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A RICCATI TECHNIQUE FOR PROVING OSCILLATION OF A
HALF-LINEAR EQUATION

PAVEL REHAK

ABSTRACT. In this paper we study the oscillation of solutions to the half-linear
differential equation

(r@®)ly' P~ sgny)’ + e(t)]y|P " sgny =0,
under the assumptions [ 71/(1=P)(s)ds < oo, (t) > 0, p > 1. Our main tool
is a Riccati type transformation for using the so called “function sequence tech-

nique”. This method leads to new and to known oscillation and comparison
results. We also give an example that illustrates our results.

1. INTRODUCTION

The Riccati type transformation plays an important role in qualitative theory of
the half-linear differential equation

(r(t)@(y")" +c(t)@(y) = 0, (1.1)

where r and ¢ are continuous functions on [a,00) with »(¢) > 0, and ®(u) =
|u|P~!sgnu with p > 1. Monograph [I] presents a systematic and compact treat-
ment of the qualitative theory of the above equation. Recall that can be
viewed at least in three ways: (1) as a natural generalization of a linear differential
equation, (2) as a differential equation with one dimensional p-Laplacian, (3) as a
special case of a generalized Emden-Fowler (quasilinear) differential equation.

If there exists a positive solution y of on some interval [tg,00), then the
function w = r®(y' /y) satisfies the generalized Riccati differential equation

w' +c(t)+ (p— Dr () w4 =0 (1.2)

on [tg,00). Here ¢ is the conjugate number to p; i.e., 1/p+1/¢ = 1.

A nontrivial solution of is said to be oscillatory if it has zeros of arbitrary
large value, and non-oscillatory otherwise. An equation is said to be oscillatory if
all its solutions are oscillatory, and non-oscillatory otherwise.

Note that one solution of is oscillatory if and only if every solution of
is oscillatory, which follows from the Sturm type separation result. Further, if the
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generalized Riccati differential inequality w’+c(t)+(p—1)r'~9(t)|w|? < 0 is solvable
on some interval [tg, 00), then is non-oscillatory.

Methods based on these relations are referred as the Riccati technique. There are
several refinements of this idea: Using a weighted Riccati type substitution; working
with integral, instead of differential, Riccati type equations and inequalities using
a function sequence technique; finding effective estimates for solutions of Riccati
type equations; etc. See for example [I, Sections 2.2, 5.5].

It is known that many oscillation and asymptotical results for substantially
depend on the convergence or the divergence of the integral [~ r!=9(s)ds. In
contrast to the linear case, a suitable transformation satisfactorily transfering one
case into the other is not available for and hence it is often necessary to
examine these cases separately — by using different approaches. Note that usually
the case with the convergent integral is more difficult than the convergent case,
which can be modelled according to the case r(t) = 1. We study the convergent
case; i.e., we assume that

/oo r174(s) ds < oo. (1.3)

The principal aim of this paper is to establish the so-called function sequence
technique for under condition , and then to show some applications of
this method. The function sequence techniques for with [T r1=9(s)ds = o
were studied in [T} 2] [4]. For this article [3] is a useful reference.

This paper is organized as follows. In the next section we present a modification
of the Riccati technique involving a Riccati type integral inequality. These relations
are then utilized in Section [3] to show the equivalence between nonoscillation of
(1.1) and convergence of certain function sequence. In the last section, we apply
this method to derive Hille-Nehari type oscillation criteria and a Hille-Wintner type
comparison theorem for equation . We also give an example of an equation
which, in particular, can be proved to be oscillatory using our new results, but
other known criteria are inapplicable.

2. MODIFIED RICCATI TYPE INEQUALITY

We start with showing that in the relation between non-oscillation of and
solvability of , under condition , the Riccati type differential equation or
inequality can be replaced by certain Riccati type integral equation or inequality.
For the first time, it was observed in [3]. Here we recall this result, we add some
refinements, and also give two new proofs. Denote

R(t) :== /too r79(s) ds
and

/ RP(s ds+p/ocr1_q(s)Rp_1(s)u(s)ds
(1) / F1=9(s) B2 () [u(s)| 1.

Theorem 2.1. (i) Assume c¢(t) > 0 for large t. If (1.1) is non-oscillatory, then
7 RP(s)c(s) ds < oo and there is w satisfying RP~L(t ) ( ) > —1 and RP(t)w(t) =
S(w)(t) for large t. Moreover, limsup,_, ., RP~1(t)w(t) < 0.
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(ii) Assume that oo > [ RP(s)c(s)ds > 0 for large t. If there is w satisfy-
ing RP~Y(t)w(t) > —1 and RP(tH)w(t) > S(w)(t) for large t, then (L.1)) is non-
oscillatory.

Proof. (i) See [3] or [Il Section 2.2]. (ii) Set v(t) = R™P(t)S(w)(t). For convenience
we skip the argument ¢ sometimes in the computations. Differentiating the equality
RPv = S(w) we get

0= RPv' + RPc — pRP 0% + pRP 1 9w + (p — D)r' Y RP1w|?. (2.1)
We will show that
pRP I 0w+ (p — D)r' Y RP T w|? > pRP I % 4 (p — 1) 79 RPT M| (2.2)
Observe that the function
x — pr+ (p—1)|z|? is strictly increasing for x > —1. (2.3)

From RPv = S(w) < RPw, we have v < w. We know RP~'w > —1. Next we
show that also RP~1v > —1. From v = RPS(w), we have that RF~'v > —1
if and only if S(w) > —R, ie., [[TRP(s)c(s)ds + [ r'=9(s)[pRP~ (s)w(s) +
(p — 1)|RP~1(s)w(s)]? + 1] ds > 0. But the above inequality is satisfied because
JS RP(s)e(s)ds > 0 and pRP w + (p— 1)|[RPw|?+1 > —p+ (p—1)+1 =0
which follows from and RP~'w > —1. Hence, RP~'v > —1 which together
with and v < w yields . Using in we obtain 0 > RPv' + RPc +
(p—1)r'=9RP|v|9, 0r 0 > v +c+ (p—1)r*~9Jv|9. Thus is non-oscillatory. O

Remark 2.2. (i) The part (ii) of the theorem was proved in [3] using a different
technique, based on the Schauder-Tychonov fixed point theorem, under the stronger
assumptions c(t) > 0 and RP~1(t)w(t) is bounded. A closer examination of that
proof shows that these assumptions actually are not needed. Later, in this paper,
we present another proof of the part (ii) of the theorem, which arises out as a
by-product when deriving the function sequence technique.

(ii) From Theorem (i), we immediately get the following simple criterion: If
c(t) > 0 and [~ RP(s)c(s)ds = oo, then is oscillatory.

(iii) We conjecture that in the part (i) of the theorem, the condition ¢(t) > 0
can be relaxed, e.g., to [, RP(s)c(s) ds > 0.

3. FUNCTION SEQUENCE TECHNIQUE

We are in a position to establish the function sequence technique for (1.1]) under
condition (|1.3]). Denote

H(t) = R7(1) /t T R (s)e(s) ds,

Gu)(t) = R*(1) /too () [pRP (s)u(s) + (p — VIR (s)u(s)|*] ds.

Observe that H + G(u) = R7PS(u). Further, —R!'~P is a fixed point for G, and for
u with uRP~1 > —1, G(u) is increasing with respect to u, which follows from (2.3).
Define the sequence {(t)} as follows

¥o :_lep’ Pk+1 :H+g(@k)7 k:O7172a""
It is easy to see that w11 > i, k=0,1,2,..., provided H > 0.
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Theorem 3.1. Let ¢(t) > 0 for large t. Equation (1.1)) is non-oscillatory if and
only if there exists to € [a,00) such that limg_o pr(t) = @(t) for t > to, i.e.,
{or(t)} is well defined and pointwise convergent.

Proof. Only if part: If is non-oscillatory then there is a function w satisfying
RP=Yt)w(t) > —1 and RP(t)w(t) = S(w)(t) for large t, say t > tg, by Theorem
In fact, instead of the equality RP(¢t)w(t) = S(w)(t) we may take the inequality
RP(t)w(t) > S(w)(t), and the proof works as well. See also Remark[3.2] (i), why this
is useful. For convenience we skip the argument ¢ sometimes in the computations.
Since w > —R'™P, we have w > ¢o. Further o1 = H + G(pg) = H + ¢y > @0
and o1 = H + G(po) < H + G(w) = w. Hence, py < ¢1 < w and RP~1p; >
—1. Similarly, w = H + G(w) > H + G(¢1) = ¢2 > H + G(vo) = ¢1, hence,
wo < 1 < w2 < w. By induction, ¢ < pr41 < w for k = 0,1,2,.... Hence,
limg— 00 i (t) = ©(t).

If part: If limg_, o0 pr(t) = @(t), then from the monotonicity of {4} it follows
or < ¢ and RP~1py, > —1 for k = 0,1,2,..., on [tg,o0). Applying the Lebesgue
monotone convergence theorem in i1 = H + G(px), we get ¢ = H + G(p), or
RPp = S(p). Now it is easy to see that ¢ solves the generalized Riccati equation
(1.2), and thus is non-oscillatory. [

Remark 3.2. (i) A closer examination of the proof shows that, as a by-product, we
have obtained another proof of Theorem (ii). Indeed, if w satisfies RP~1w > —1
and RPw > S(w), then limy_. ¢ (t) = ¢(t), which implies non-oscillation of (L.I)).

(ii) In the if part, c(t) > 0 can be relaxed to [, RP(s)c(s) ds > 0. We conjecture
that this is possible also in the only if part.

(iii) The approximating sequence {¢x} is not the only one that is available.
Another possibility is, for instance, the sequence {¢ }, defined by ¥y = G(H—R'~P)
and Y1 = G(H + ¢x).

Corollary 3.3. Let c¢(t) > 0 for large t. Equation 1s oscillatory if and only
if either
(i) there is m € N such that @y, is defined for k =1,2,...,m — 1, but @, does
not exists, t.e.,

| PR honoa9) 0 = DI S (9] ds =

or
(ii) @ is defined for k = 1,2,..., but for arbitrarily large to > a, there is
te > to such that limg_o 0 (ts) = 0.

4. APPLICATIONS

In this section we show how the function sequence technique can be applied.
By means of this method, we establish oscillation and comparison results for ;
some of them are known, some of them are new or improving known ones. We start
with modified Hille-Nehari type criteria.

Theorem 4.1. Let c(t) > 0 for large t. If
limsup R (£)S(¢x)(t) > 0 (4.1)

t—o0

for some k € NU {0}, then (1.1)) is oscillatory.
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Proof. If equation (|1.1) is non-oscillatory, then as in the proof of Theorem (3.1
we have ¢ (t) < w(t), k = 0,1,2,... for large t. Moreover, R~(t)S(w)(t) <
RP=Y(t)w(t) for large ¢ and limsup,_, ., RP~1(t)w(t) < 0 by Theorem Hence,

limsup R~ ()8 () (1) < limsup R~ ()8 (w)(?)

< limsup RP ! (t)w(t) < 0,

t—oo

which contradicts (4.1)). O

Taking & = 0 in the previous theorem, we have the following statement, which
was established also in [3].

Corollary 4.2. Let ¢(t) > 0 for large t. If

limsupR_l(t)/ RP(s)c(s)ds > 1,
t

t—oo

then (1.1)) is oscillatory.
Theorem 4.3. Let ¢(t) > 0 for large t. If

liggf R7L(t) /00 RP(s)c(s)ds > q7?, (4.2)

t
then (L.1]) is oscillatory.
Proof. Condition (4.2)) can be rewritten as

/t " RP(5)e(s) ds > vR() (4.3)
for large t, say t > tg, where v > ¢~ P. Then
p1(t) = H(t) + G(po)(t) = R7P(H)yR(t) — R'P(t) = R P (1), (4.4)

t > tg, where y; = v — 1.

Note that y; > —1 and RP~(t)¢1(t) > —1. Hence, in view of ([2.3), (&3),
and [LA), 2(t) = H(t) + G(p1)(t) = YRP(t) + R72(t) [[7r %) + (p —
)|y ds = 42 RY7P(t), where v = v+ py1 + (p — 1)|1|%. Since 41 > —1, we have
Yo > y—p+p—1=y—1= by 2.3), andsoy2 > y1 > —1 and RP~1(¢)ipa(t) > —1.
Arguing as above, by induction,

eu(t) = R7P(L), k=1,2,..., (4.5)
where {v;} is defined by
Terr =7+ P+ @ - Dwl? k=1,2.... (4.6)
Moreover, Y11 > v > —1, k = 1,2,.... Hence the limit limy_,ocvx = L €
(—1,00) U {oo} exists. We claim that L = oco. If not, then yields
LI+ L+~/(p—1)=0. (4.7)

We show that this equation has no solution in (—1, 00). We distinguish two cases.
If L € [0,00), then |L|?+ L+~/(p—1) > v/(p — 1) > 0, a contradiction. To
show that also L € (—1,0) is impossible, it is sufficient to examine the problem
x =g(x;N), z € (=1,0), where g(x; \) = A+ px + (p— 1)|z|? and A is a parameter.
It is easy to see that —g' P is a fixed point of g(-;¢~P), and the parabola-like curve
x — g(x;q7P) touches the line x — z at z = —¢*~P. Since v > ¢~ P, the problem
x = g(x;7) has no solution in (—1,0). But this problem is equivalent to , and
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$0 limg_, 7 = o0o. Hence, from (4.5, we have limy_ o @i (t) = oo for ¢t > tg.
Equation (|1.1)) is oscillatory by Corollary O

Theorem 4.4. Let c¢(t) > 0 for large t. If
o0
R_l(t)/ RP(s)e(s)ds < q~P  for large t, (4.8)
t

then (L.1]) is non-oscillatory.

Proof. Condition ({.8) can be rewritten as [, RP(s)c(s)ds < 0R(t) for large ¢, say
t > ty, where 0 < 6 < ¢~P. Similarly as in the previous part, with a wide utilization
of (2.3)), we get

er(t) <GRP(), k=1,2,..., (4.9)
where {0y} is defined by
Okpt1 =0+pde + (p—1)|0|?, k=1,2,... (4.10)

and 6; = § — 1. Moreover, g1 > 0 > —1, k = 1,2,.... We claim that {d;}
converges. Consider the fixed point problem x = g(z;\), where g is defined as
above. In addition to the already mentioned properties of g, we remark that g(-; A)
has the minimum at z = —1, g(—1;A) = A =1, and g : [-1,—¢'"?] — [¢7P —
1,—q'~P]. Hence, if we choose 71 = ¢~P — 1, then the approximating sequence
Tpyl = g(:rk, q_ ) is strictly increasing and converges to —q'~P. Consequently, {5k}
defined by (4.10)) with 6; =0 —1 converges as well, and permits 6, < x5, < —g'7P.
Thus {px} converges by -7 and so is non-oscillatory by Theorem 3.1 - O

Remark 4.5. Theorems and were proved also in [3], using a different
technique. See also [I Section 2.3.1].

Now we give an example of an equation involving parameters which, in particular,
can be proved to be oscillatory using our new results, but other known criteria are
inapplicable.

Example 4.6. Let r(t) = t1=9%(1 + logt)?~! and c(t) = P \t~H(1 + logt) +
vt~ (1 +logt)sint + vt~ ! cost] in equation (1.1)), where A > v > 0. It is easy to see
that c(t) > 0 for large ¢t and R(t) = ¢t~*. Further,

-1(1) /t " RP(5)e(s) ds

=t / [)\S_S(l +logs) +vs °(1 +log s)sins + vs~° cos s} ds
t

=t'( A\t + 4t sint)
= A+ ysint.

If A+~ < ¢7P, then is non-oscillatory by Theorem If A=~ > qP, then
(1.1) is oscillatory by Theorem Thus next we assume A—7y < ¢7P and A\+~v > 1.
Then T heorern cannot be applied, but is oscillatory by Corollary Now
assume that A+~ < 1and A+~ + f(A+~v—1) > 0, where f(z) = pz + (p—1)|z|%.
Then Corollary cannot be applied, but is oscillatory by Theorem with
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k = 1. Indeed, this follows from the equality
R7Y()S(p1)(t) = A+ ysint + ¢! / s7°(1+1logs) [p(A+ ysins — 1)
t

+ (p—1)|A+ysins — 1|9] ds.

It is easy to see that the sets of \’s and ~’s, which satisfy these requirements, are
nonempty. Using Theorem [£.1 with k£ > 2 we can similarly handle the cases where
A+ v+ f(A+7—1) is nonpositive, but is not “too negative”.

Next we prove a Hille-Wintner type comparison theorem. Along with (1.1
consider the equation

(r(t)®(z"))" + é(t)®(x) = 0, (4.11)

where ¢ is continuous on [a, 00).

Theorem 4.7. Let ¢(t) > 0 and
/ RP(s)c(s)ds > / RP(s)é(s)ds >0 (4.12)
¢ ¢

for large t. If (L.1)) is non-oscillatory, then (4.11) is non-oscillatory.

Proof. If is non-oscillatory, then {(y} is well defined and limy .o ¢ (t) = ©(t)
by Theorem The following computations hold for large ¢t. From condition
([@12), we have H(t) > R7P(t) [ RP(s)é(s)ds =: H(t). Then ¢ (t) = H(t) +
G(eo)(t) = H(t)+G(p0)(t) = ¢1(t). Clearly, ¢1(t) = ¢o(t) =: ¢o(t). By induction,
wr+1(t) > H(t) + G(@r)(t) = @rr1(t), k = 0,1,2,.... Moreover, ¢x(t) < ¢(t)
and @k (t) < Pra1(t), k = 0,1,2,.... Consequently, (4.11)) is non-oscillatory by

Theorem and Remark (ii). O

Remark 4.8. (i) This theorem was established also in [3] by direct using of the
Riccati technique. See also [Il, Section 2.3.1]. Notice however that here we do not
require ¢ to be nonnegative.

(ii) Under the conditions of the theorem, oscillation of implies oscillation
of .

(iii) From Hille-Nehari type criteria (Theorem [4.3|and Theorem we get that
the generalized Euler differential equation

(rt)®(y") + X' "I (ORT()R(y) = 0 (4.13)

is oscillatory if and only if A\ > ¢~?. Note that y = R®~1/? is a nonoscillatory
solution of with A = ¢7P. Observe that, conversely, knowing this result,
Theorems and [£4] can be alternatively obtained by the Hille-Wintner type re-
sult comparing equation with equation . Similar but a little bit more
complicated approach to establish these theorems was used in [3]: The proofs there
are based on a knowledge of oscillation behavior of certain generalized Euler dif-
ferential equation (which a special case of ), Hille-Wintner type comparison
theorem, and a transformation of independent variable. At any rate, we believe
that the approach via the function sequence technique has an advantage over this
comparison method in cases where a transformation is not available or guessing
a solution is difficult. This may concern, e.g., a discrete counterpart of (1.1f), a
half-linear difference equation.
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