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SUFFICIENT CONDITIONS FOR THE OSCILLATION OF
SOLUTIONS TO NONLINEAR SECOND-ORDER
DIFFERENTIAL EQUATIONS

AHMED BERKANE

ABSTRACT. We present sufficient conditions for all solutions to a second-order
ordinary differential equations to be oscillatory.

1. INTRODUCTION
Kirane and Rogovchenko [4] studied the oscillatory solutions of the equation
!
[r(y (=)’ ()] +p(t)2'(t) + q(t) f(2(t)) = g(t), t > to, (1.1)

where tg > 0, 7(t) € C([to,00); (0,00)), p(t) € C([to,0);R), q(t) € C([to, o0);
(0,00)), q(t) is not identical zero on [t., 00) for some t,. > to, f(z),¥(z) € C(R,R)
and ¢(x) > 0 for « # 0. Their results read as follows

Theorem 1.1. Case g(t) = 0: Assume that for some constants K,C,C; and for
allz#0, f(z)/x > K >0and 0 < C < ¥(z) <Cy. Let h, H € C(D,R), where
D ={(t,s) :t > s >to}, be such that
(i) H(t,t) =0 fort >ty, H(t,s) >0 in Dy = {(t,s) 1t > s> to}
(ii) H has a continuous and non-positive partial derivative in Dgy with respect
to the second variable, and
—%—ij = h(t,s)\/ H(t,s)
for all (t,s) € Dy.

If there exists a function p € C*([tg,00);(0,00)) such that

. 1 ! 2 _
lifilfgf m /to [H(t,5)O(s) — IP(S)T’(S)Q (t,s)]ds = o0,
where

2
0(t) = ) (Kat) - (5~ ) i) )

Qlt.o) = hit.s) + [ - L) ATs),
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then (1.1)) is oscillatory.
Theorem 1.2. Case g(t) # 0: Let the assumptions of theorem 1 be satisfied and
suppose that the function g(t) € C([to,0);R) satisfies

oo
| elatolds = <o,
Then any proper solution x(t) of (1.1); i.e, a non-constant solution which exists
for all t >ty and satisfies sup;>,, |x(t)| > 0, satisfies
liminf |z(¢)| = 0.
t—oo
Note that localization of the zeros is not given in the work by Kirane and Ro-

govchenko [4]. Here we intend to give conditions that allow us to localize the zeros
of solutions to (I.1)). Observe that in contrast to [4] where a Ricatti type transform,

r(t)y(x(t)z'(t)
a(t) ’

is used, here we simply use a usual Ricatti transform.

v(t) =p

2. MAIN RESULTS

Differential equation without a forcing term. Consider the second-order dif-
ferential equation

[r(O)g(()a’ ()] + pt)a' () + a(t) f(2(1)) =0, &> to (2.1)

where tg > 0, r(t) € C1([tg, 0); (0,00)), p(t) € C([to,0)); R), q(t) € C([to, )); R),
p(t) and ¢(t) are not identical zero on [t,, 00) for some t, > to, f(z),¥(x) € C(R,R)
and ¥(z) > 0 for z # 0.

The next theorem follows the ideas in Nasr [6]. Assume that there exists an
interval [a, b], where a,b > t,, such that e(t) > 0.

Theorem 2.1. Assume that for some constants K,C,C1 and for all x # 0,

%?EKEQ (2.2)
0<C<tx)<Cy. (2.3)

Suppose further there exists a continuous function u(t) such that u(a) = u(b) = 0,
u(t) is differentiable on the open set (a,b), a,b > t,, and

/ "1k a®) = 2D Y20 — 20 (w2 (0)]dt > 0 (2.4)
. q 207"(t) u 1r U =~ U. .

Then every solution of (2.1) has a zero in [a,b)].

Proof. Let x(t) be a solution of (2.1)) that has zero on [a,b]. We may assume that
x(t) > 0 for all t € [a, b] since the case when z(t) < 0 can be treated analogously.
Let

v(t) = — , t€la,bl. (2.5)
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Multiplying this equality by r(¢)y(z(t)) and differentiate the result. Using (2.1]) we
obtain

oty = - TUEEOL o)
= —pl00(6) +a() 0+ r(Owla )0

U)o, o)
== O+ = =2 e o)
F(a(t))
+q(t) o)
FOYE) 5 rOYE), . e
i U e s CO R 7w
0 f(()
2ol 1
Using — and the fact that
COeE®) , e e
> O uem)) 20
we have
rOvE®wo)y > L) by PO (26)

SR A Tem Ty

Multiplying both sides of this inequality by u?(t) and integrating on [a,b]. Using
integration by parts on the left side, the condition u(a) = u(b) = 0 and (2.3), we
obtain

b r x b
0> / Mvz(t)uQ(t)dt+2 / ()Y (x(t))v(t)u(t)u (t)dt

b b 2
+ / Kq(t)u?(t)dt — / 27é£’21)u2(t)dt

b
> [ TOSO) g2y 4 antyuten )

Ja 2
+/b Kq(t)u®(t)dt — /b pOu)
b

2Cr(t)

> / rOVEO) e + 20 (1)]2dt — 2 / P () (2 (8) W2 (t) dt

o 2
b b 2
+ / Kty (t)dt — / 2]3C£’21)u2(t)dt
b

> /a [(Kq(t) — 2%£§1))u2(t)—2r(t)¢(x(t))u'2(t)]dt

+ / b T(th(‘””(t)) o(t)u(t) + 20/ (1)t




4 A. BERKANE EJDE-2008/03

Now, from (2.3)) we have

b 2
0> / [(Kq(t) — 2%£E1))u2(t) —2r()Cru?(t)]dt

N /ab w[v(t)u(t) + 20/ (t))dt.

If the first integral on the right-hand side of the inequality is greater than zero,
then we have directly a contradiction. If the first integral is zero and the second is
also zero then z(t) has the same zeros as u(t) at the points a and b; (z(t) = ku?(t)),
which is again a contradiction with our assumption. O

Corollary 2.2. Assume that there exist a sequence of disjoint intervals [an,by],
and a sequence of functions u,(t) defined and continuous an [a,,by], differentiable
on (an,by) with up(ay) = un(by) = 0, and satisfying assumption ([2.4). Let the
conditions of Theorem . hold. Then is oscillatory.

Differential equation with a forcing term. Consider the differential equation

[r(Oe ()’ (0] + p(e)a’ (1) + a(6) f(2(1)) = (1), ¢ =t (2.7)

where to > 0, g(t) € C([to,00);R) r(t) € C([to, 00);(0,00)), p(t) € C([to,0)); R),
q(t) € C([tg,)); R), p(t) and g(t) are not identical zero on [t4, oo for some t, > t,
f(z),¥(x) € CR,R) and ¢(x) > 0 for x # 0.

Assume that there exists an interval [a, b], where a,b > t,, such that g(¢) > 0 and
there exists ¢ € (a, b) such that g(¢) has different signs on [a, ] and [¢, b]. Without
loss of generality, let g(t) < 0 on [a,c| and g(t) > 0 on [c, b].

Theorem 2.3. Let (2.3) hold and assume that

~

(z)
|

for a positive constant K and for all x # 0. Furthermore assume that there exists
a continuous function u(t) such that u(a) = u(b) = u(c) = 0, u(t) differentiable on
the open set (a,c) U (c,b), and satisfies the inequalities

> K, (2.8)

8
8

p(t)

[ 1/ Ratal -

b 2
[ IVRal - g = 20 Pl =0, (@210)

Ju? — 201 (t)(W)?(t)]d(t) > 0, (2.9)

Then every solution of equation (2.7)) has a zero in [a,b].

Proof. Assume to the contrary that x(¢), a solution of (2.7]), has no zero in [a, b].
Let x(t) < 0 for example. Using the same computations as in the first part, we
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obtain:
ey = - TOEDEOL 4o - 2
e FEE) ()
= pl0(0) + at) 5 4 ruteono - 45
(r®)(z(t)) r@®Y®) ;2 o POV
g v T O 2Enay)
flz(t) gt
+Q(t) x(w _m
(r®)y(z(t)) » r(t)y(x(t)) B p(t) 2
A A A G TR G
P Ja) o)
OO R O (0
For t € [c, b] we have
;- T(t)w(ﬂf(t))vg () (x(t)) p(t) 2
(rtwtaote) = Uz MOV oy IO )
R fatt) o(t)]
2 9@ T 2okl " L)
From , and using the fact that
r(t)y(x(t)) Pt 2
> O~ am) 20
we deduce
e ORE) o P o a0
ettty = T B0 kgl 25 211
Using the Hoélder inequality in we obtain
;o (rY(x(t)) , p(t)
(r®)y(z(t))v(t)) Zfﬂ (t) + Kq(t)|g(t)|—m. (2.12)

Multiplying both sides of this inequality by u?(t) and integrating on [c, b], we obtain
after using integration by parts on the left-hand side and the condition u(c) =
u(b) =0,

02/ ()1/)2(:3( ) o dt+/ SR
2 2 b
/ (()’()/J(x((i)))dt—i_Q/ () (x(t))v(t)u(t)u’ (t)dt
b
Z/ r(t)y (x(t))[ (t)u (t)—Qu’(t)]th—Q/ () (z(t))u' (t)dt

b 2 u2
+/c NIOI0 uz(t)dt—/c mdt.
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Assumption (2.3)) allows us to write

2

b b 2 u2
" / Ra@lal (0~ [ LAULSS (tgt)dt
b

0> /b M[v(t)u(t) + 20/ (£)]2dt — 2 /b Cur(t)(u')?(t)dt

C

2/ w[v(@u(tww(t)l?dt

C

b 2
p (t) 2 n2
Kq(t t) — ———~ t)—2 t t)|dt.
+ [ HVRaOal0] - o) (0) = 20rr(0) o (0]
This leads to a contradiction as in Theorem the proof is complete. ([

Corollary 2.4. Assume that there exist a sequence of disjoint intervals [an,b,] a
sequences of points ¢, € (an,cn), and a sequence of functions u,(t) defined and
continuous on [an, by], differentiable on (an, cy) U (¢, by)with up(an) = un(by) =
un(cn) = 0, and satisfying assumptions (2.9)-(2.10). Let the conditions of Theorem
hold. Then 1s oscillatory.
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