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DIRICHLET FORMS FOR GENERAL WENTZELL BOUNDARY
CONDITIONS, ANALYTIC SEMIGROUPS, AND COSINE
OPERATOR FUNCTIONS

DELIO MUGNOLO, SILVIA ROMANELLI

Dedicated to Angelo Favini with great admiration and friendship on his 60-th birthday

ABSTRACT. The aim of this paper is to study uniformly elliptic operators with
general Wentzell boundary conditions in suitable LP-spaces by using the ap-
proach of sesquilinear forms. We use different tools to re-prove analiticity and
related results concerning the semigroups generated by the above operators. In
addition, we make some complementary observations on, among other things,
compactness issues and characterization of domains.

1. INTRODUCTION

Favini, G.R. Goldstein, J.A. Goldstein, Romanelli [I3] investigated the heat
equation in an open bounded domain € of R™ governed by the elliptic operator
A :=V-(aV) with general Wentzell boundary condition

Au—!—ﬁ% +7yu =0 on 09, (1.1)

where v is the outer unit normal, and the boundary 02 is C2. Under the assumption
that a = (a;;) = (ad;;) (here §;; stands for the identity matrix in R™) is a diagonal
nxn matrix, with real valued coefficient 0 < o € C*(Q), 3,7 € C1(99), with 8 > 0,
v > 0 they have considered the realizations A, of A in the spaces X? := L?(Q,dpu),
1 < p < oo, where dy := dzx|, ® O%‘TLSQ. The boundary condition can be rewritten
as
ou
v
and a% is the conormal derivative of u with respect to a. We refer to [19] for a
derivation of such boundary conditions.
Here, dz is the Lebesgue measure on  and 242 denotes the natural surface

V-(aVu)Jrg(a )+yu=0 ondQ,

measure do on 9§ with weight 3. One of the main results of [13] was that the

operator A,, 1 < p < oo, generates an analytic, contraction semigroup on X?, and
it is self-adjoint for p = 2.
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On the other hand, Favini, G.R. Goldstein, J.A. Goldstein and Romanelli [16]
also studied a generalization of the above problem to nonlinear boundary condi-
tions obtaining, in particular, smoothing and other optimal regularity properties of
solutions. Once one specializes to consider the linear case, these are in fact optimal
ultracontractive results.

Arendt, Metafune, Pallara, Romanelli [5] introduced the sesquilinear form

Q ((J;g) : <U|7;Q>) = /Q(aVu)~de+/aQ ~uwdo (1.2)

on X? and showed that the operator associated with such a form is the same A,
considered above, provided that « = 8 = 1 and 992 is Lipschitz. Thus, they could
deduce generation and regularity results (also in C'(Q2)) by properties of Q (see also
[36], in the case of the space C]0, 1]).

In a similar order of ideas, Vogt and Voigt [35] investigated the form Q on
a slightly different, weighted product Hilbert space that formally covers the case
when the coefficient @ may vanish. They proved that Q is Dirichlet even under
weaker assumptions on a, 3,7, and 99Q2. However, the setting in [35] is very general,
so that the identification of the operator associated with Q is not easy to perform.

The approach by operator matrices followed by Engel [9] and by Xiao and Liang
[38] has recently revealed that an elliptic operator in non-divergence form with
generates a cosine operator function (hence an analytic semigroup) in the
space C10, 1] (see also [6]).

Likewise, Engel and Fragnelli [I0] have shown that a uniformly elliptic second
order operator in divergence form with generates an analytic semigroup in the
space C(Q).

The aim of the present paper is twofold: First we use the theory of Dirichlet
sesquilinear forms as presented, e.g., in [7] and [30], in order to deduce results
concerning regularity and ultracontractivity of solutions that had already been
obtained in [16] in a nonlinear context; second, to present some slight improvements
to the known theory. We consider the operator associated with @ and show that
the family of XP semigroups, 1 < p < 0o, to which the semigroup on X extends are
analytic with an angle estimate that improves that obtained in [I5]. We then extend
to the uniformly elliptic case a compactness result obtained in [5], which in turn
allows to apply the Perron-Frobenius theory. In addition we obtain some results on
uniform convergence to a positive projection onto the subspace of constant functions
or to 0, depending on the coefficients on the boundary.

Note that if @ and 0 are smooth enough, then the operator associated with Q
can be described rather explicitly, cf. Theorem [3.12} as it has already been shown
in [I6], such an operator matrix is in fact the realization of the uniformly elliptic
operator V- (aV) with general Wentzell boundary conditions (1.1)). Of course, all
the properties we show for semigroups and cosine operator functions actually have
a counterpart for solutions to suitable first and second order Cauchy problems.

Much more can be said in the special case of a strictly positive coefficient ~y
on the boundary. In this framework, in a similar order of ideas as in the recent
monographs [2] and [30], Section 4 supplies a treatment of many related results
as estimates for ultracontractivity (particular case of those obtained in [I6] but
slightly sharper than those in [5]) and spectral properties.
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2. GENERAL FRAMEWORK

Let € be a bounded open domain of R™ with Lipschitz boundary 002 and 1 <
p < oo. Following [I3] (see also [5]), we introduce the product spaces defined by

AP = LP(Q;C) x LP(9C), 1< p<oo.

Observe that AP can be identified with the space LP(Q,du), equipped with the
norm

1/p
I laer = (I Wy + 1 o) i 1< p <00,
or else
-l == - (2o (@) VI - | oo (a2)-
(Here du := dz|q @ do|sq, with da the Lebesgue measure on € and do the natural
surface measure on 0f2.) Thus, the general theory of Lebesgue spaces yields

XP— X1 foralll<qg<p<c. (2.1)

Moreover, each AP is a Banach lattice, and its positive cone is the product of the
positive cones of LP(€2) and LP(09).
Let us consider X2 = L2(Q) x L?(09). If we equip it with the canonical inner

product
u v
(4, 0) 2 = <<w) ’ <2)>X2 = (U, v) L2 + (W, 2) p2(00) »

then X2 becomes a Hilbert space. We also define the linear subspace

V.= {(Z) e HY(Q) x H/2(8Q) : w = U|6Q}
of X? = L2(Q) x L?(09Q). We emphasize that V is not a product space.
Lemma 2.1. The linear subspace V is dense in X2.

Proof. Tt suffices to apply Lemma with X; = HY(Q), Xo = L3(Q), V7 =
H'2(09), and Yo = L*(09). Then the boundary trace operator L is bounded from
H(Q) onto H'/2(99Q), cf. [24, Thm. 1.8.3]. The claim follows due to the density
of the imbeddings ker(L) = H}(Q) — L?(Q) and H'/2(09) — L?*(99). O

Remark 2.2. Observe that
U v
o)y = <(“|asl) 7 (vlasz)>v = (U, 0) o) + (ulons vloa) o), (22)

defines an inner product on V. With respect to it, VV becomes a Hilbert space.
Lemma 2.3. The norm || - ||y on the Hilbert space V defined by (2.2)) is equivalent
to that defined by
Mll? =[] (ufe ) 1= 170l + Rl we V.
Proof. Due to the boundedness of the boundary trace operator from H'(f) to
H'Y2(99), it is enough to apply the inequality
[l CUIVullL2(a) + llullL2a0))- (2.3)

Such an inequality holds for all u € H'(Q) by [26, Cor. 4.11.2], cf. also [25] for
more general results in this context. (I

Ln I(Q
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3. MAIN RESULTS

Throughout this paper we impose the following conditions on the coefficients a
and ~.

Assumption 3.1. (1) a = (ai;) is a symmetric matrix of real valued H{ _(9)-
functions such that the ellipticity condition
alélP <Re Y ay(2)&é; < Cilel
ij=1
holds for suitable constants 0 < ¢, C7 and all £ € C", a.e. x € (L.
(2) v € L*>(09) is real valued and such that 0 < v < C5 a.e. for a suitable
constant Cs.

We define a sesquilinear form Q with form domain D(Q) := V on the Hilbert
space X2 by

Q(u,0) = Q ((uffm) : (vﬁm)) = /Q(aVu)~de+/aQ ~uwdo.

Our main aim is to show that Q (which is sesquilinear by definition, and densely
defined by Lemma [2.1)) is associated to a submarkovian semigroup. This is a con-
sequence of the following.

Theorem 3.2. The densely defined sesquilinear form Q is symmetric, positive,
and closed, i.e.,

e O(u,v) = Q(v,u) for allu,v €V,

e O(u,u) >0 forallueV,

e V is complete for the form norm

[ulle := 1/ Qwu) + [[ull%e

1/2
= </ (aVu)-denL/ |u\2dm+/ (1+’Y)|u|2d0> .
Q Q o0

Proof. The fact that the coefficients a and v are real-valued yields that Q is sym-
metric.

To show the positivity of Q, take u = ( Y > € V and observe that

ulaq

Qu,u) = / (aVu) - Vudz +/ y|ul>do > 0,
Q o9

due to the positivity of a and ~.
Further, for all u = (u|u > € V one has by assumption
2Q

[ullg > 01||Vu||%2(m + ||UH%2(Q) + ||“||2L2(a§2)
and
[ullg < CillVulzq) + llullZz) + (1 + Ca)l[ulF2a0)-

Taking into account Lemma[2.3] we conclude that the form norm of Q is equivalent
to || - ||y, with respect to which the space V is complete. Thus, Q is closed. O
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Remark 3.3. (1) Observe that the form Q is, in fact, also continuous, i.e.,
|Q(u, v)| < Mjullv[lo]ly

for all u,v € D(Q), where M := C; V Cs < o0.
To see this, take into account Remark 2.2 and Lemma 2:3] By the Cauchy—
Schwartz inequality and the hypotheses on a one has

| z”: ag; (x)&m;| < ( z": aij(x)fi?j) 1/2( zn: aij(x)niﬁj>

ij=1 ij=1 ij=1

for all £,m € C™ and a.e. = € Q. It follows that
/(aVu)~de —|—/ ~yuvdo
Q oQ
< / |(aVu)-Vu|dx —i—/ |yuv|do
Q o0

=\ 1/2 = 1/2 _
S/Q((aVu)-Vu) ((aVv)-Vo) dsc—l—/aQ |yut|do

1/2

1Q(u, 0)| =

g/C’ll/2|Vu|Cll/2|Vv|dm+/ Cslul|v|do
Q o0

= C1 (|Vul, [Vol) 12q) + C2 (|ul, [v]) 1290

< C1l|Vull 2) IVl 20y + Callull 20y V]| L2 (00)
<M (ullgr @) + lullzoo) (lvllai@) + 1v]l260)
= M|[ul[v|o][v.

(2) The form Q is also local, i.e., Q(u,0) = 0 for all u,v € V such that supp(u) N
supp(v) is a p-null set.

Thus, one can associate to Q an operator A, on X2, given by

D(As) :={u€eV:3 € X?st. Qu,0) = (3,0) 4. Yo €V},
Azu = 3.

By [0, Thm. 1.2.1], such an operator is self-adjoint and dissipative. In fact, the
following holds.

Proposition 3.4. The operator As associated with Q generates a cosine operator
function with associated phase space V x X2,

Proof. Due to the bounded perturbation theorem for cosine operator functions (see
Lemma|5.3)), the claim follows if we show that As + Iy2 generates a cosine operator
function with the same associated phase space. Define now the form

O(u,0) := Qu,0) + (,0) o, w0 E V.
on X2. It is apparent that Q is sesquilinear, densely defined, symmetric, and closed.
Moreover, it is bounded below by 1, and the associated operator is exactly As+1y2.
Thus, the claim follows by [4, Prop. 7.1.3]. O

Remark 3.5. Favini, G.R. Goldstein, J.A. Goldstein, Romanelli [13, Theorem 3.1]
showed that if Q has boundary C?%, a € C1(Q),a > 0in Q, and I = {2z € 9O :
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a(z) > 0} # 0, then the closure of the realization on L?(Q,dx) & L?(T, %) of the
operator A :=V - (aV) with general Wentzell boundary condition

0
Au—l—ﬁa—:j—&—'yuzo on I

is self-adjoint and dissipative, hence it generates a cosine operator function. There
3,7 were assumed to be in C1(9Q), with 3 > 0 and v > 0 on 9. Recently, Favini,
G.R. Goldstein, J.A. Goldstein, Obrecht, and Romanelli [I5] have extended this
result to the case of a more general elliptic operator of the type

"9 0
1= 3 o (o)
1,7=1

with general Wentzell boundary condition given by

u—i—fyu:OonF.
v

Au+ 3

9a
0

Here % denotes the conormal derivative of u with respect to a = (a;;).

Since A; is self-adjoint and dissipative, it also generates a strongly continuous
semigrop 7> that is contractive and analytic of angle 5. In fact, much more can be
said about 75.

Theorem 3.6. The semigroup To on X2 associated with Q is sub-Markovian, i.e.,
it is real, positive, and contractive on X°.

Proof. By [30, Prop. 2.5, Thm. 2.7, and Cor. 2.17], we need to check that the
following criteria are verified:

eucV=ucVand QReu,Imu) € R,
o ucV, ureal-valued = |u| € V and OQ(Jul, ju]) < Q(u,u),
e 0<ueV=1AueVand Q1 Au,(u—1)%)>0.

It is clear that w € HY(Q) if u € H*(2), hence if u = < “

ulog
u= <u|u > € V. Moreover, Q(Reu, Imu) is the sum of two integrals. Since all the
aQ
integrated functions are real-valued, it follows that Q(Reu,Imu) € R.
To check the second condition let u € H(Q). Then |u||ag = |u|sq|. Moreover
V0u| = (signu)Vu (see [I7, § 7.6]). Hence

QUlul Jul) = /Q (aVu) Vade + /6 luf do = Quvu).

Finally, as in the point (d) in the proof of [5, Thm. 2.3] we see that if 0 < u €
H'(), then 1 Au € H'Y(Q) and V-(1 A u) = 1guc13Vu, while V ((u—1)") =
l{u>13Vu, ie, V-(1 Au) and V ((u— 1)) are disjointly supported. Further, if

> € V, then also

u=( " €V, then
u|asz

1 Au= <(1 mﬁaJ eV and (u—1)*= <((u(“__1)1+);m> .

It follows that if (x,2) € supp(u A 1) Nsupp ((u — 1)1), then necessarily u(z) = 1,
and the claim follows by positivity of the coefficient ~. O
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Remark 3.7. Let 7,7 be functions on  and 99 satisfying the Assumptions [3.1]
Denote by Q., Qs the form Q with coefficients v and ¥, respectively, and by 7, 73
the associated sub-Markovian 73-semigroups. Then D(Q,) = D(Q5) = V. Also,
V is an ideal of itself by [30, Prop. 2.20]. Assume now that vy(z) < 7(z) for a.e.
z € 0Q2. A direct computation shows that

Q’Y(uv U) < Q:Y(uv U)

for all 0 < u,v € V, and it then follows from [30, Thm. 2.24] that 75 is dominated
by 7, in the sense of positive semigroups, i.e.,

Tl < T,()lf] for all e X2, ¢ > 0.

The more general case of non-positive v will be treated later on in this section

(see Corollaries and |3.21)).

Lemma 3.8. The semigroup To on X? associated with Q is ultracontractive, i.e.,
it satisfies the estimate

T ()fllaw < Mt~ 5 |fllaz for alit € (0,1], f€ X2, (3.1)
for
2n —2,00), if n>3,
e < (2,00), if n=2,
[1,00), if n=1,

and some constant M, .
Proof. By [7, Cor. 2.4.3] it suffices to show that

[l 2 < My (32)

n—2

for some p > 2 and some constant M.
Take n > 3 and recall that by the usual Sobolev imbedding theorem we obtain

2 <M 2n
”uHLﬁ(Q) - 1||u||L"*2(Q)
1 (33)

2
< My (IVul3aqy + lullfe) s we H'(@),

where we have set = 2n — 2, cf. [I7, (7.30)]. On the other hand, by [29, Theo-
rem 2.4.2] there holds

N

el 2 o < Ms (IVulEagey + lulfae)” w e @)

or rather,

1
2
ol gy < Mo (IV0lE a0y + ulaey) . we HYQ) (34)

Combining (3.3) and (3.4) yields the claimed inequality for p = 2n — 2, due to the
Assumption (1). Taking into account (2.1)) yields (3.2) for pu > 2n — 2.
If n < 2, then again by [I7, (7.30)] and by [29, Theorem 2.4.6] the inequalities

(3.3) and (3.4) prevail for arbitrary p, (3.2) holds again for u > 2 and the claim
follows.
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Consider finally the case n = 1, u € [1,2]. In this case it is more convenient to
use a criterion based on a Nash-type inequality. In fact, by [7, Cor. 2.4.7] it suffices
to show that for all 0 < u € V there holds

2] _2
[ullaz < My [l g™ - flufl 51° (3.5)
for all > 1 and some constant M,,. Recall the inequality
I Wlify,  (36)

which is valid for all 7 € [0, 2] and some constant My, cf. [26, Thm. 1.4.8.1]. Take
so that 2_23T = 24”_14 > 2. Tt follows by (3.6) that

|Lﬁ(o,1) < My ([l z20,0) + llull 2 0,1)) " - |

now 4 € [1,2] and set 7 := A5,

K 2
||U||L2(0,1) < M5 (”U/HL?(O,I) + ||U||L2(0,1)) e ||“||£1+(20,1)' (3.7)

Finally, observe that in the case n = 1 we have LP(9Q) = C?, 1 < p < oo, so that
all the norms on LP(912) are equivalent. This and (3.7)) yield (3.5). O

Remark 3.9. Following Varopoulos ([34, § 0.1], cf. also [2, § 7.3.2]) the number
dim(73) := inf{p > 0: (3.2) is valid for some M, }
is sometimes called the dimension of the semigroup 75. Hence, we have shown that

2n —2, if n > 2,
1 if n=1.

7

dim(T5) < {

Observe that this improves an analogous result in [5], where in the case n = 1 it has
only been shown that dim(72) < 2. Moreover, under slightly stronger assumptions
on the coefficients a, 7, it was shown in [I6] that the dimension of 75 is always n.

Due to the boundedness of 2, the following holds by [7, Thm. 1.4.1, Thm. 2.1.4,
and Thm. 2.1.5] and [30, Thm. 3.13].

Corollary 3.10. The semigroup Tz extends to a family of compact, contractive,

real, positive one-parameter semigroups T, on XP, 1 < p < oo. Such semigroups

are strongly continuous if p € [1,00), and analytic of angle 5 — arctan zl\p/% for

p € (1,00).
Moreover, the spectrum of A, is independent of p, where A, denotes the gener-
ator of T,. All the eigenfunctions of Ay are of class X*°.

Remark 3.11. (1) As a direct consequence of the ultracontractivity of 7z, it follows
by [7, Lemma 2.1.2] that 75 has an integral kernel K such that

0<K(t,x,y) < Mﬁt_”/2 forallt >0, ae. x,y€Q, (3.8)

where p and M), are the same parameters that appear in .

(2) Since the operator A is self-adjoint and dissipative, its spectrum is contained
in the negative halfline. Moreover, by the above corollary the spectral bounds of
all operators A, p € [1,00), agree. Since the growth bound of a positive semigroup
on an LP-space agrees with the spectral bound of its generator (see [37, Thm. 1]),
we conclude that s(A) is the common growth bound of all the semigroups 7,
p € [1,00). Observe that, as an application of the abstract spectral theory for
so-called one-sided coupled operator matrices developed by K.-J. Engel in [8], such
a spectral bound can in several concrete cases be explicitely computed (see [23], § 9]
for a one-dimensional example).
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We still need to identify the operator associated with Q.

Theorem 3.12. Let 92 € C* and a;; € C*(Q), 1 <1i,j <n. Then the operator
As associated with the Dirichlet form Q is given by

D(Ay) = {(Z)) € H2(Q) x H'(89Q) : w = ulgg and V-(aVu) € LQ(Q)} ,
A2 = (_v@(g?v% —%I) :

Here (aVu,v) denotes the conormal derivative of w with respect to a, which is
well defined (in the sense of traces) as an element of L2(99) for u € H2 () due to
the regularity of a, cf. [24] § 2.7].

Proof. Observe first that we only need to prove the claim for v = 0, since

(Tawmy 5= (vl 0+ 6 5)

where the second addend on the right-hand side is a bounded operator that does
not affect the domain of the first one.
The operator associated with Q is, by definition,

D(B):={ueV:3 e x?st. Qu,0)=(30) 1. Yo €V},
Bu:= —3.
To see that Ay C B, observe first that D(As) C V. Take u = (Ur; ) and
Q

0= <u|v > in V and apply the Gauss—Green formula to obtain
aQ

Qu,v) = /Q(aVu)-de

= —/ V-(aVu)ﬁdx—F/ (aVu,v)vdo
Q 00

(R (L), - amo

Conversely, let u = (u|u ) € D(B) and repeat the above computation to obtain
o0

that V-(aVu) is well defined as an element of L?(€2) and that u has a conormal
derivative (in the sense of traces) in L?(09). Thus, by [24, Thm. 2.7.4] we deduce
that u € H2(£2). Since the second entry of the vector u is the trace of a function of

class H %(Q), it follows by usual boundary regularity results that usq € H L(09),
and hence u € D(As). O

Remark 3.13. The strong regularity assumption on 02 and on the coefficient a
in Theorem is solely necessary in order to apply the results in [24] on the
regularity of solutions to a Neumann-type problem.

We are now in the position to discuss the complete second order operators.
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Corollary 3.14. Under the assumptions of Theorem letb e (LQ(Q))n, ce
L%(2), and 4 € L*(9Q). Then the operator Ay defined by
A = V-(aV)+bV+ecl 0
2 —(aV,v) —AI
with domain D(Ay) := D(As) generates a cosine operator function with associated
phase space V x X2, hence also an analytic semigroup of angle 5 on X2,

Proof. Write Ay as 3
A2 = -/42 + BQ;

By = (b-V +cl 0 )
' 0 (y=1)"
Since by assumption b-V + ¢l is bounded from H'(Q) to L*(Q) and (y — H)I is
bounded on L?(d9) it is clear that By is bounded from V to X?. Now the claim
follows by Lemma O

where

In the introduction we have claimed that the operator matrix associated with
the sesquilinear form Q, i.e., Ajg, is in fact a realization of a second order elliptic
operator in divergence form with general Wentzell boundary conditions. Recalling
that D(A2) is a core for Aj, this is made clear in the following.

Corollary 3.15. Under the assumptions of Theorem let b € (LQ(Q))n, c e
L3(Q), and 7 € L*(0S2). Then for all u such that (u|u ) is in the domain of A3
oN

there holds
V- (a(z)Vu(z)) + b(2)-Vu(z) + c(2)u(z)
+a(2)Vu(z),v(2)) +3(2)u(z) = 0

This is equivalent to the notion of of weak solution given in [I3].

for all z € 99). (3.9)

Proof. Take u such that ( Y
ulog

(V-(aVu) +b-Vu+ cu
—(aVu,v) — Julaq

) =:u € D(A3). Then by definition

> = (Z) = Ayu € D(Ay) = D(A,),
and by Theorem there holds @|pq = w. This yields (3.9). O

Remark 3.16. Take u € L?*(Q) such that (Urj’ﬁ ) is in the domain of A3. By
Q

the above corollary u is a function in H3/%(Q) such that the homogeneous boundary
condition (3.9) holds. Such boundary condition is expressed by means of a boundary
differential operator of order 2, hence by usual boundary regularity results we obtain
that w € H3(Y). By induction one can in fact see that
CX(Q) x C*(8Q) € D(AP) € C>=(Q) x C=(dN).

Since the semigroup 73 generated by A, is analytic, its smoothing effect yields

- . D(A3)

To(t) (X?) € D(AY) C 2)
2(0) (%) € DAT) {COO(Q) x C°(9Q)

for all ¢ > 0.
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Thus, in view of Corollary [3.15] and Remark [3.16] we finally conclude that the ini-
tial value problem for the heat equation with general Wentzell boundary conditions
is well-posed.

Corollary 3.17. Under the assumptions of Theorem let b € (LQ(Q))R, c€E
L*(Q), and 7 € L?(0). Then for all f € L*() and all g € L*(98) the initial-
boundary value problem
w(t,z) = V-(aVu(t,x)) + b(z)-Vu(t,z) + c(x)u(t,z), t>0, z€Q,
V-(a(2)Vu(t, z)) + b(2)- Vul(t, ) c(z)u(t, z)
+(a(z)Vul(t, z),v(z)) + F(2)u(t, z) = t>0, z€ 00,
u(0,2) = f(z), =€ Q
u(0,2) = g(z), =€ 09,
admits a unique classical solution u, and u(t,-) is of class C* for all t > 0.
The well-posedness of the wave equation with general Wentzell boundary con-
ditions follows immediately from the self-adjointness result of [I4], as explained in

Goldstein’s book [2I]. We state it now for completeness. A similar result in the
one-dimensional case but on all A}, spaces, 1 < p < 0o, has been obtained in [27].

Corollary 3.18. Under the assumptions of Theorem let further b € (LQ(Q))R,
c € L*Q), and 5 € L*(09). Then for all f € H*(Q) and g € HY(Q) the second
order nitial-boundary value problem with dynamical boundary conditions

i(t,x) = V-(aVu(t,z)) + b(x)-Vu(z) + c(z)u(z), t>0, z€Q,

ii(t,2) = —{a(2)Vult, 2), (=) — 3(Jult,2), 120, 2 € O,
u(0,2) = f(z), u(0,z) =g(x), =ze€.
admits a unique classical solution u. If further f,g € C°(Q), then u(t,-) is of class
C™ for allt > 0, and in fact it satisfies the general Wentzell boundary conditions
V-(a(2)Vu(t, z)) + b(2)-Vu(t, z) + c(z)u(t, z)

Ha(z)Vult, 2),v(2)) + F(2)u(t,z) =0, t>0, z € OQ. (3.10)

Let us finally identify the generators of the semigroups 7, on XP. We thus answer
a question that was adressed in [I8] § 7.6].

Theorem 3.19. Let 9Q € C™ and a;; € C®(Q), 1 < 4,5 < n. Then for all
p € [1,00] the generator A, of the semigroup T, is given by

D(A,) = { (Z) e W2 5P(Q) x W2~ 5P(09) :

w = ulpg and V-(aVu) € LP(Q)},

A= (T )

Proof. Let us prove the claim for p > 2. We have already remarked that X? — X'¢
for all 1 < ¢ < p < oo. Moreover, it follows by the ultracontractivity of 75 that
XP is invariant under 73(t) for all p > 2 and ¢ > 0. Thus, by [11, Prop. 11.2.3] the
generator of 7, is the part of Ay in AP, The claimed expressions of A, and D(A,)
then follow as consequences of usual results on traces, cf. [I, Thm. 7.53].
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Take now some p with 1 < p < 2. By [7, Thm. 1.4.1] one has that the adjoint
semigroup of (7,(t))i>0 on X, is actually (7,(t))t>0 on X,, where p~! + ¢~ ! = 1.
Set

D, = { (Z) € W3 P(Q) x WET5P(99) :

w = ulpq and V-(aVu) € LP(Q)}.

Consider the operator A, whose action on D, is given by

B V-(aV)u
Aptt = (—(aVu,u) - Wu) '
Reasoning as in the proof of Theorem@one can see that its adjoint is actually Ay,
p~t 4+ ¢! = 1. Then, since the generator of the pre-adjoint semigroup (7,(t)):>0
on X, of (74(t))¢>0 on Xy is the pre-adjoint operator A, of A, it follows that A,
with domain D(A,) = D, generates the Cy-semigroup (7,(t))s>0 on X, and the
claim follows. O

Remark 3.20. A semigroup 7" on a Banach lattice X is called Markovian if it
is real, positive, and T'(¢)1 = 1 for all ¢ > 0. One thus sees that a semigroup is
Markovian if and only if it is real, positive, and its generator A satisfies A1 = 0. It
follows from Theorem that for all p € [1,00], A,1 = 0 if and only if v = 0.

Corollary 3.21. Fiz p € [1,00). Under the assumptions of Theorem~ let
further b € (L>(Q))", c € L*=(), and 7 € L>(0Q). Then the operator A, defined
by
A - V-(aV)+b-V+ecl 0
o —(aV,v) —AI
with domain D(A,) := D(A,) generates an analytic semigroup on XP.

Proof. Write Ap as
A, = A, + B,

5. (Ve 0
PU 0 (v=91)

Observe that by assumption b-V + ¢l and (y — 4)I are compact operators from
Witer(Q) to LP(Q) and from WEP(9Q) to LP(91), respectively, for all € > 0.
Hence it is clear that B, is a relatively Ap,-compact perturbation, and the claim
follows by [11}, Cor. 2.17]. O

where

Remark 3.22. Our approach based on positive forms and sub-Markovian semi-
groups also allows to tackle some nonautonomous Cauchy problems, at least in
the one-dimensional case. In fact, we have shown in Corollary and Theorem
that the operator matrix A, generates for all p € [1, 00) a strongly continuous
semigroup of contractions. This essentially follows from the Assumptions [3.1] on
the coefficients a and . If we allow for more general, time-dependent coefficients,
we are led to introduce a family of operators on AP defined by

(YY) 0
A() = <—<a<t>v,u> —v(t)1> IES
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for fixed s € R, with joint domain D(A,(t)) := D(A,). We restrict ourselves to the
one-dimensional case and, instead of the Assumptions we impose the following.
(1) a(t) is a real valued C'*°[0, 1]-function such that ¢; < a(t,z) < C; holds for
suitable constants 0 < ¢1,C4, and all t > s, = € [0, 1].
(2) 71(t), v2(t) are real numbers such that 0 < 7;(¢t) < C for a suitable constant
Cyandeacht > s,1=1,2.
(3) The mapping t — a(t,-) is continuously differentiable.
(4) The mappings t — v;(t) are continuously differentiable, ¢ = 1, 2.
We can now consider the temporally inhomogeneous problem

w(t,r) = (au') (t,z), t>s, ze€(0,1),

a(t,5) = (=1 a(t, v/ (t,5) = (Bu(t, ) =0, t=s, j=12,

u(s,z) = f(z), x€l0,1],

and rewrite it in an abstract form as
u(t) = A,(Hu(t), t>s,
u(s) =fe XP,

for some s > 0. Due to the above assumptions on the coefficients, all the operators
A, (t), t > 0, have joint domains and further the family (A, (¢));>0 is stable in the
sense of [32] Def. 4.3.1]. We can thus apply the Kato-Tanabe theory of hyperbolic
nonautonomous problems and, by virtue of the results in [32], § 4.4], deduce well-
posedness (in a suitable sense) for (nACP). We refer to [22] and [32] for more
details on the theory of fundamental solutions to nonautonomous Cauchy problems.
Asymptotic issues could also be investigated (e.g., by means of the methods recently

surveyed in [31]), but this goes beyond the scope of this paper.

(3.11)

Proposition 3.23. Let Q be connected. Then the positive semigroup T, on X,
p € [1,00), is irreducible.

Proof. Since the irreducibility of 75 is inherited by all semigroups 7, on &, 1 <

p < oo (a consequence of Corollary and [2, Theorem 7.2.2]), we only consider

the case p = 2 and show that [30, Cor. 2.11] applies. Indeed, by Lemma and

Remark [3:3] the form Q is densely defined, positive, continuous, closed, and local.
We have to prove that if U is an open subset of {2 x 92 such that

(xv-f)eV forallfeV, (3.12)

then either u(U) = 0 or p((2x992)\U) = 0. Here p denotes the measure introduced
at the beginning of Section 2, i.e., the direct sum of the Lebesgue measure A on (2
and the Hausdorff measure o on 0.

Take then U = V x W open subset of 2 x 92 such that (3.12) holds. By definition

YU = (XV> . (3.13)

Xw
Now V is an open subset of Q and by (3.12]) we deduce that

(xv-f)e H'(Q) forall fe HY(Q).

Recall now that the Laplace operator with Neumann boundary conditions (whose
associated form has domain H'(Q)) is irreducible, cf. [30, Thm. 4.4.5]. Hence,
again by [30, Cor. 2.11] we deduce that A(V) =0 or A(2\ V) = 0. Since V is an
open set, A(V) = 0 can only happen if V is empty, so that also U = () and u(U) = 0.
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Let us now consider the case of A\(2\ V) = 0. Observe that the constant function
f = 1 belongs to V, so that by , , and the definition of V we deduce that
xv € HY(Q) and xw is its trace on 9. On the other hand, since A(Q2\ V) = 0 one
sees that the characteristic function xy is identically 1 a.e. in €). Consequently,
the trace of yy is identically 1 g-a.e. on 9. Summing up, xw turns out to be
identically 1 o-a.e. on 0f2, so that W = 99 up to a set of o-measure zero. We
conclude that the claim follows since p((2xIN)\U) = A(Q\V)+0(0Q\W) =0. O

Due to the irreducibility of the semigroup, we can then apply known results (see,
e.g., [2 § 3.5.1]) and draw the following conclusion.

Corollary 3.24. Let Q) be connected. Then there exists a strictly positive rank-1
projection P such that

le s T, (t) — P|| < Me™", t >0,
for some constant M >0, € > 0.

If in particular the coefficient v = 0, then we have seen in Remark [3:20] that 0
is the spectral bound of all generators A,, p € [1,00), and by [28, C-IV.2.10 and
C-II1.3.5.(d)] we obtain the following.

Corollary 3.25. Let Q) be connected and v = 0. Then for the semigroup T, on X,
p € [1,00) the following assertions hold.
(1) The limit Pf:=limy_.o T, (t)f exists for every f € X,.
(2) P is a strictly positive projection onto ker A, the one-dimensional subspace
of X, spanned by the constant 1 function x.
(3) There exists M > 1 such that

I7(t) =PIl < Me, ¢ >0,
where X\ is the largest nonzero eigenvalue of the generator A.

Again, we stress that the second largest eigenvalue of A can be explicitly com-
puted in some concrete cases, cf. [23, § 9], thus obtaining an estimate for the
semigroup’s rate of convergence (in norm!) toward a projection.

More results on the asymptotic behaviour of the semigroups 7, will be obtained
in the next section.

4. THE CASE v # 0

Throughout this section we impose the following conditions.

Assumption 4.1. The coefficient v does not identically vanish on the boundary of
each connected component of ).

Under the Assumption the properties of the cosine operator function and of
the semigroups associated with Q are essentially improved. The main reason is the
following.

Lemma 4.2. Under the Assumptions[3.1 and[{.1] the operator A, is invertible for
all p € [1, ).
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Proof. Assume without loss of generality that 2 is connected, and let u = <u|u ) €
oQ
D(A5) such that Asu = 0. We obtain by definition of As that o(92\ 9V) > 0.
0=9(u,u)

:/(aVu)~Vud:c+/ y|ul?do
Q 19)

201/ \Vu|2d:v+/ v|ul*do.
Q o0

It follows by the assumptions on ~ that u € H'(Q) is constant in 2 and vanishes
somewhere on 0€). Hence, u = 0, and 0 is not an eigenvalue of A,. Since 73 is
compact and analytic, As has compact resolvent. Therefore A5 is invertible, and
the same holds for all A,, since o(A,) = o(As) for all p € [1, o0]. O

We already know by Remark (2) that the growth bound of 7, is given by
the spectral bound s(Az). By the above lemma such a spectral bound is strictly
negative, and we obtain the following.

Corollary 4.3. Under the Assumptions[3.1] and[{.1, the semigroup T, is uniformly
exponentially stable for all p € [1,00].

Corollary 4.4. Under the Assumptions[3.1] and[[-1] the cosine operator function
generated by As is contractive, together with the associated sine operator function.
Moreover, the solutions to the second order abstract Cauchy problem

i(t) = Asu(t), teR,
u(0) =feV, (4.1)
1(0) =g € X%,
are almost periodic.

Proof. By Theorem and Lemma[4.2] the operator A, is self-adjoint and strictly

negative definite. It follows by [20, Lemma 3.1] that the reduction matrix associated

with Ay generates a group of isometries, hence both the cosine operator function

(C(t))ter generated by Ay and the associated sine operator function (S(t)):er are

contractive. More precisely, by the classical solutions to are given by
u(t) =C(t)f +S(t)g, teR.

Moreover, Ay has compact resolvent by Corollary hence by Lemma the
solutions to (4.1]) are almost periodic. O

Even more can be said if we replace the Assumption [£.1]by the following stronger
version.

Assumption 4.5. The coefficient ~ is strictly positive, i.e., there holds c; < 7y
do-a.e. for some constant co > 0.

We can now sharpen Lemma and obtain the following, cf. also [5], Prop. 2.6].

Proposition 4.6. Under the Assumptions and @ the semigroup Ty on X2
associated with Q satisfies the estimate

| To(t)f|lxee < Myt~ ||f|l> for allt >0, f € X2, (4.2)
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for
[2n —2,00), ifn >3,
pE S (2,00), ifn=2,
[1, 00), ifn=1,

and some constant M, .

Proof. Take u = <u|u ) € V. Observe that plugging (2.3)) into (3.3) and (3.4)) one
a0

obtains

HUHLT?_%(Q) < Ny ([[Vullz2) + llull200)) , (4.3)
||UHL%(BQ) <Ny (||VU||L2(Q) + ||U||L2(asz)) (4.4)

for suitable constants Ny, N, where u € [2n — 2,00) if n > 3, and p € (2,00) if
n < 2. On the other hand there holds

IVullZ2 () + ull7200) < NaQ(u,u),

where N3 := (¢1 V ¢) !, The claim then follows by [7, Thm. 2.4.2] for n > 2, and
by [, Thm. 2.4.6] for n = 1. O

Combining the uniform exponential stability and the ultracontractivity of 75 we
finally derive the following L? — L™ stability estimate.

Corollary 4.7. Under the Assumptions and@ the semigroup To on X? as-
sociated with Q satisfies the estimate

1T < b, (L1242

where p, M, are as in Proposition [{.6,

)N/4et5(«42)||f”x2 forallt >0, f € &2,

Proof. The claim is a direct consequence of Remark (2), Proposition and
[30, Lemma 6.5]. O

We can reformulate the above results aas follows.

Corollary 4.8. The semigroup 15 satisfies the estimate

| (t)fl| v < e |fllx2 forallt >0, f€ X2, (4.5)
where K is a function related to the estimate (4.2)) and such that
-1
k(e) ~C — I loge ase— 0" (4.6)

for some constant C >0, if n > 3.

Proof. By Proposition it follows that the estimate (4.5)) holds with
k(t) :==log M, — glogt.

forall p € 2n—2,00)ifn >3, pe(2,00)ifn=2 orpe(l,oo)if n=1 1Ifin
particular n > 3, then (4.6)) holds for some constant C' > 0. (]
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Note that this is a special case of the nonlinear result in [I6] specialized to the
linear case. In [I0] it is shown that an estimate analogous to the above one holds
with || f]|x, replaced by || f||x,, which is a much stronger result.

A direct computation shows that for p in the ranges defined above & is a contin-
uous, monotonically decreasing function on (0, 00). We thus apply [7, Thm. 2.2.3]
and finally derive the logarithmic Sobolev inequality

/ﬁfQ log fdp < €Q(F, 1) + w(e)If1 %> + 17|52 log [Ifl| =, (4.7)
which is valid for all 0 <§ € VN A and all € > 0.

Remark 4.9. (1) We have already seen in Remark 1) that 73 has a bounded,
positive integral kernel. If we assume v to be strictly positive, we can derive from
Corollary [£.7] the alternative estimate

1—ts(Ag)

5
: ) e25(A2)  forallt >0, ae. x,y € Q,

K(t,x,y) < Mi <
on the upper bound of the integral kernel, cf. [7, § 2.1]. Here p and M, are the
same parameters that appear in Proposition 4.6

(2) The logarithmic Sobolev inequality for  of the form k(e) = C' — §loge
is typical for uniformly elliptic operators with Dirichlet boundary conditions on
connected domains of R™, cf. [7, § 2.3]. Now, our As may be regarded as a
differential operator on €, where € is an n-dimensional bounded open domain and
0% is an (n — 1)-dimensional manifold. The results of [I6] give the best estimate of
the form near t = 0; in fact, they agree with the best estimate for the linear
heat equation.

Davies has developed (see [7, § 3.2] and references therein) a method that makes
use of such logarithmic Sobolev inequalities for sesquilinear forms and allows to
deduce that the associated semigroups admit Gaussian estimates with respect to a
suitable metric, cf. [, Thm. 3.2.7]. In view of Remark [£.9](2), this means in our
context that a certain mild form of domination of 7; by the Gaussian semigroup
(in R?"=2if n > 2, or in R, if n = 1) holds — where, again, the metric we endow
R2?"=2 or R with is a suitable one that needs not be equivalent to the Euclidean
metric.

We point out that Gaussian estimates are a key argument for discussing several
issues, including the p-independence of the angle of analyticity of the semigroups
on LP, L'-analyticity, and the boundedness of the H>-calculus of their generators
in LP. We refer the reader to [30, § 7.1], [2 § 7.4], and references therein.

5. APPENDIX: A REMAINDER OF THE THEORY OF COSINE OPERATOR FUNCTIONS

We summarize a few generalities from the theory of cosine operator functions as
presented, e.g. in [12] or [, § 3.14].

Definition 5.1. Let X be a Banach space. A strongly continuous function C : R —
L(X) is called a cosine operator function if it satisfies the D’Alembert functional
relations

Clt+s)+Ct—s)=2Ct)C(s), t,seR,
C(0) = Ix.
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Further, the operator A on X defined by

Az = lim ;(C(t)x —xz), DA):={zeX: }E% %(C(t)x — x) emists},
is called the generator of (C(t))ier. We define the associated sine operator function

(S(t))ter by
S(t)x = / C(s)zds, teR, xze€ X.
0

Lemma 5.2. Let A be a closed operator on a Banach space X. Then the operator A
generates a cosine operator function (C(t))ier on X, with associated sine operator
function (S(t))ier, if and only if there exists a Banach space V, with [D(A)] —
V — X, such that the operator matriz

A= (21 IOV> . D(A):=D(A) xV,

generates a Cy-semigroup (et®)

ta _ (Ct) S(t)
eA_(AS(t) 0(t)>’ t>0. (5.1)

>0 1V x X, and in this case there holds

If such a space V exists, then it is unique. The (unique) product space X =V x X
is called phase space associated with (C(t))ier (or with A).

Lemma 5.3. Let A generate a cosine operator function with associated phase space
V x X. Then also A+ B generates a cosine operator function with associated phase
space V' x X, provided B is an operator that is bounded from V to X.

Concerning regularity, it is known that cosine operator functions have in general
no smoothing effect (see [33, Prop. 4.1]). However, the following can be deduced
by and the fact that a semigroup leaves invariant the domains of all of its
generator’s powers.

Lemma 5.4. Let A generate a cosine operator function (C(t))ier with associated
sine operator function (S(t))ier. Consider the solution to the second order abstract
Cauchy problem

ii(t) = Au(t), teR,
u(0) = f, u(0) =g,

which is given by u(t) = C(t)f + S(t)g, t € R. Then u(t) € D(A¥) for all t € R,
provided that f,g € D(A*), k € N.

It is known that cosine and sine operator functions cannot be stable — i.e., one
cannot expect the decay of the norm of a solution to a second order abstract Cauchy
problem. Hence, one is usually interested in boundedness and almost periodicity of
such solutions. The following results are due to Arendt and Batty, cf. [3, Cor. 5.6].

Lemma 5.5. Let A generate a bounded cosine operator function (C(t))ier with
associated sine operator function (S(t))ier on a Banach space X. If A has compact
resolvent, then (C(t))ier is almost periodic. If further A is invertible, then also
(S(t))ter is almost periodic.
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A technical lemma.

Lemma 5.6. Let X1, X5,Y1,Y5 be Banach spaces, such that X1 C Xa, and Y7 is
dense in Ys. Consider a surjective operator L € L£(X1,Y1) such that ker(L) is dense

in Xo. Then
{(g) e X1 xh" :Lx:y}

Proof. Let € X5, y € Y2, € > 0. Take z € Y7 such that ||y — z|ly, < e. The
surjectivity of L ensures that there exists u € X; such that Lu = z. Take @,z €
ker(L) such that ||u—1a||x, < e and ||z — Z||x, < €. Let w:=Z+u—a € X;. Then

() = (%) s
(0 Mo+ ("0 ) T+ 1( ©) ar, < 3¢

Since L(w) = L(u) = z, we obtain <Z}) € Xy x Y1. O

is dense in X9 X Ys.
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