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EXPLICIT ESTIMATES FOR SOME MIXED INTEGRAL
INEQUALITIES

BABURAO G. PACHPATTE

ABSTRACT. The main objective of this paper is to establish explicit estimates
for some mixed integral inequalities, which can be used as tools in the study
of qualitative behavior of solutions to certain integral equations. Discrete
analogues and some applications of one of our results are also given.

1. INTRODUCTION

Inequalities with explicit estimates are among the most powerful and widely
used analytic tools in the study of various dynamic systems. They enable us to
obtain valuable information about solutions of equations without the need to know
in advance the solutions explicitly. Extensive surveys of such inequalities may be
found in the monographs [5l [6l [7, [10] and the references cited therein. It is easy
to see that some inequalities with explicit estimates available in the literature are
not directly applicable to study the qualitative properties of solutions of many
dynamical systems. For instance, the integral equation

u(t,x) = f(t, x) —|—/0 /OS /Oa G(s —1,2,9)F(1,y,u(r,y)) dy dr ds, (1.1)

for t € [0,T],z € [0, ], arising in the study of partial differential equations of the
form

U (b, @) — augg (b, 2) = F(t, z,u(t,z)), t€[0,T],z € [0,q], (1.2)
with the initial conditions
u(0,2) = ¢(z),u (0,2) = ¢¥(z), =z €]0,q], (1.3)
and the boundary conditions
u(t,0) =u(T,a) =0, tel0,7], (1.4)

where G(t,z,y) is the Green’s function for the equation wy(t, ) = awy, (¢, z) with
the zero Dirichlet boundary data, a is a positive constant and 7" > 0, o > 0 are
finite but can be arbitrarily large constants. For more details, see [T, [@]. It seems
that, in the study of certain basic results, equation ([1.1)) can be dealt with a more
satisfactory manner than dealing directly with —. Indeed, one need a new
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insight to handle the equations like for which the available inequalities in the
literature lose their direct applicability.

From the considerations such as above, it is desirable to find explicit estimates
on certain new inequalities which will be equally important to achieve a diversity of
desired goals. Motivated by the desire to widen the scope of the inequalities with
explicit estimates, in the present paper we offer new explicit estimates on some
basic integral inequalities which can be used as tools for handling the equations like
(1.1). Discrete analogues of the main results and some applications to illustrate the
usefulness of one of our results are also given. We hope that our results here will
reveal as a model for future investigations.

2. STATEMENT OF RESULTS

Let R be the set of real numbers, Ng = {0,1,2,...}, Ry =[0,00), Ry = [1, 00),
B = [I%,[ci.di] € R™, (¢; < d;), E = Ry x B and ' denotes the deriva-
tive. For any function u defined on B we denote by [, u(y)dy the m-fold in-
tegral fcdll . fi:” WYty -y Ym) QWYm - .. dy1. Let Nyjjoy, 3] = {ai, s+ 1,...,0:}
(ai < 51), Oli,ﬁi E Ny for i = 1,2,....m, Q= H?;lNz[az,ﬁz] C ]Rm, H = Ny x Q
and for any function z defined on Ny we define the operator A by Az(n) =
z(n+1) — z(n). For any function 2 we define the m-fold sum over Q by

B Bm
Zw(y): Z Z w<ylv""ym)'
Q y1=a1 Ym =0Clm

Clearly > w(y) = > qw(x) for z,y € Q. We denote by C(S1,S52) and D(S1, S2)
respectively the class of continuous and discrete functions from the set S7 to the
set So. We use the usual conventions that empty sums and products are taken to
be 0 and 1 respectively and assume that all integrals, sums and products involved
exist and are finite.

Our main results are given in the following theorem.

Theorem 2.1. Let u,p,q,f € C(E,Ry) and ¢ > 0 be a constant.
(A1) Let L € C(E x Ry, Ry) be such that

0< L(t,z,u) — L(t,z,v) < M(t,z,v)(u —v), (2.1)
foru>wv >0, where M € C(E xR, Ry). If

u(t,z) < p(t, ) —i—q(t,aﬁ)/ol /OS/BL(T,y,u(T, y)) dy dT ds, (2.2)

for (t,x) € E, then for (t,z) € E,

o) <pttea) e[ [ [ wiry.pir) dyar as

X exp (/Ot/os/BM(T,y,p(ﬂy))fJ(T,y) dydeS)-

(A2) Let g € C(Ry,Ry) be a nondecreasing function, g(u) > 0 on (0,00). If

(2.3)

u(t,z) < c—&—/ot /Os/Bf(T, y)g(u(r,y)) dy dr ds, (2.4)
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for (t,x) € E, then for 0 <t <ty; t,t; € Ry, z € B,

u(t,z) < W1 [W(C) + /Ot /()S/Bf(T, y)dydrds|, (2.5)
where
W (r) :/r g(zZ)’ r >0, (2.6)

ro > 0 is arbitrary and W~ is the inverse of W and t; € Ry is chosen so that

W(c)+/0t /OS/Bf(T,y) dy dr ds € Dom(W 1),

forallt e Ry lying in 0 <t <ty and x € B.

(A3) If
9 S
u?(t,x) < c—l—/0 /0 /Bf(T,y)u(T,y) dy dr ds, (2.7)
for (t,x) € E, then
1 t s
u(t,r) < e+ 5/0 /0 /Bf(T,y) dy drds, (2.8)
for (t,z) € E.
(A4) Let g(u) be as in part (A2). If
eun<er [ [ [ e airas, @9
for (t,x) € E, then for 0 <t < tq; t,to € Ry, z € B,
t 5
u(t,z) < W1 [W(\/E) + %/0 /0 /Bf(T, y) dydrds|, (2.10)

where W, W =1 are as in part (A2) and ty € R is chosen so that

WVE) + / t / S /B F(r,) dy dr ds € Dom(W 1),

forallt e Ry lying in 0 <t <ty and x € B.
(A5) Suppose that u € C(E,Ry), ¢ > 1. If

t s
utoy<cr [ [ [ feputrposutnydyards, (21)
o Jo JB
for (t,x) € E, then
u(t,a:) < P (fg fos fB f(ry)dydr ds)7 (2.12)

for (t,z) € E.
(A6) Let u € C(E,Ry),c > 1 and g(u) be as in (A2). If

u(t, x) §c—|—/0 /OS/Bf(T,y)u(T,y)g(logu(T,y))dydes, (2.13)

for (t,x) € E, then for 0 <t <ts; t,t3 € Ry,x € B,

u(t,r) < exp (VV_1 {W(log c) + /Ot /Os /B f(ry)dydr dsD, (2.14)
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where W, W=t are as in part (A2) and t3 € Ry be chosen so that

t s
W (logc) —I—/ / / f(r,y) dydrds € Dom(W 1),
o Jo JB
for allt € Ry lying in the interval 0 <t < ts and x € B.
The discrete analogues of the inequalities in Theorem are given as follows.

Theorem 2.2. Let u,p,q,f € D(H,R;) and ¢ > 0 is a constant.
(B1) Let L € D(H x Ry, R,) be such that

0 < L(n,z,u) — L(n,z,v) < M(n,z,v)(u —v), (2.15)
foru>wv >0, where M € D(H x Ry, Ry). If
n—1s—1
u(n, z) < p(n,z) +q(n,2) > Y Y L(r,y,u(r,y)), (2.16)
s=071=0 Q

for (n,x) € H, then for (n,z) € H,
n—1s—1

u(n, @) < pln,2) +a(n2) (3D 3 Liry.p(r,y)

s=07=0 Q

x 1:[ [1+22M(77y,p(7,y))q(7, ).
s=0

=0 Q
(B2) Let g(u) be as in Theorem [2.1] part (A2). If

n—1s—1

umz) < e+ 35S Fny)glulr.y)), (2.18)

s=07=0 Q
for (n,x) € H, then for 0 <n <mnj; n,ny € Ng,x € €,

(2.17)

n—1s—1

u(n,z) < W1 {W(c) + Z Z Z f(r, y)}, (2.19)

s=07=0 Q
where W, W1 are as in Theorem part (A2) and ny € Ny be chosen so that

n—1s—1

W(c) + Z ZZf(T, y) € Dom(W™1),

s=071=0 Q
for allm € Ny lying in 0 <n <ny and x € Q.
(B3) If
n—1s—1
w(n,z) <c+ Y Y ) fnyulry), (2:20)
s=0717=0 Q
for (n,x) € H, then
n—1s—1
u(n,z) < Ve+ % Z Z Zf(T, Y), (2.21)
s=07=0 Q
for (n,z) € H.
(B4) Let g(u) be as in Theorem [2.1] part (A2). If
n—1s—1
En,2) < e+ 3053 £rp)ulryg(u(r,v)), (2.22)

s=07=0 Q
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for (n,x) € H, then for 0 <n < mngy; n,ny € Ny, z € {2,

n—1s—1

uln, ) S WA + 5 5 33 fry)l, (2.23)

s=071=0 Q
where W, W™ are as in Theorem part (A2) and ny € Ny be chosen so that

n—1s—1

W(Ve) + % Z ZZf(T, y) € Dom(W™1),

s=07=0 Q

for alln € Ny lying in 0 <n < ng and z € Q.
(B5) Suppose that w € D(H,Ry), ¢ > 1. If

n—1s—1

uln, ) < et 353 Fry)ulr,y) logulr,y), (24)
s=07=0 Q
for (n,x) € H, then
u(n, z) < im0 142520 Xa Frw)] (2.25)

for (n,x) € H.
(B6) Let w € D(H,Ry), ¢ > 1 and g(u) be as in Theorem |2.1| part (A2). If

n—1s—1

u(n,x) <e+ 3N f(ry)u(r, y)g(logu(r,y)), (226)
s=071=0 Q
for (n,x) € H, then for 0 <n <mng; n,n3 € Ny, z € {2,
n—1s—1
u(n,z) < exp(W = [W(loge) + Y>> f(r.9)), (2.27)
s=07=0 Q
where W, W1 are as in Theorempart (A2) and ns € Ny is chosen so that
n—1s—1
W(oge)+ > > f(7.y) € Dom(W™),
s=07=0 Q

for alln € Ny lying in 0 <n < ngz and z € Q.

Remark 2.3. We note that the inequalities given in Theorems and can
be considered as new variants of the similar inequalities given in [Bl [0 [7] and they
can be used as tools in certain situations in which the earlier inequalities are not
directly applicable.

3. PROOFS OF THEOREMS [2.1] AND 2.2

The proofs resemble one another, we give the details for (A1)-(A4) and (B5)-
(B6) only. The proofs of (A5), (A6) and (B1)—(B4) can be completed by following
the proofs of the above noted inequalities and closely looking at the similar results
given in [5], 6]. To prove (A1)—(A4), it is sufficient to assume that ¢ > 0, since the
standard limiting argument can be used to treat the remaining case, see [5], p. 108].

Prof of (Al). Setting

e(r) = /B L(r,y,u(r,y)) dy, (3.1)



6 B. G. PACHPATTE EJDE-2010/10

the inequality (2.2) can be restated as

u(t,x) < p(t, ) +qtm// T)drds. (3.2)
Define
/ / T)dr ds, (3.3)
then, it is easy to see that 2(0) = 0,2'(0) = 0 and
u(t,z) < p(t,:v) + q(t,z)z(t). (3.4)

From , , and , we observe that
() = eft) = / L(t,y, u(t, ) dy
B
< /B (L(t, . p(t,y) + alt,9)=() — L(t,y, p(t,v))} dy + /B Lty plt, ) dy

< =(1 /B M(t,y, p(t.)a(ty) dy + /B L(t,y,p(t,y)) dy.

(3.5)
From (3.5 and using the fact that z(¢) is nondecreasing in ¢t € R, it is easy to see

that
t S
S/ / /L(T,y,p(T,y))dydes
0 0 B

* /Ot Z(S){/OS /B M(r,y,p(r,9)a(7,y) dy d7 }ds.

Clearly, the first term on the right hand side in (3.6)) is nonnegative and nonde-
creasing in t € R;. Now a suitable application of the inequality in [B, Theorem

1.3.1] to (3.6) yields

< (/Ot/OS/BL(T,y,p(T,y))dydeS)

(3.6)

Lo (3.7)
<o ([ [ Mrptrmatr) dyards).
0o Jo JB
Using (3.7) in (3.4)), we get the required inequality in ([2.3)).
Proof of (A2). Setting
e(r) = [ rrn)atutr.o) do (38)

the inequality (2.4)) can be restated as

u(t, = <c+/ / 7)dr ds. (3.9

Defining z(t) by the right hand side of (3.9)) and following the proof part (Al) given
above, we get

:/ F(tw)g(ult, v)) dy < g(z /fty (3.10)
B
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From (3.10) and using the fact that z(¢) is nondecreasing in ¢t € Ry, it is easy to

see that
t s
2(t) < c+/ g(z(s)){/ / f(r.y) dydr }ds. (3.11)
0 o JB
Now a suitable application of the inequality in [, Theorem 2.3.1] to (3.11)) yields
t s
2(t) < W HW (e) +/ / / f(r,y) dy drds]. (3.12)
o Jo JB

Using (3.12) in u(t,x) < z(t), we get the required inequality in (2.5]).
Proof of (A3). Setting

B(r) = [ st (313)
the inequality (2.7) can be restated as
t s
u?(t,x) < c+/ / E(7)drds. (3.14)
o Jo

Define z(t) by the right hand side of (3.14]), then z(0) = ¢,2'(0) = 0 and u(t,z) <
v/ z(t). Following the proof of part (A1), we get

(1) = B(t) = /B St yyult,y) dy < /=(0) /B fty)dy.  (3.15)

By taking ¢ = 7 in (3.15) and integrating it over 7 from 0 to ¢ and using the fact
that z(t) is nondecreasing in t € R, we get

t
20 <=0 [ [ rryayar (3.16)
The inequality implies (see |5, p. 233])
Vz(t) <Ve+ 1 /t /s/ f(r,y)dydr ds. (3.17)
B 2Jo Jo JB

The required inequality in (2.8) follows by using (3.17)) in u(t, z) < 1/z(t).
Proof of (A4). Setting

B(r) = [ 19)utrv)g(ulr.) dv (318)
B
the inequality (2.9) can be restated as
t s
u?(t,r) < c+/ / E(7)drds. (3.19)
o Jo

Defining z(t) by the right hand side of (3.19) and following the proof of part (A1),
we get

() = B() < VEDa(vV/E0) [ S do (3.20)
from which, it is easy to observe that
Z/(t) t
o S9/A) | [ s (3.21)
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From (3.21)), we get

Vz(t) <vVe+ = / //nydydes (3.22)
Now a suitable application of the inequality in [5, Theorem 2.3.1] to yields
1 t s
Vet < w! [W(ﬁ) + f/ / / F(r,y) dydr ds] (3.23)
2Jo Jo JB

Using (3.23) in u(t,z) < /2z(t), we get (2.10)).

Proof of (B5). Setting

7 =3 f(ryulr,y) logu(r, ), (3.24)
Q
the inequality (2.24) can be restated as
n—1s—1
u(n,z) < c+ Z Z r(7). (3.25)
s=0 7=0
Define
n—1s—1
z(n) =c+ Z Z r(7), (3.26)
s=0 7=0
then z(0) = ¢, Az(0) = 0 and
u(n,x) < z(n). (3.27)
From (]3.26|) (]3.24[) (3.27), we observe that
A?z( any (n,y)logu(n,y) < z(n)log z(n any (3.28)

From the above inequality and using the fact that z(n) is nondecreasing in n € Ny,
we get

<Z )log z(T Zf (1,9) < z(n){log z(n ZZf (,9)} (3.29)

=0 Q
Now a suitable application of the inequality in [6, Theorem 1.2.1] to (3.29) yields

n—1 s—1
n) <c [ +logz(s)Y > f(ry)]

s=0 7=0 Q

. ol (3.30)
<cexp(d_logz(s) > > f(7,y)
5=0 =0 Q
From (3.30]), we observe that
n—1 s—1
log z(n) <logc+ Z log z(s) Z Z f(ry). (3.31)
s=0 7=0 Q

Now an application of the inequality in [6l Theorem 1.2.2] to (3.31)) yields

log z(n) < (logc) H —i—ZZf (1,9)] logcl_[;01 143520 Xa ()], (3.32)
s=0 =0 Q
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From (3.32)), we observe that
2(n) < 150 [HEIZE S0 s, (3.33)

Using (3.33) in (3.27), we get the required inequality in (2.25).

Proof of (B6). The proof can be completed by setting
Zf (7, y)u(r,y)g(log u(r,y)), (3.34)

and following the proof of (B5) and closely looking at the proof of the inequality
in [6, Theorem 3.5.3]. Here, we omit the details.

4. SOME APPLICATIONS

Inspired by equation (|1.1)), we consider the general integral equation

u(t,z) = h(t,x) +/0 /Os/BF(lf,azt,T,y,u(T7 y)) dy dr ds, (4.1)

where h, F' are given functions and w is the unknown function to be found. We
assume that h € C(E,R), F € C(E? x R,R). The problem of existence of solu-
tions for can be dealt with the method employed in [§], see also [1J, 2, [3] [4] [10]
for similar results. In this section, by using a particular case of the inequality in
Theorem part (Al), we offer the conditions for the error evaluation of approx-
imate solutions of equation by establishing some new estimates on solutions
of approximate problems. We also study the dependency of solutions of equations
of the form on parameters.

We use the following special form of the inequality in Theorem part (A1)
when L(t,z,u) = f(¢, x)u in the proofs of our results.

Corollary 4.1. Let u,p,q,f € C(E,R). If

u(t,x) < p(t, ) +th///f¢y (1,y)dydr ds, (4.2)

for (t,x) € E, then for (t,x) € E,

o) <pta)vaeo([ [ [ sowtraviras)

X exp (/Ot /OS/Bf(T,y)q(T,y)dydes).

We call the function v € C(E, R) an e-approximate solution to (4.1) if there
exists a constant € > 0 such that

’u(t,x) — {h(t,w) + /Ot /05 /B F(t,xz,7,y,u(r,y)) dydesH <e, (4.4)

for (t,x) € E.
The following theorem deals with the estimate on the difference between the two
approximate solutions of (4.1)).

(4.3)

Theorem 4.2. Let u;(t,z)(i = 1,2) be respectively e;-approximate solutions of
(4.1) on E. Suppose that the function F in equation (4.1)) satisfies the condition

|F(t’$77—7y7u) - F(t’vavya’U” S q(tﬂx)f(’r’ y)|u - ’l)|, (45)
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where q, f € C(E,Ry). Then

lur (t, @) —us(t,z)| < (g9 —&—m)[l—i—q(t,x) /t/S/ f(T,y)dydes>

X exp ///f dydes)}

Proof. Since u;(t,x)(i = 1,2) for (t,x) € E are respectively e;-approximate solu-
tions of , we have

u;(t,x) — < h(t,x) / / / (t,z, 7, y, u; (T, y))dydrds}‘ <& (4.7)

From (4.7) and using the elementary inequalities,
v =z <ol + 2], |v]— 2] < v -2z, (4.8)

(4.6)

for (t,z) € E.

we observe that

51+52>‘u1m h(t, ) /// txry,ul(ry))dydrds}’
+‘u2tx {ht:r)—i—///F(t,x,T,y,ug(T,y))dydesH
_Hultaﬁ {htx /// (t, 2,7y, ur (7, 9)) dydes}}
{uzm {htx ///thTy,u2(Ty dydes}}

> nttn) ) - | [ [ [ (Pt

- F(t7xa7-ay7u2(7—7 y))} dydeS‘

(4.9)

Let w(t, z) = |ua(t, ) — ua(t, z)|, (¢,2) € E. From (4.9) and using (4.5]), we observe
that

w(t, )
t S

<(erte)t / / / F(t, 2,7, w1 (7)) — F(t,2, 7,9, us(r,9))| dy dr ds
0 0 B

< (e +€2)+q(tvfﬂ)/0 /OS/Bf(T,y)w(T,y) dy dr ds.
(4.10)

Now an application of Corollary yields (4.6). |

Remark 4.3. When u4 (¢, z) is a solution of (4.1]), we have £; = 0 and from (4.6)),
we see that ua(t,x) — ui(t,x) as e2 — 0. Furthermore, if we put ey =e2 =0 in
(4.6]), then the uniqueness of solutions of (4.1) is established.

Consider the equation (4.1)) with

v(t,z) = h(t,z) +/0 /OS /B F(t,z,7,y,0(r,y)) dy dr ds, (4.11)
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where h € C(E,R), F € C(E? x R, R).

In the next theorem we provide conditions concerning the closeness of solutions
of (E1) and (TTD).

Theorem 4.4. Suppose that F in equation (4.1)) satisfies (4.5) and there ewist
constants 0; > 0 (i = 1,2) such that

|h(t,z) — h(t,x)| < 61, (4.12)
t s
///|F(t,x,7‘,y,z)—F(t,x,T,y,z)‘dydesSég, (4.13)
o Jo JB

where F,h and F,h are given as in {{.1) and [{11)). Let u(t,z) and v(t x), for
(t,x) € E, be solutions of (4.1) and (4.11)), respectively. Then for (t,z) € E,

lu(t, z) — v(t, )] < (51+5g)[1+q(t,x) /Ot /OS/Bf(T,y) dy dr ds

X exp (/Ot /Os/Bf(T,y)q(T,y) dydnzs)]

Proof. Let r(t,z) = |u(t,z) — v(t,z)|, (t,2) € E. Using the facts that u(t, z), v(t, z)
are solutions of equations (4.1]), (4.11]) and the hypotheses, we have

< |h(t,z) — h(t, z)|

/ / / Pt 2,7y, u(r,y) = F(t,2,7,y,0(7,y))| dy dr ds

(4.14)

_ 4.15
+ / / / Ft0,7,50(m ) — Bt mo ()| dydrds )
0 0 B

t s
<Gi)rato [ [ feoreydydrds
0o Jo JB
Now an application of Corollary yields (4.14)). O

Remark 4.5. The result given in Theorem relates the solutions of (4.1) and
4.11)) in the sense that if F' is close to F' and h is close to h, then the solutions of
4.1) and of (4.11) are also close to each other.

A slight variation of Theorem is embodied in the following theorem.
Theorem 4.6. Suppose that F and F in (A1) and [@.11)) satisfy the condition
|F(t7 T, T,Y, u) - F(t7 z,T,Y, ’U)| < (j(t7 I)f_(T, y)|u - U|, (416)

where @, f € C(E,Ry) and [#.12)) holds. Let u(t,z) and v(t,z) be solutions of (4.1))
and (4.11)), respectively, on E. Then for (t,z) € E,

[u(t,z) —v(t, z)| < & [1+q(t,$)(/0t /OS/Bf(T,y)dydes)
X exp (/Ot/os/Bf(r,y)cj(T,y)dydesﬂ.

(4.17)
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The proof of the above theorem is similar to that of Theorem [£.4] with suitable
modifications, and hence we omit the details.
We next consider the equations

t s
u(t,x):h(t,x)+/ / /F(t,x777y,u(7,y),u)dyd7'ds, (4.18)
o Jo JB
t s
u(t,x):h(t,x)—l—/ / /F(t,x,T,y,u(T,y),uo)dydes, (4.19)
0o Jo JB

for (t,z) € E, where h € C(E,R), FF € C(E xR x R,R) and p, 119 are parameters.
The following theorem shows the dependency of solutions of (4.18)) and (4.19)) on
parameters.

Theorem 4.7. Suppose that F in (4.18]), (4.19) satisfies the conditions

‘F(ta 33777217%#) - F(tvxaTayy ﬂ,ﬂ)‘ < QO(t, x)fO(Ta y)|u - ﬂ|v (420)

|F(t,x,7,y,u,u) - F(t71'77—7y7ua/1'0)| < N‘:u‘ - N0|’ (421)

where qo, fo € C(E,Ry) and N > 0 is a constant. Let ui(t,z) and us(t, ) be the
solutions of (4.18) and (4.19) respectively. Then for (t,z) € E,

osttea) st < M=l [t + e o) ([ [ [ st aviras)

X exp (/Ot/OS/BfO(T,y)qO(ﬂy)dydes)].

Proof. Let z(t,z) = |u1(t,z) —ua(t,x)|, (t,z) € E. Using the facts that u(t, )
and us(t, x) are respectively the solutions of (4.18)) and (4.19), and the hypotheses,
we have

(4.22)

t s
Z(t,.%‘) S / / / |F(t7$a7'797U1(7'7y)7M> - F(t’x77—7yau2(7ay)7:u)‘dydeS
o Jo JB
t s
+/ / / |F(t7x77—7yau2(7—7y)7u) - F(tv'raTayaUQ(Tvy)a,u‘O”dydeS
0o Jo JB

t S
< Nl = ol + qo(t, ) / / / Jo(r.y)2(r,y) dy dr ds.
0 0 B

(4.23)
Now an application of Corollary yields (4.22)), which shows the dependency of
solutions of (4.18]) and (4.9) on parameters. d

Remark 4.8. We can use the special version of the inequality in Theorem part
(B1) (as in Corollary |4.1)) to establish results similar to those given above for the
solutions of sum-difference equation of the form

n—1s—1

u(n,z) =h(n,z) + Y > Y F(n,z,7,y,u(r,y)), (4.24)

s=07=0 Q

where h € D(H, R), F € D(H? x R, R). We also note that, many generalizations,
extensions, variants and applications of the inequalities given in this paper are
possible. However, we shall not pursue the detailed treatment here.
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