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ILL-POSEDNESS FOR PERIODIC NONLINEAR DISPERSIVE
EQUATIONS

JAIME ANGULO PAVA, SEVDZHAN HAKKAEV

ABSTRACT. In this article, we establish new results about the ill-posedness of
the Cauchy problem for the modified Korteweg-de Vries and the defocusing
modified Korteweg-de Vries equations, in the periodic case. The lack of local
well-posedness is in the sense that the dependence of solutions upon initial data
fails to be continuous. We also develop a method for obtaining ill-posedness re-
sults in the periodic and non-periodic cases for the equations in the hierarchies
of these equations and also in the case of the Benjamin-Ono equation.

1. INTRODUCTION

The purpose of this article is to investigate ill-posedness of the periodic Cauchy
problem for some models of Korteweg-de Vries type in the periodic Sobolev space
Hj.,. The models that we are interested are, the modified Korteweg-de Vries
(mKdV) in (3.1)), the defocusing modified Korteweg-de Vries (dmKdV) in
and the Benjamin-Ono (BO) in . Also, we develop a new technique to obtain
ill-posedness of the periodic and non periodic Cauchy problem associated with the
higher order equations in the hierarchies of these models.

Before describing our results, it is convenient to define the notion of well-posed-
ness (and consequently ill-posedness) related to a general evolution equation

ug = 01" (u(t)) (1.1)
where I(u) is a generic conservation law for the flow generated by , namely,
I(u(t1)) = I(u(tz)) for all times t;,ts. Here I’ represents the gradient of I, defined
by

I
(I'(u),v) = <65(;),v> = %I(u—kev)hzo, (1.2)
where (-, -) denotes the inner product on L2.

Throughout this paper we shall say that a Cauchy problem associated to is
locally well-posed (also called C%-well-posed) in some normed function space X’ if,
for any initial data ug € X there exist a time T' = T'(||ug||x) > 0, a function space
Y continuously embedded in C([-T,T]; X) and a unique solution u(¢) such that

1) weC([-T,T;X)NY = Zp
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(2) the mapping data-solution ug — u from X to Zr is continuous.

A Cauchy problem associated to is globally well-posed in X' if T above can
be chosen as T' = 4oc0. Finally, a Cauchy problem will be said to be ill-posed if it
is not C°-well-posed.

Here is a more precise description of the problems of local well-posedness and
global well-posedness in the periodic case for the models mKdV, dmKdV and BO.
In [27] the local well-posedness for the mKdV (and defocusing mKdV) was obtained
for s > %, and in [21] 22] it was shown that it is globally well posed for s > % If one
strengthens our notion of well-posedness, requiring that the mapping data-solution
is smooth, Bourgain showed in [I7] that the known results on mKdV (s > i in the
line, s > % in the periodic case) are optimal in the sense of this map to be of class
C3. In Christ, Colliander and Tao [20], ill-posedness for the defocusing mKdV is
obtained for s € (—1,1/2). Regarding the BO equation, L. Molinet in [33] proved
global well-posedness in HJ. for s > 0 and also showed that the mapping data-

into H*_ for s < 0 where

. . .
solution can not be of class C*™, a > 0, from H, per

H;er = (_A)_S/lez)er‘

In the non-periodic case the ill-posedness for some classical non-linear disper-
sive equations (for instance, Korteweg-de Vries equation (KdV), cubic Schrodinger
equation, complex KdV, mKdV, and BO equations) is studied in [12] [I4] [I6], [I7)
13, 20, 211, 27, 28]. The approach in [12], [I3], and [14] uses the existence and good
properties of the solitary wave solutions associated to the equations. In particular,
a good behavior of its Fourier transforms is required.

In this paper we extend the technique developed in [I4] to the periodic case and
to higher order evolutions equations. Our approach is based on the theory of Jaco-
bian elliptic functions, the Poisson summation formula, the Floquet theory and on
techniques coming from integrable systems. Our method can be used for studying
the ill-posedness of the periodic and non periodic Cauchy problem associated with
higher order equations.

The first objective of this work is to apply our approach to the study of the ill-
posedness for the mKdV, dmKdV and BO equations and to show that the solutions
cannot depend continuously on their initial data in the Sobolev spaces Hp,, for
s < —1/2. In other words, we construct a sequence converging (strongly) to a
specific data in Hjj,, and then we show that the corresponding sequence of solutions
does not converge (strongly) in Hj. . The specific data will be the Dirac delta
periodic distribution. The main point in the analysis is the construction of explicit
smooth curves of periodic traveling waves solutions for the mKdV, dmKdV and
BO equations with a fixed minimal period and a specific behavior of the associated
Fourier transform. To construct such solutions we shall use the theory of elliptic
functions, the Poisson summation formula and the implicit function theorem. To
obtain the ill-posedness results we shall use the ideas in Birnir, Ponce and Svenstedt
[14]. Our results extend the ill-posed results of Christ, Colliander and Tao [20]
concerning to the mKdV and dmKdV in the periodic case.

The second objective of this paper is to show that the approach for obtaining
ill-posedness for the mKdV, dmKdV and BO equations can be applied to the higher
order evolution equations in the hierarchies of these models. So we obtain similar
results of local ill-posedness in the spaces H;, for s < —1/2. Indeed, from the ideas
of Lax in [30] we develop a general scheme which will imply that the profile given
by the periodic (or solitary) travelling wave solutions associated with the mKdV,
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dmKdV and BO equations, and with a specific speed-wave will be a periodic (or
solitary) travelling wave solutions for every equation from the mKdV, dmKdV and
BO hierarchies respectively. For instance, we consider the BO equation

u + Uty — Huge =0, u=u(x,t) €R, (1.3)
where H denotes the Hilbert transform on 2I-periodic functions, f, defined by

1
1@ = g [ o™ dy

!
So, we obtain via the Fourier transform that ﬂ?(k) =— sgn(k)f(k‘), k € Z. Next,
let I(u) be a generic conserved quantity for the BO equation and consider the
associated hierarchy equation , then there is a spectral parameter A; . such
that uc(z,t) = xe(x + Arct) is a periodic travelling wave for (1)), provided that
Xe(z — ct) is a periodic travelling wave for (1.3). The existence of the speed-wave
A1, is deduced from the property that the kernel of the pseudo-differential operator

d
Lpo=—H—xc+c.
dx

is one-dimensional and generated by %X&

In general, to determine the exact value of A\;. can be difficult and tedious.
Naturally, our general scheme is applicable to the case of travelling waves of solitary
wave type and so we can also obtain ill-posedness results for higher order evolution
equations in the hierarchies of the models above in Sobolev space H*(R). We do
not find an effective algorithm which give the parameter A; . for every conserved
quantity I given. Here we calculate it explicitly only in the cases of the second
equation from the mKdV, dmKdV and BO hierarchies (see , and ,
respectively). Of course, with a little more of work, one can yield an ill-posedness
result for the third equation from the hierarchy of these models and so on (see [19],
[32] and Remarks after Theorem [5.2| below).

2. NOTATION

For s € R, the Sobolev space H..([0,¢]) consists of all periodic distributions

f such that /1. = (57 30+ #2102 < oo. For simplicity, we will

s — 72 —
use the notation Hpe]r in several places and HJ, = L2.. We denote ||f]|> =

I/l and (f,g)r> = fo z)dr = (f,g). [Hy.]', the topological dual of H},,
is isometrically 1somorphlc to Hpcr for all s € R. The duality is implemented
concretely by the pairing

9)=0 Y Jk)g(k), for feHys, g€ Hp,.

k=—o00
Thus, if f € L2, and g € H},, with s > 0, it follows that (f,g) = (f,g). The

normal elliptic integral of first type is defined by

v dt ® df
/ = | = = Flob
o V(1 —)(1 - k2t2) 0 1 —k2sin®6

where y = singp and k € (0,1). k is called the modulus and ¢ the argument.
When y = 1, we denote F(mw/2,k) by K = K (k). The three basic Jacobian elliptic
functions are denoted by sn(u;k), cn(u; k) and dn(u; k) (called; snoidal, cnoidal
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and dnoidal, respectively), and are defined via the previous elliptic integral. More
precisely, let

u(y; k) == u = F(p, k) (2.1)
then y = sin ¢ := sn(u; k) = sn(u) and

k)= /1 —9y2 = /1 —sn2(u; k)
dn(uk =1 —k2y?2 = /1 — k2sn?(u; k).

The following asymptotic formulas are obtained: sn(z;1) = tanh(z), cn(x;1) =
sech(z) and dn(z;1) = sech(z).

(2.2)

3. ILL-POSEDNESS FOR THE MKDV

We start this section by presenting some results about periodic travelling wave
solutions associated to the mKdV equation,

U + 3uUp + Ugpe =0, u= u(z,t) € R, (3.1)
which are essential in our analysis. Let u.(z,t) = ¢.(x — ct) be a periodic travelling

wave solution for (3.1)), so after integration and by choosing the integration constant
being zero we have that ¢. needs to satisfy the nonlinear differential equation

o+ 2 —cp. = 0. (3.2)

Next, by following the ideas in Angulo [6] and Angulo & Natali [8] (see also

Angulo [7]) will obtain an explicit family of periodic solution, ¢ — ., for (3.2) via

the Poisson summation formula. The method is as follows: for w > 0 we consider
the positive solitary wave solution for the mKdV equation on R, namely,

bu () = V2wsech(v/wz). (3.3)

Then ¢, satisfies the elliptic equation ¢ + ¢3 — w¢,, = 0. Now, since the Fourier
transform of ¢,, is given by

—~ 71-5
2(€) = V2msech (=),
¢ (f) \/>71' sec ( 2\/5)
we obtain from Poisson summation formula the following periodic function v, with
a minimal period L,

\[71' ™ 2mné&
é(bwf—&—nlz Zenbech QfL) ( ) (3.4)
where
1 =
o = =0 (3.5)
2, n=1,23,...

Next, we consider the Fourier expansion of the Jacobi elliptic dnoidal function with
minimal period L,

20K  2K¢ erg

i 71'00
d(L’:Z fz:: L)’

where K (k) is the complete elliptic integral of the first kind, ¢ = e*ﬂTK/, K'(k) =
K(v1—k?), k€ (0,1). From here we conclude that

q" 1 nrK'

D = isech( % )
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Therefore,

2K | 2K¢ | T 27 nrK’ 2nmé
Tdn(T,k)ferf;sech( 7 ) cos ( 7 ). (3.6)

So, from (3.4)-(3.6) let ©.(§) =ndn (\7’/—%, k) be a periodic solution of (3.2)) for ¢ > 0
with minimal period L and n > 0. Then the following identities should be satisfied

2

_ e
C—ﬁ(lﬂ-kz), E2=1—Fk? o
=230 ke 0,1), e (Ve vae)

Therefore, from the asymptotic properties of K, we need to have c € T = (QLL; +00).
In this point we are ready to build a solution of (3.2]) from the formula (3.4)). Indeed,
for ¢ € 7 and by choosing the speed-wave, w, of the solitary wave ¢,, as being

c

(0 = 5@ K2 ()
we obtain from , and that
©e(§) = Yu(e)(£)- (3.8)

Finally, from [6, [8] we obtain by using the implicit function theorem that for

every ¢ > QLL; there is a unique 7 = n(c) € (v/¢,v2c) such that the fundamental
period of the solution ¢, in is L and the mapping c € Z — ¢, € Hy, ([0, L])
is a smooth function.

From (3.2)), . satisfies the first-order equation

1
[pl]? = Sl=we + 2002 + 4By ] (3.9)

where B,  is an integration constant determined uniquely as follows: For c¢ €
(QLL;, o) there is a unique 7 = n(c) € (y/¢,v2c¢) such that for 32 = 2¢ — n? and
4B<Pc = _772ﬂ27

we have that n and § are the positive zeros of the even polynomial F, (t) =
—t* +2ct? + 4B, .

We also note from the first and third relations in (3.7) that n(c) — 400 and
K(k) — 400, as ¢ — +oo. Hence k(¢) — 1, as ¢ — +0o. From here we conclude
that w(c) — 400, as ¢ — +o0.

Next we have the following lemmas for obtaining our ill-posed result associated
with the mKdV.

Lemma 3.1. The Hy,, norms of ug(z) = pc(x) and u.(z,t) = @.(z —ct) are finite
for s < —1/2, and

lim |Juolls = V27|61l
c——+o00
lim  [Juc(-,t)|]s = V27 ||0Ls,
c—+o0

where dp, represents the Dirac periodic distribution centered in zero, namely, for
f € C3e([0, L]) we have 51(f) = (01, f) = f(0) (see [24]).
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Proof. From the Parseval identity and (3.4)-(3.8) we obtain

ez = 2 S (14 2y n? (= Z (1+
Pells = 7 n sec ZfL L n2

Hence, if s < —1/2, then the series on the right-hand side of the above inequality
is uniformly convergent. Therefore, from above analysis we obtain

n=—oo

+oo
(1+n%)* = 272dr |,

n=—oo

272
. 2 _
Jm el = —

since gZ(n) =1/L.
Now, for the solution wu.(z,t) = @c(x — ct) = Terpe (Where 7o f (z) = f(z — ct)),

we have from (3.4 -m7
2 2
Juc(, )5 =L Z 1—|—n2 =L Z 1_|_ s TerPe(n)|

n=—oo n=—oo

-1 Z T B < +oc.

and so
luc( )1 — 272 (|0L ]2, as ¢ — +oo.
This completes the proof of the lemma. O

Lemma 3.2. The initial data ug(z) = p.(x) converges weakly to \/2réy, as ¢ —
+o0.

Proof. Let ¢ € C3¢, ([0, L]) (where Cg¢,([0, L]) denotes the space of smooth periodic

per

function with period L). Then we have (see [24])

fﬂ +oo

(o, ¢) = LY== n__oosech (Q%L)a(n). (3.10)
Since o~ R
|sech (m)ﬁb(n” < |p(n)]

and the series 37> _ |b(n)| converges, it follows from the M-Weierstrass Theorem
that

+oo
) ~ nm
i (0,0) = Var 3 b i e (575)

n=—oo

+oo
=Vor Z $(n) = V21p(0) = (V2rdL, 9).

n=—oo
This shows that uy converges weakly to v/2mdy in Hy,, (s < —1/2). O
We can now prove the main result of this section.

Theorem 3.1. The initial value problem for the mKdV is locally ill-posed in Hp,,
for s < —12.
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Proof. From Lemma [3.1) the H}. -norm of u.(x,0) = @(z) converges to the Hj, -
norm of /276y, and by Lemma uc(z,0) converges weakly to v/2m6r. Conse-
quently u.(z,0) converges strongly to v/2mdy, in Hp,,. Next, from (3.4)-(3.8) we
have that

) ) = ) = Y2 s (1) — VT

On the other hand, we have that uc/(:a)(n) = Tape(n) = €5, (n), which not
converge as ¢ — +oo for all n # 0. This shows that u.(x,t) can not converge
weakly in H? O

per*

as ¢ — +o00.

4. ILL-POSEDNESS FOR THE BO EQUATION

In this section we consider the ill-posedness for the Benjamin-Ono equation .
As in the previous section, first we will obtain a periodic solution with minimal
period 2L for the BO equation by using the Poisson summation formula. So,
we consider the family of solitary wave solutions for the BO equation, u(x,t) =
¢ (x — wt), where ¢, satisfies the nonlocal differential equation

1

with a profile given by

- 4w
14 w22’

Pu ()
So, we obtain that the Fourier transform of ¢, is given by

To(6) = dmem2mil

w>0. (4.1)

By the Poisson summation formula, we obtain the following periodic function p,,
with a minimal period 2L (see [10] @, [7] [8])

“+o0o 27-[- g mn| irnaz
Z d)w(z_i_QLn) = f Z e «wL e L

po(®) =
2r X nwT 2m s T
=T 2 €ne” L COS (T) =T Re [ coth (m + i)] (4.2)
2m sinh (ﬁ)

'L cosh (J—L) — COS (7%) ’

where €, is defined in (3.5). Now, let x.(z — ct) be a smooth periodic travelling
wave solution of the BO equation, with ¢ > 0 and minimal period 2L. Then by
considering the Fourier expansion series

+oo )
Xe(x) = Z ane T

n=—oo

and by substituting this expression in

1
HX, + exe — §x3 =0,
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we obtain

(g =F 5 annen 43)
By (4.2)), we define a,, = 2%6‘"*'"‘ with n € Z and v € R to be chosen. So, from
equality (4.3) we have the basic relation

2
et L= 2 ) 4 cotn),
which implies
= Z coth
¢ = — coth~.
7 Y
Then, for 7 = 7 and ¢ > T we chose the speed -wave for the sohtary wave solution

¢, in (£1), w = w(c), such that tanh(y) = 2. Therefore, from we have

27 ( sinh )

Xe(@) = pue) (%) = 'L \coshy — cos 22 4

is a periodic solution of the BO equation, with period 2L and Fourier coefficients
given by

- 2

Tl = Z i,
Note that v+ — 0 as ¢ — +o00. So we have our ill-posedness result for the BO
equation.

Theorem 4.1. The initial value problem for the BO equation is locally ill-posed in

Hy,, fors < —1/2.
Proof. As in the case of the mKdV we have
82 <X o _onlnl _ 8T s
R T TR
n=0 n=0

If s < —1/2, then the series on the right-hand side of the above inequality converges
uniformly and therefore

Ixell2 = 1672|8212, as ¢ — +oo.
This shows that the HS,, norm of ug(z) = x.(x) converges to the HS,. norm of

per per
471'(52[,.

Now, for ¢ € C52.([0,2L]), we have

per

L +oo
(ug, ®) = / Xe()p(x)dx = 4 Z e_"""@(n) — 47 $(0), asc— +oo.
0 n=—oo
From the above, we obtain that ug(z) converges strongly to 4mdyy in Hp,, for
s < —1/2. On the other hand, for u.(x,t) = x.(x — ct), we have
+o0
lucC 02 =2L Y (1+n®)*[Xe(n)[* < +oo,

n=-—o0
and so
e (-, 1) 12 — 167|623

Moreover, since uc/(a;)(n) = TuXe(n) = "X (n) we get that the rest of the proof
is the same as the one for Theorem This completes the proof. [
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We remark that recently Molinet [34] showed ill-posedness of the BO equation
in Hj,, for s <0.

5. ILL-POSEDNESS FOR HIGHER ORDER EVOLUTION EQUATIONS

In this section we develop a general scheme which shows that every travelling
wave solution (periodic or solitary wave) for the mKdV and BO equations and
, respectively, is also a travelling wave solution (with a different speed wave) of
every equation belonging to the hierarchy generated by these two basic equations.
So, we can deduce ill-posedness results in the periodic and non-periodic cases, for
instance, for the fifth order modified Korteweg-de Vries equation (5-mKdV)

Uy — Upzzze — 30Uy — 10U Uppy — 10(ug)? — 40Ut tpe = 0, (5.1)
and for the third order Benjamin-Ono equation (3-BO)
Uy — Mgy + 3y — 3(uHuy ) — SH(utty), = 0. (5.2)

5.1. The Method. Initially we set an abstract hamiltonian system of the form
up = 0, ' (u(t)), (5.3)

where F is a conserved quantity for with E”(u) being a self-adjoint linear
operator. We assume that is invariant under the symmetry of translation.
More specifically, let {T'(7)}yecr be the one-paramenter group of unitary operators
on L? defined for v € R as

Ty)f(z) = f(z+7).

So, for u(-,t) being a solution of with initial data u(x,0) = ug(x) we ob-
tain that for v € R, T'(y)u(-,t) = u(- + v,t) is solution of with initial data
T(v)u(z,0) = up(z + ). Next we denote by T7(0) the infinitesimal generator of
the group of translations, then 77(0) = %.
Now, we suppose that F'(u) = 3||ul|? is also a conserved quantity for and
E is invariant under translation. So, we have our first hypothesis:
(H1) (Existence of travelling wave) Suppose the existence of travelling wave type
solutions u.(z,t) = ¢.(x — ct) of such that the mappingce I CR —
¢c is smooth and for every ¢ € I, the profile ¢, is a critical point for the

functional H = F + cF’, namely,
H'(¢.) = E'(¢p¢) + cgp = 0. (5.4)

Let us call the set Q, = {T(7)¢. : v € R} the ¢.-orbit. Then from the invariance
of H under translation and from (5.4]) we obtain that every point of {24, is a critical
point of H, H'(T(v)¢.) = 0 for all v € R. Therefore,

L @06,y = H 6T 0)6) = H'(60) (e6c). (55)

0= —
dry

Hence %(ﬁc belongs to the kernel of the unbounded and self-adjoint linear operator

L.=E"(¢.)+c. (5.6)
Next we have our second hypothesis:

(H2) (One-dimensional kernel) The operator £, has kernel spanned by 77(0)¢. =
d
E¢c~
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Now, from (5.3)) we consider the linear variational equation

v = V(u)v, (5.7)
where V(u) denotes the derivative of K(u) = 0, F’'(u) (see (1.2), namely, V(u)v =
K'(u)v is a linear function of v given by

V(o = 0, (B" (u)(v)).
Let I(u) be any conservation law for (5.3) with derivative G(u), namely,
I'(u)(v) = (G(u), v).
Therefore, we obtain that for any solution w(¢) of (5.3) and v(t) of (5.7)
d
(G (u(t), v(t)) = 0. (5-8)

Then for u(t) being a travelling wave of the model in (5.3]) we get from (5.8)) that
(G(¢e(m — ct)),v(t)) = (G(ge(x)), v(x + ct, 1))

is independent of ¢. Therefore, for w(z,t) = v(x + ct,t), we obtain that for every ¢,

0= (G(¢c),wi(t)) = (G(de), [cOr + V(¢e)|w) = ([—cOr + (V(¢¢))*]G(¢e), w(t)),

where V* represents the adjoint operator associated to V. So, since the value w(0)
can be arbitrary we have

0= [~cds + (V(¢e)]G(¢e) = =[c+ E"(¢c))(0u1'(¢c)) = —Le0:T (¢e).  (5.9)
By hypothesis (H2) above we obtain from that there is A = A(c, I) such that

o) = AL
0uI'(¢c) = Ao e (5.10)

Relation (5.10) contains the most important information in our study. Indeed,
if we consider the evolution equation

2z = 0. 1'(2(t)), (5.11)

then zx(z,t) = ¢.(x + At) is a travelling wave solution for (5.11). In general, the
value of A depending on I and ¢, is not easy to find out. Note that from
we have I'(¢.) = Ap. + (3, with § being an integration constant. If ¢. is a solitary
wave solution (lim¢|_,oc ¢(§) = 0) then 8 = 0. In the case of periodic travelling
waves solutions we will also assume 5 = 0.

Remark. Hypothesis (H2), it is a delicate issue to be verified in the periodic
setting, but the techniques developed in Angulo and Natali [8, [9] can be useful for
this purpose.

Next, we apply the foregoing to the 3-BO and 5-mKdV equations in and
, respectively.

5.2. The 3-BO case. Let ¥ denote the travelling wave solutions of type solitary
wave or periodic wave for the BO (1.3). This equation can be written in the
Hamiltonian form

ur = 0: Eo(ul(t))
with
Epo(u) = /uHum — %u?’ dx.
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So, the hypothesis (H1) above follows from Section 4 (formulas (4.1) and (4.4)).
Now, for verifying hypothesis (H2) we need to study the kernel of the pseudo-
differential operator

d
Lpo=—H—-v+c
dx

For v being the solitary wave solution in or the periodic travelling wave in
([@.4), the works of Bennett et al. [I1], Albert [I], Albert et al. [3] and Angulo et al.
[8], show that ker(Lpo) = [L4] (see Angulo [7] for a summary of these results).
Thus, there is a constant Ago such that ¢¥(z + Agot) is a travelling wave solution
of according to the results established in Subsection 5.1.

Next, we obtain the exact value of Ago. We start establishing some nontrivial
facts about the solutions of the pseudo-differential equation

HY' + cp — %wQ =0, c¢>0. (5.12)

In Albert [2] it was shown an alternative method of proof of uniqueness of the
solitary waves solutions for the intermediate long wave equation (ILW) and the BO
(see (4.1)), which does not use complex analysis (see [4], [5]). His method make
use of positive-operator theory and suitable identities associated to the dispersion
operator in the ILW and BO equations. In the case of the BO was used the well-
known product formula

fo+H(f -Hg+g-Hf)—Hf Hg=0, (5.13)

valid for f,g € L?(R). Inspecting his proof, one can observe that the key equality
in Lemma 3 in [2], established on the line for N = Npg being the “dispersion
operator” defined by Ny f(§) = §coth(§H)f(§), £ € R, it is also true in the periodic
setting with N replaced by M = 9,H. Indeed, since the formula (5.13)) is true for
fig€ Lger, differentiation of (5.13) yields the main equality

Fav o+ Mlr( [ vg) v [ arr)] = as( [ ag) - aag( [ ar5) =0
0 0 0 0
Hence following the ideas in [2], we obtain that every positive periodic solution

of (5.12)) satisfies

ANV
1 oY
H' = 2( ¢)'
Therefore, from (5.12) the following ordinary differential equation holds:
Yy e Lo
— ) ==y — -9~ 5.14
(w) - ¥ (5.14)

Then, it is easy to see that ¢, in (4.1) (with w = ¢ > 0) and x. defined in (4.4),
satisfy (5.14). Now, from (|5.14)) it follows that v satisfies

[']? = ¢?[ep — %/P + D, (5.15)

where D is the constant of integration. The value of this constant in the case ¢ = ¢,

in (4.1) it is D = 0, and for ¢ = x. in (4.4), it is given by D = 72—2.
Now, by denoting G(u) = 4u,, + 3H (uu,) + 3uHu, — u?, we can write (5.2)) in
the hamiltonian form

up = 0, G(u).
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Here G(u) = I'(u) with I(u) being the following conservation law for the BO,

I(u) = /Q(um)2 - gUQHux + iu‘* dz.

Then for u.(z,t) = ¥(x + Apot) with Ago = D — 3¢?, we obtain after some
computations based on relations ([5.12)) and (5.15)) that

G(¥) = Aoy

Hence, u.(z,t) is a travelling wave solution (solitary or periodic) for the 3-BO ([5.2)).
Finally, from the approach in [I4], Section 3, and Section 4 above, we obtain the
following result.

Theorem 5.1. The initial value problem for the third order BO equation (5.2)) is
locally ill-posed in H*(R) and in HS,, for s < —1/2.

per

5.3. The 5-mKdV case. We start with the following scaling for u being solution
of the mKdV (3.1). For v(x,t) = gu(x, t) we have that

v + 6020, + Vgge = 0. (5.16)

So, we have that (5.1) is the second equation from the mKdV ([5.16)) hierarchy.
Now, for v(z,t) = (.(x — ct) we have

¢V 4+2¢2 — =0, and [¢[]> =—(} + e+ B, (5.17)

with B, the integration constant. Then for ¢, in (3.3) (¢ = w > 0) we have that
(. = gqbc satisfies (5.17)) with B, = 0 and with B, = B,,_ for (. = gapc, and ¢,

being the dnoidal wave solution satisfying (3.9) for ¢ > QL—”;
Equation (5.16) can be written in the Hamiltonian form as

Uy = a:rE;anv (v(t))
with
1
Bnkav(v) = 3 /(vm)2 —ovtda.

Moreover, the family of travelling wave (. satisfies E! . (¢.) + ¢ = 0. So, we
obtain the hypothesis (H1) in Subsection 5.1.
For obtaining hypothesis (H2) we study the kernel of the second order differential

operator
2

d
£mKdV = _@ — 6(3 +c.

For (. being a solitary wave solution we have that an elementary application of
the Oscillation theory of the Sturm-Liouville theory implies that zero is a simple
eigenvalue with eigenfunction %CC. For (. = ggoc and ¢. being the dnoidal
wave solution defined in Section 3, the analysis is more delicate. In this case, the
Floquet theory can be used (see Angulo [6] or the proof of Theorem [6.5| below) for
obtaining the desired property for £,,kqv. We note in this point that by using the
new technique in Angulo&Natali [§] (see also Angulo [7]) which is based in positive
properties of the Fourier transform of ¢, we can also deduce hypothesis (H2).

Then for G(u) = Uzpre + 6u® + 10uuy, + 10u(u,)?, one can write in the
form

Uy = 8EG(U)
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with G(u) = M'(u) and M being the following conservation law for the mKdV in
(5.16),

M(u) = / %(um)2 +ub — 5u?(uy)? d.

Therefore, for u.(z,t) = ((z + Ankavt) with
AmKdV = CQ — 2B,
we obtain after some computations based in the relations in (5.17)), that G({.) =

AmkdvCe. Hence, u.(z,t) represents a travelling wave solution for the 5-mkdv (5.1)).
From Section 3 in [14] and Section 3 above we obtain the following result.

Theorem 5.2. The initial value problem for the fifth order modified Korteweg-de
Viries equation (5.1)) is not locally well-posed in H*(R) and Hp,, for any s < —1/2.
Remarks. (a) Recently Kwon in [29] showed that the initial value problem (IVP)
for the following general fifth order mKdV equation

Ut — Uggzrs T 00u4ua: + C1 (u3)xmx + CQUUL Uz + C4u2uza::r = 0;

with ¢; constants, is local well-posedness in H*(R) for s > 3/4 and that the solution

map from data to the solutions, fails to be uniformly continuous for s € (-5, 2).

Theorem [5.2| above shows that the IVP is also ill-posed in H*(R) for s < —1/2.
(b) The third equation from the mKdV (5.16) hierarchy is given by

ug — O%u — 84ududiu — 560u0,ud*u — 14u*05u — 140ud?udiu

— 12602u(0,u)? — 1820,u(02u)? — T0u*d3u — 420u*(9,u)? — 140ud,u = 0,
(5.18)
which is coming from the conservation law
7 5
—(ug)* + §u8 dx.

1
N(u) = /—i(uxm)2 — 35ut(uy)? + Tu (ugy)? — 5
Then we have that (5.18)) has the hamiltonian form u; = 9, N'(u). Therefore we
obtain that uc(x,t) = (.(x + Ay ct) with
AN, = 3 — 6¢cB.,

is a travelling wave to . Then we get that the IVP for the seventh order
modified Korteweg-de Vries equation is ill-posed in H*(R) and Hp,, for
s < —1/2.

(c) The third equation from the BO hierarchy is

up = 0,5 (u) (5.19)
where
S(u) = u* — 4uPHu, — duH (uuy) + 2(Hug)? + 4H(uHuy ),
—6(ug)? — 120ty + SHUzes.
Here S(u) = W/'(u) for W being the following conservation law for the BO equation

W(u) = / %us - §U3Hum — u?H (uug) 4+ 2u(Hug)? + 6u(ug)? + dug, Hu, de.

Therefore we obtain that u.(z,t) = ¢¥(z + Aw,t) with
AW,e = 4¢3 — 4cD,
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and D given in (5.15)), it is a travelling wave to satisfying S(¢) = Aw,c1).
Then we deduce that the IVP for is ill-posed in H*(R) and Hp,, for s < —1/2.
(d) The role of the index s = —1/2 in Theorems [5.1] and [5.2] for the spaces H*(R),
can be explained via a scaling argument, that is, if u(x,t) solves the IVP ,
then uy(x,t) = Au(Az, A5), A > 0, solves the same equation with data wug \(z) =

— ~
S

Aug(Ax). Then for D? defined by Dsf(&) = |£|° f(£), we obtain that the equality
Do all = A+2 [ Dugl|

implies that this norm is independent of A only when s = —1/2. A similar analysis
is carried on with (5.2)) via the scaling

uy(z,t) = Mu(dz, A3¢t).

6. ILL-POSEDNESS FOR THE DMKDV AND THE FIFTH ORDER DMKDV

In this section we develop a theory of ill-posedness in the periodic case for the
defocusing modified Korteweg-de Vries equation (dmKdV)

Vg + 6030y — Vgpe =0, v = v(z,t) € R, (6.1)
and for the fifth order defocusing modified Korteweg-de Vries equation (5-dmKdV)

Vs — Vapwre — 30020, + 10020400 + 10(%)3 + 40004V, = 0. (6.2)

The use of the theory of elliptic functions and the Floquet theory associated to the
Lamé equation will be basic in our analysis.

6.1. The dmKdV case. In this section we focus to the ill-posedness result for the
defocusing mKdV ([6.1). We start obtaining a family of periodic travelling wave
solutions of (6.1]) in the form

v(x,t) = Qc(z — ct).
So, if we substitute this specific solution in the defocusing mKdV and consider the
integration constant equal to zero then QQ = @ satisfies the ordinary differential
equation
Q" +cQ —2Q*=0. (6.3)
From this we obtain the first order differential equation (the associated quadrature
form)
QT = Q" —cQ*+ A, (6.4)
where A is the integration constant and which need to be different of zero for

obtaining periodic profile solutions. Let us suppose that the fourth order polynomial
F(t) = t* — ct? + A has the positive roots n; > 12 > 0. From (6.4) it follows that

Q1 = (Q*—n)(Q*—n3), —m2<Q <y,
MAni=c>0, ninf=A>0.
Next, we normalize @ by letting ¢ = @ /12, so that (6.5)) becomes
[P =i (K*¢* = 1)(¢* — 1) (6.6)

with k2 = n3/n?. Next, by letting now ¢(¢) = sin(¢(£)) with (0) = 0 and ¥
continuous, the substitution of it into , yields the equation

[W']* = ni(1 - k*sinv).

(6.5)
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We may solve for ¥ implicitly to obtain
% (&) dt
——=m¢
0 V1 —k2sin’t
The left-hand side of is just the standard elliptic integral of the first kind and

so, for fixed k, the elliptic function snoidal sn(¢; k) is defined in terms of the inverse
of the mapping ¢ — F'(¢; k). Hence, (6.7)) implies that

sn(mé; k) = sin ().
Therefore, we obtain the snoidal periodic profile for (6.3])

Qc(§) = nasn(mé; k),

which is determined by the elliptic modulus k? = 73 /7% € (0,1).

Next we establish the main information for obtaining a smooth curve, ¢ — @,
of periodic travelling waves for with minimal period L. Since sn has minimal
period 4K (k) then the minimal period of Q., Tg,, is given by T, = 4K (k)/m.
Moreover, from the relations in it follows

0<m<Ve/2<m <+,

and k and Ty, can be seen as functions of ¢ and 7;, namely,

Fy;k) = (6.7)

2 c—nt 4
k=(m,¢) = —=—, To.(m,c) = —K(k(n,c)).
m m

Therefore, from the properties of K (k) and from the implicit function theorem we
have the following result (see Angulo [6], [7]).

Theorem 6.1. Let L > 0 be a fized number and n any positive integer. Then there
4r?

exists a smooth branch of snoidal waves, ¢ € (T, +00) — Q. € HJ,.([0, L]), such
that

QL) +cQe(§) —2Q%(€) =0, for all § €R, (6.8)
where

Qc(§) = nasn(mé&; k). (6.9)

Here, n1, n2 and k are smooth functions of ¢, satisfying the relations

2
7716(\/0/27\/6)7 772:\/0_,’7%7 k2:’r]72

2
m
4 2
74[((]6(0)) =L, forallc> o .
m(e)

12
Moreover, k(c) — 1 as ¢ — oo.

(6.10)

The following theorem is the main piece in our study of ill-posedness for the
defocusing mKdV.

Theorem 6.2. The Fourier coefficients {@(m)}mez for Q. defined in satisfy

lim Ou(m) = T

> 0.
Jm 7 for allm >0
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Proof. From [I8] we have for ¢ = e~™'/X that the Fourier series of sn is

2 o~ g™tz Tu
snu = k‘? Z Wsln |:(2m+ 1)5?}

m=0

Therefore, from the relations 71 = 4K/L and 1y = m k we obtain
4 S T K'7 . 2m¢

Hence from Theorem [6.1] we finish the proof. O

So, following the method in Section 3 we obtain the main result of this Subsec-
tion.

Theorem 6.3. The Cauchy problem for the defocusing mKdV is not locally well-
posed in HJ.., s < —1/2, in the sense that the mapping data-solution uy — u is

not continuous.

Then, from Christ, Colliander and Tao [20, Theorem 8 | and from Theorem
above we obtain the following sharp ill-posedness type result for (6.1)).

Theorem 6.4. The Cauchy problem for the defocusing mKdV is not locally well-
posed in Hy.., s < 1/2, in the sense that the mapping data-solution ug — u is not
uniformly continuous.

6.2. The fifth order dmKdV case. In this Subsection we focus to the ill-posed-
ness result for the 5-dmKdV (6.2). We start writing the dmKdV equation in
the hamiltonian form
v = Op By rcav (v(t))
with
_ 1 roN2 g oA
Egmrav (v) = 5 /(v (2))” + v*(z) d.

Therefore, the snoidal wave solution Q. in is a critical point of the functional
H = Egniav — cF for F(u) = |lu||?/2 and for every ¢ > 47%/L?. Hence from
Subsection 5.1 we need to show that the kernel of the linear operator H"(Q.) =

LimKav, ,

dax?
is generated by %QC. So, we establish the next periodic spectral problem for
»Csn = »CdedVa namGIY7

Lamrdv = +6Q7 —c, (6.11)

£snX = /\X7
x(0) = x(L), X'(0) =x'(L),
and the following result is obtained in this context.

Theorem 6.5. Let Q. be the snoidal wave given in Theoremfor cE (%, +00).
Let

(6.12)

)\0§A1§A2§A3§)\4§...7
connote the eigenvalues of the problem (6.12)). Then
A <A =0< A < A3 < Ny

are all simple whilst, for j > 5, the \; are double eigenvalues. The \; only accu-
mulate at +oc0.
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Proof. Theorem [6.5]is a consequence of Floquet theory (Magnus and Winkler [31])
together with some particular facts about the periodic eigenvalue problem associ-
ated to the Lamé equation,

2
A+ [p— 6k*sn?(z; k)]A =0

AAK(E)), N(0) = A (4K (k).

da? (6.13)
A(0) =
Indeed, we certainly know that A\g < A1 < A9. Since ESTL%QC =0 and d%QC has

2 zeros in [0, L), it follows that 0 is either Ay or Ao. We will show that 0 = A; < As.
First, we perform the change of variable A(z) = x(z/n1). Then, using the explicit

form for Q. and that n?k?> = 73, the problem (6.12)) is equivalent to the
eigenvalue problem (6.13]) with

A 2 24\ A
SCEA MBI g g2y 2 (6.14)
m m Un

Next, from Floquet theory the Lamé equation in (see Angulo [6] [7]) with
boundary conditions A7(0) = AJ(2K(k)), j = 0,1, has exactly three instability
intervals, so the first five eigenvalues for , {pj : 0 < j < 4}, are simple and
for j > 5, the p; are double eigenvalues. In Angulo [6] the explicit values of that
simple eigenvalues and its eigenfunctions are given. Indeed, the eigenvalues are:

po=2[1+k*>—1—-k2+kY, p1=1+k% py=1+4k

(6.15)
ps =4+k%  ps=2[1+Kk +1—-k2+ k4.
Then from ([6.14)) we obtain the following relations
p0|—>)\0<0, p1'—>/\120, pgl—>)\2>0, 6.16
P3 > A3 > Ao, pa A > A3, (6.16)
This completes the proof. ([l

Now, for P(v) = vygas + 60° — 100(v,)? — 10020, we write (6.2]) in the form
vy = 0, P(v)

with P(v) = R'(v) and R being the following conservation law for the dmKdV
equation ([6.1)),

1
R(v) = /i(vm)2 + 0% + 50 (v,)? da.
Then for ve(x,t) = Qc(z + Agr,t) with
>\R,c =+ 24,

we obtain from (6.4) that P(Q.) = Ar,Q.. Hence, v.(z,t) represents a travelling
wave solution for the 5-dmKdV (6.2).
Then following the method in Section 3 we obtain the following result.

Theorem 6.6. The Cauchy problem for the fifth order defocusing mKdV (6.2) is

not locally well-posed in Hj,,, s < —1/2, more precisely, the mapping data-solution

ug — u fails to be continuous with respect to the Hp,.
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Remark: Theorem [6.5] and the property of concavity of the function
1
d(¢) = Eamrav (Qc) — ¢35 /Qf(x) dx

(d"(¢) < 0) give us the basic information which could give the initial steps for
obtaining a instability theory of the orbit generated by the snoidal wave @), namely,
Qg. ={Qc(-+7) : € R}, by the periodic flow generated by the defocusing mKdV.
We note that the classical stability theories in [23] and [I5] do not give a light
for obtaining a conclusive answer about this issue. We plan to discuss this in a
subsequent paper.
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