v)—fg(s,y,v)]‘ < Clh’(s)
B4h(s)(zl(s,x0,v0)) R3

(2.12)
Further, making the change of variables (y,v) — (z1,v1)(to, s,y,v) and using the
facts that the operators S;(t, s) preserve the Lebesgue measure and that fi (s, y,v) =
fa(to, z1(to, s, y,v), v1(to, s,y,v)) almost everywhere, one can easily derive

/ VU (1 (s, 20, v0) — ) fa(s, 3, v) dy d
(R3\ Byp(s)(z1(5,20,v0))) XR3

= / VU($1(87.'I}(),’1}0) - x(sat()aya U) - x2(87t07y?v))f2(t07y7v) dy dv.
S1(to,s)(P1(4,s))
(2.13)
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Now, applying (2.10) and making in one of the integrals in the right-hand side the
change of variables (y,v) — (x2,v2)(s, to, y, v), we obtain from (2.11))—(2.13]),
II

</ ds{Cuhls) + Co / VU (1 (5, 20, v0) — )| dy

to Bsn(s) (21(8,20,v0))\ Bsn(s) (%1 (s,20,v0))

+ / |VU(I’1(5, Zo, UO) - ‘T(Sa th xQ(t()a Y, U)a UQ(th S, Y, ’U)) - y)
P2(3,8)
— VU (1 (s70,v0) = 9) fals,y,v) dy dv |
t
< / ds{ O3h(s) + Cah(s) /

|21 (s, 20, v0) — y|* dy}
to D3 (5)\Bsn(s)(z1(s,20,v0))

< —Cs /t h(s)Inh(s)ds.

(2.14)
Estimates (2.9)) and (2.14) yield
¢ ¢
h(t) < / r(s)ds and r(t) < —06/ h(s)Inh(s)ds,
to t()
which easily imply that h(t) = r(t) = 0 in a right half-neighborhood of . O

Proposition 2.12. The function f(t,z,v) is a weak solution of (L.1)—(1.4]).

Proof. Obviously, f(t,-,-) € C([-T,T); L,) for each p € [1,00). Let n(t,z,v) be an
admissible function for (1.5). Then, equality (|1.5)) for f can be obtained by writing
it for f, (¢, z,v) with the further passing to the limit n — co. O

Proposition 2.13. Let f(t,-,-) € C(I;L,) for each p € [1,00), where 0 € I C
[-T,T) and I is an interval, and let it be a weak solution of 7. Then,
ft,x(t, x0,v0),v(t, 20,v0)) = fo(xo,vo) for almost all (xg,vy), where the functions
x(t,xo,v0), v(t, zo,v9) are the solution of f corresponding to this f.

Proof. Consider the linear transport equation

0
&g—i—v-vwg—l—vvyw(a:,t) =0, g=g(tx,v), (2.15)

9(0,z,v) = go(z,v), (2.16)
where now the function w does not depend on the unknown g, is continuous and
bounded in (z,t) and satisfies the estimate

fw(z + hyt) —w(z, )] < ~Clan|Al, 0< |n] <1/
go € L1 N Ly and has a compact support. Again, for any point (zg,vg) the
characteristic system for (2.15)—(2.16]),
z=v, v=w(z(t),t), z(0)=uz9, v(0)=uwvg,

has a unique solution (z(t, zg,vo), v(t, o, v0)) and the mapping G; : (xg,vo) —
(x(t, z0,v0),v(t,20,v9)) is a one-to-one function from R3 x R? onto itself con-
tinuous with the inverse. Again, the function ¢(¢,z,v) defined by the relation

g(t,z(t, z,v),v(t,z,v)) = go(x,v) is a weak solution of (2.15)—(2.16]) whose (z,v)-
support is bounded uniformly with respect to ¢ in a bounded interval. To prove
Proposition [2.13] it suffices to show the uniqueness of this solution. Let us do this.
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Suppose the existence of another compactly supported solution g;(t,z,v) and
let ¢ = g — g1. Then, ¢(t,z,v) is a solution of equation and ¢(0,z,v) = 0.
Let w(z) be a nonnegative even C§°-function in R? satisfying [5; w(z)dz = 1 and
let wy () = h=3(hz), h > 0. Let us take a T > 0 and let R > 0 be so large that
supp(q(t,-,-)) € Br_1(0) for all t € [-T,T]. Observe that for any h € H}(Bg(0))
the expressions hV,q - v and hV,q - w(z,t) are correctly determined by

/ hVIq-vdxdv:/ qVzh-vdxdv,
R3 xR3 R3 xR3

/ hV,q - w(z,t)de dv = / qVyh - w(x,t) de dv

R3 xR3 R3xR3

so that V,q-v, V,q-w € H~! where H~! is the Sobolev space dual to Hg(Bg(0))
with respect to the scalar product in Ls. Moreover, it is easy to see that v - V,q,
Voqg-w € C([-T,T); H'). Now, it follows from the corresponding identity for
solutions of that can be obtained from by replacing F by w that

4= v Veq—Voq-we C([-T,T); H ).

Hence, wy, %z (Wh %y Gt), Wh *z (Wh %y (Vg - v)), and wp, x4 (wh *y (Vg - w)) are in
C([-T,T); C(R3xR3)), and the supports of these functions are bounded uniformly
inte[-T,T] and 0 < h < 1. So, taking n(t,z,v) = wp *z (Wh *y q(t, -, ) (¢, 2,0)
for the identity similar to (1.5]), we obtain

/ n(t, z,v)q(t, z,v) dx dv
R3 xRR3

¢
= / ds/ q(s,xw){ — wWh *g (W %y (Vg - 0))(s,z,v)
0 R3 xXR3
— W, *g (Wh *p (Vg - w))(s,2,0) + v Van(s,z,v) + Von(s,z,v) - w(z, s) bdz do.

Now, using the evenness of wy and integrating by parts in the right-hand side of
this equality, one can easily verify that the sums of the first and third and of the
second and fourth terms are equal to 0. So,

/ n(t, z,v)q(t,x,v)dzdv =0
R3 xR3
and letting here h — +0, we deduce [55, o3 ¢*(t, z,v)dz dv = 0. O

So, we have proved the existence and uniqueness of a local solution to (L.1))-(1.4)
finite for any fixed t. The relation %E (f) = 0 is also obvious and the mapping
St preserves the measure. According to the result proved in [13], for any p >
33 there exists C' > 0 such that D*(t) + D*(t) < C(1 + [t|)? for all ¢ from an
arbitrary interval of the existence of our solution, where D*(t) = sup{p € [0, 00) :
eSS SUP 5, f(t,@,v) > 0} and DY(t) = sup{q € [0,00) : esssupj,|s, f(t,7,v) >
0} (in fact, in [13], smooth compactly supported solutions of problem f
are considered, but the proof in this paper is based only on general properties of
solutions as the conservation of the energy and the preservation of the Lebesgue
measure so that it holds in our case). This immediately yields that our solution
f(t,x,v) can be uniquely continued onto the entire real line ¢ € R and that it is
finite for any fixed ¢. So, our proof of Theorem is complete.
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