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ON SOLUTIONS OF A VOLTERRA INTEGRAL EQUATION
WITH DEVIATING ARGUMENTS

M. DIANA JULIE, KRISHNAN BALACHANDRAN

ABSTRACT. In this article, we establish the existence and asymptotic charac-
terization of solutions to a nonlinear Volterra integral equation with deviat-
ing arguments. Our proof is based on measure of noncompactness and the
Schauder fixed point theorem.

1. INTRODUCTION

Several authors have studied nonlinear Volterra integral equations with deviating
arguments and functional integral equations; see for example [Il 4 [5l 111 [13], [14].
Banas [3] proved an existence theorem for functional integral equation while Bal-
achandran and Illamaran [I] proved an existence theorem for Volterra integral equa-
tion with a deviating argument. Existence of solutions to nonlinear integral equa-
tions, which contain particular cases of important integral and functional equations
such as nonlinear Volterra integral equation, Urysohn integral equation and inte-
gral equations of Chandrasekhar type, have been considered in many papers and
monographs [8] [12] [15].

In this paper we study the nonlinear Volterrra integral equation

z(t) = g(t, z(hi(t)),. .. ,x(hn(t))) + /0 k(t, s,x(Hq(8)),. .. ,x(Hm(s)))ds, (1.1)

where t > 0. In particular, we prove the existence and asymptotic stability of
solutions for this equation. The investigation is done on the space of continuous
and tempered functions on R™. The main tool used in our considerations is the
measure of noncompactness and the Schauder fixed point theorem. The results
obtained in this paper generalize several results presented in [0, [9] 10} [16].

2. NOTATION AND AUXILIARY RESULTS

Suppose E is a real Banach space with the norm || - || and zero element 6. Denote
by B(z,r) the closed ball centered at x and with radius r. We write B, for the
ball B(6,r). If X is a subset of E then the symbols X and Conv X stand for the
closure and convex closure of X, respectively. Further, let Mg denote the family
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of all nonempty and bounded subsets of E and N its subfamily consisting of all
relatively compact sets.
We define the the following notion of measure of noncompactness.

Definition 2.1. A mapping p: Mg — Ry is said to be a measure of noncompact-

ness in the space E if it satisfies the following conditions:
(i) The family ker p = {X € Mg : u(X) = 0} is nonempty and ker u C Ng;
(i) X CY = u(X) < p(Y);

(ili) p(X)= p(Conv X) = u(X);

(iv) pQAX + (1 =NY) < Au(X)+ (1 = Mp(Y) for X € [0,1];

(v) If (X,,) is a sequence of closed sets from Mg such that X,,11 C X, for
n=1,2,3... and if lim, . pu(X,) = 0, then the set X, = N°2, X, is
nonempty.

The family ker p defined in axiom (i) is called the kernel of the measure of
noncompactness .

Let us remark that the intersection set X, from (v) is a member of the kernel
of the measure of noncompactness p. Indeed, from the inequality pu(Xoo) < p(Xy)
for n = 1,2,..., we infer that u(Xs) = 0, so X, € ker u. This property of the
intersection set X, will be crucial in our study.

Further facts concerning measures of noncompactness and their properties may
be found in [2, [7].

Now, let us assume that p = p(t) is a given function defined and continuous on
the interval R} with real positive values. We will denote by C(R+, p(t); R") =),
the Banach space consisting of all continuous functions from R4 into R™ such that

]| = sup{|(t)|p(t) : t = 0} < o0.

Now we recall the definition of the measure of noncompactness in the space C),
which will be used in the sequel [2, [7]. Let X be a nonempty and bounded subset
of the space C),. Fix a positive number T'. For € X and € > 0 denote by wl(x,€)
the modulus of continuity of the function z(tempered by the function p) on the
interval [0,T7, i.e.

Wl (z,€) = sup{|z(t)p(t) — x(s)p(s)| : t,s € [0,T], [t — 5| < e}.
Further, let us put
wl(X,e) =sup{w? (z,€) :x € X}, wl(X)=limw?(X,e),

=0
wo(X) = lim wl(X).
T— o0
Moreover, we put

a(X) = Tlijgo{zsgg{sup{lx(t)lp(t) it > Th}}.

Finally, let us the define the function p on the family M¢, by formula p(X) =
CU()(X) + OZ(X) .

It may be shown that the function p is the measure of noncompactness in the
space C), [2 [7]. The kernel ker y is the family of all nonempty and bounded sets
X such that functions belonging to X are locally equicontinuous on R and such
that lim;_, o (¢)p(t) = 0 uniformly with respect to the set X, i.e. for each € > 0
there exists T' > 0 with the property that |z(t)|p(t) < € for ¢t > T and for z € X.
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Finally, let us assume that z € C,. For T > 0 and denote by v (x,€) the usual
modulus of continuity of the function x on the interval [0, T:

v (x,€) = sup{|a(t) — a(s)| : .5 € [0, T], [t —s| < e}.
3. MAIN RESULT

We assume the following conditions:

(H1) The function g : Ry X R™ — R™ is continuous and there exists a constant
K > 0 such that

|g(t,x1, s 7xn) _g(tayla' . ayn)| < KZ |£L'1 - y1|
i=1
for all t € Ry and (21, Za,...,24), (Y1,Y2,---,Yn) € R":

(H2) There exists a continuous function a : Ry — Ry such that |g(¢,0,...,0)| <
a(t) for all t € Ry;

(H3) Let A = {(¢t,s) : 0 < s <t < oo}. The kernel k : A x R™ — R" is
continuous and there exists a continuous function Ly : Ry — R, a contin-
uous nonincreasing function L; : Ry — R and a continuous nondecreasing
function ¢ : Ry — Ry such that

|k(t7 S, L1y -y 'Tm)l < LO(S) + eXp(Ll(t))Q(S) Z |x’t|
i=1
for all t,s € Ry and (z1,22,...,2m) € R™™;

(H4) For ¢ = 1,2,...n, j = 1, 2,...m the functions h;, H; : Ry — Ry are
continuous and h;(t) < t, H;(t) < t;

(H5) lim; 0 tq(t) exp L1(t) = 0 and lims oo [a(t) + b(t)] exp(—Mb(t)) = 0 where
b(t) = Ji Lo(s)ds;

Let us define the function L(t) as

L(t) = / [Lo(s) + g(s) exp Ly (s)]ds.

0

Fix a constant M > 1 and denote by C, = C (R4, exp(—ML(t)); R™). It is obvious
that the function L(¢) is nondecreasing and continuous on R.

Theorem 3.1. Under assumptions (H1)-(H5), Equation (1.1) has at least one
solution x € CL, such that z(t) = o(exp(M L(t)) ast — oo, provided (Kn+m/M) <
1.

Proof. Consider the operator F' defined on the space Cf, by the formula

(Fx)(t) = g(t, z(hi(t)),. .. ,x(hn(t))) + /0 k‘(t, s, x(H1(8)),. .., :L‘(Hm(s)))ds,

where ¢t > 0. Obviously the function Fz is continuous on the interval R . Moreover,
in view of our assumptions, for arbitrarily fixed x € Cp and t € R, we obtain

|(Fa)(®)] exp(~ML(1))
< [lg(t ot (®),... 2(ha )]

+/ ]k(t,sm(Hl(s)),...,x(Hm(s)))]ds} exp(—ML(t))
0
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< [lot. 2 (@), . 2(hn(0)) = 9(t,0....,0)] +1g(t,0...,0)|] exp(~ ML (1))

+ [/Ot Lo(s)ds + exp(L1(t)) /Ot q(s) Z |$(HZ(S))‘dS} exp(—ML(t))

i=1

<Ky Ja(hi(t)| exp(=ML(t)) + [a(t) + b(t)] exp(~ML(t))
i=1

+ exp(La(t)) /O g(s)|2[| > exp(ML(H;(s)))ds - exp(—ML(t))

i=1

<K Z |(hi(t))| exp(=ML(hi(t))) + [a(t) + b(t)] exp(=M L(t))

erHJUII/O [Lo(s) + q(s) exp(La(s))] exp(ML(s))ds - exp(—ML(t))

m

< Knllz|| + [a(t) + b(t)] exp(—Mb(t)) + (M) Eal
< [Kn+ %] ||| + D,

where D = sup{[a(t) + b(t)] exp(—Mb(t)) : t € Ry}. Obviously D < oo in view
of the hypothesis (H5). The obtained estimate shows that Fz is bounded on Rj.
This fact with the continuity of F'z on R, yields that F' transforms the space Cp,
into itself. Moreover for r = D/(1 — Kn — m/M), we have that F' maps the ball
B, into itself.

Let us take an arbitrary nonempty subset A of the ball B,.. Fix T' > 0 and € > 0.
Next, take arbitrary t,s € [0,T] with [t — s| < e. Then, for arbitrarily fixed z € A,
we get

[(Fz)(t) = (Fz)(s)
< |g(t,z(h(®)), ..., 2(ha(t))) = g(s,2(h1(5)); .-, 2(ha(s)))]

+|/O k‘(t,T,Ji(H1(T)) ,,,,, x(Hm(T)))dT

—/0 k;(s,T,x(Hl(T)) ..... x(Hm(T)))dT’
<|g(t, x(h1 (1)), ., 2(hn(t))) = g(t, 2(h1(5)), -, 2(hn(s)))]
n ‘g(t,m(hl(s)) ..... 2(hn(5))) = g(s,2(ha(s)), - .., x(hn(s)))‘

t
“,
0

t
o

<K Ja(hi(t) = e(hi(s)| + v (g,€) + Tvf (k,e)
i=1

k(s,T,x(Hl(T)),...,x(Hm(T)))‘dT (3.1)

+ esup{|k(s,r,x(Hl(7)) ..... I(Hm(T)))| 18,7 €10,7T7,

\2(H;(1))| < rexp(ML(T)), i = 1,2, ..., m},
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where
vl(g,e) = sup{|g(t,x1, ey @y) —g(8, 21, .. p)| st 5 € 10,7,
[t —s| <e |z;| <rexp(ML(T)), i=1,2,... ,n},
vk e) = sup{|k(t77'7x1,...,mm) —k(s,7,21,...,2m)| : t, 8,7 €[0,T],
It —s| <e, || < rexp(ML(T)), i =1,2,... m}
Now let us denote
Be) = vy ( )+TV1 (k,e) + esup{|kz(s 7, 2(Hy (7)), . ,a)‘(Hm(T)))‘ :
5,7 €[0,T), [a(Hi(r))| < rexp(ML(T)), i = 1,2,... ,m}.

Keeping in mind, the uniform continuity of g(¢,x1,...,2,) and k(t, s, z1,...,Tm)
on compact subsets of R x R™ and A x R™™ respectively, we deduce that 5(e) — 0
as € — 0. Furthermore, from (3.1]), we have

|(F2)(t) exp(=ML(t)) — (Fz)(s) exp(=ML(s))|
< [(Fz)(t) exp(=ML(t)) — (Fz)(s) exp(=ML(t))|
+|(Fz)(s)[| exp(=ML(t)) — exp(=ML(s))]

< KZ |2(hi(t)) — w(hi(s))| exp(=M L(t)) + B(€) exp(— M L(t))
+|(Fz)(s)[| exp(=ML(t)) — exp(=ML(s))]

< KZ |z(hi(t)) exp(—M L(h;(t)) — z(hi(s)) exp(—M L(h;(s))|

+ Kz |x(hi(s)) exp(—M L(hi(s)) — xz(hi(s)) exp(—M L(h;(t))|
+B(e ) GXP(*ML( ) + [(Fz)(s)[| exp(=ML(t)) — exp(=ML(s))|

< sz 2,07 (his€)) + Kr > exp(ML(hi(s)))v" (exp(—ML(hs(t))), €)

+ 5( )exp(—ML( ) + rexp(ML(T))VT(exp(—ML(t)), e).

The above estimate and the fact that exp(—ML(t)) and exp(—M L(h;(t))) are
uniformly continuous on [0, 7], yields the inequality

wl(FA) < Knwl'(A).
Hence,
wo(FA) < Knwy(A). (3.2)
Next, let us assume that ¢ > T'. Then, by virtue of our assumptions we obtain
|(Fa)(t)| exp(=ML(t))

< [|g(t,x(h1(t)), s a(ha(®) = g(,0...,0)] + |g(t,0.. .,0)” exp(— ML(t))

m

+ {/Ot o(s)ds + exp(Lq (¢ / Z |z (H. |d5} exp(—ML(t))
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< KZ |(hi(2))| exp(=ML(t)) + [a(t) + b(t)] exp(=ML(t))

+ exp(L (1)) / ()l exp(M L(H()))ds - exp(~ML(D)
< K3 a(hi(t) | exp(~ ML(hi(t))) + a(t) + b(t)] exp(— ML (2))
=1
+ |z exp(La (£)) / a(s) exp(ML(s))ds - exp(—ML(1))

< KZ |(Ri(t))| exp(=M L(hi(t))) + [a(t) + b(t)] exp(—=Mb(t))

+ mritq(t) exp(L1(t))
Now, taking into account (H5), from the above estimate we obtain
a(FA) < Kna(A). (3.3)
where a(A) was defined previously. Next, from and we have
p(FA) < Cu(A) (3.4)

where C' = Kn > 0 is a constant and p denotes the measure of noncompactness
defined earlier.

Furthermore, let us consider the sequence of sets (B™), where B! = Conv F(B,),
B2 = Conv F(B}) and so on. Observe that all sets of this sequence are nonempty,
bounded, closed and convex. Moreover, B"*1 C B" for n = 1,2,3,.... Thus in
virtue of it is easily seen that

w(By') < C"u(By)

This inequality and the fact that C' < 1 yields that lim,, .. u(B}) = 0. Thus from
(v) in Definition we deduce that the set B = N2, B is nonempty, bounded,
closed and convex. Moreover, in view of the remark we have that B € kerpu. It
should be also noted that the operator F' maps the set B into itself.

Next we show that F' is continuous on the set B. To do this fix ¢ > 0 and take
arbitrary functions z,y € B such that ||z — y|| < e. Taking into account the fact
that B € ker y and the description of sets belonging to ker u we can find 1" > 0 such
that for each z € B and ¢t > T the inequality |z(¢)| exp(—M L(t)) < €/2 is satisfied.

Let us observe that in view of our assumptions, for an arbitrarily fixed ¢ € Ry,
we obtain

|(F'z)(t) — (Fy)(t)| exp(—ML(1))
< ‘g(t,x(hl(t)),...,x(hn(t))) =gt y(ha (1)), ... ,y(hn(t)))‘exp(—ML(t))

+/
0

— k(t, 7y (L (7)), y(Hon (7)) | - exp(=ML(2))

k(t, 7o a(Hi (7)), .., a(Hp (7)) (3.5)

< KZ |z(Ri(t)) — y(hi(t))| exp(—ML(t)) + Tv" (k, €) exp(—ML(t)).
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Now let ¢ € [0, 7], then we have
|(Fa)(t) — (Fy)(t)| exp(~=ML(t)) < Ce+ T (k,e) exp(~ML(t)) (3.6)
where the quantity v (k, €) is defined as follows
v (k,€) = sup {|k(t, Ty X1y ey @) — k(G Ty Y1, Ym)| 1 &, 7 € [0, T,
|z, |yil < rexp(ML(T)), |z; —yi| < eexp(ML(T)), i=1,2,... ,m}.

From the definition of the function k(t, s, x1,..., 2, ), we conclude that v7' (k,¢) —
0ase—0.

Further, let us assume that ¢ > T'. Then, taking into account that =,y € B and
that F' transforms the set B into itself we have that Fx, F'y € B. Hence by the
characterization of the set B given above, we get

|(Fa)(t) = (Fy) ()| exp(=M L(t))

< |(Fa)(8) exp(—ML(t)) + | (Fy)(t)| exp(— ML(t)) < e. 3.7

Now from —, we deduce that the operator F'is continuous on the set B.
Finally, taking into account all facts concerning set B and the operator F' :
B — B and applying the classical Schauder fixed point principle we infer that F'
has at least one fixed point z in the set B. Obviously, the function z = z(t) is
a solution of . Moreover, keeping in mind that B € ker u, we obtain that
x(t) = o(exp(ML(t))) as t — co. O

4. EXAMPLE
Consider the following Volterra integral equation with deviating arguments

_ 1+ arctan (z(t/3))

x(t) g

¢
+/ [SCOSQt+332672t In (1+ |z(s/2)])]ds, (4.1)
0
1 t
where t > 0. This equation is clearly of the form (1.1)) with g(¢,x) = %;n(m)

and k(t, s, x) = scos(2t) + 3s?¢~* In (1 + |z[) where m = n =1, hy(t) = t/3 and
Hy(t) =t/2.
It is easily seen that for (4.1]), the assumptions (H1) and (H2) are satisfied with

K =1/4 and a(t) =

el Let us observe that

|k(t,s,2)| < s+ 3s%e x|

Note that the assumption (H3) is satisfied with Lo(t) = ¢, L1 (t) = —2¢ and ¢(s) =
3s%. On the other hand, satisfies assumption (H5) with b(t) = t?/2. Now, we
get (Kn+m/M) <1 for M > 1.
Thus, in view of Theorem we conclude that problem has a solution
x = x(t) such that
2 3e?

x(t) :0<exp(M[§ - (t2+t+%)+g])>

as t — oo, where M > 1 is a constant.
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