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OSCILLATION OF SOLUTIONS FOR THIRD ORDER
FUNCTIONAL DYNAMIC EQUATIONS

ELMETWALLY M. ELABBASY, TAHER S. HASSAN

ABSTRACT. In this article we study the oscillation of solutions to the third
order nonlinear functional dynamic equation

La(x(t) + Y pi(t)Wragi(z(hi(t))) = 0,

i=0
on an arbitrary time scale T. Here
[Ly—12(t)]*

Lo(a() =20, Lu(@(0) = (S

with a1, a2 positive rd-continuous functions on T and a3 = 1; the functions p;
are nonnegative rd-continuous on T and not all p;(¢) vanish in a neighborhood
of infinity; Uye(u) = |u|*"'u, ¢ > 0. Our main results extend known results
and are illustrated by examples.

k
)”, k=1,2,3

1. INTRODUCTION

The theory of time scales, which has recently received a lot of attention, was
introduced by Stefan Hilger in his PhD dissertation [30], written under the direction
of Bernd Aulbach. Since then a rapidly expanding body of literature has sought to
unify, extend, and generalize ideas from discrete calculus, quantum calculus, and
continuous calculus to arbitrary time scale calculus. Recall that a time scale T is a
nonempty, closed subset of the reals, and the cases when this time scale is the reals or
the integers represent the classical theories of differential and of difference equations.
Many other interesting time scales exist, and they give rise to many applications (see
[7). Not only does the new theory of the so-called “dynamic equations” unify the
theories of differential equations and difference equations, but also extends these
classical cases to cases “in between”, e.g., to the so-called g-difference equations
when T =¢"° (which has important applications in quantum theory [31]) and can
be applied on different types of time scales like T =hZ, T = Ng and T = H,, the
space of harmonic numbers. In this work a knowledge and understanding of time
scales and time scale notation is assumed; for an excellent introduction to the
calculus on time scales, see Hilger [30], and Bohner and Peterson [7, [§].
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We are concerned with the oscillatory behavior of solutions to the third order
nonlinear functional dynamic equation

Ly(z(t) + Y pi()Wras(z(hi(t))) = 0, (1.1)
i=0
on an arbitrary time scale T, where Lo(z(t)) = z(t),
Lufa(t) = B2 195
ak(t)

with aq, ay are positive rd-continuous functions on T and a3 = 1, and y;k, k= 1,2
are quotients of odd positive integers, 7,3 = 1 and a0 = v17,2. We also assume
Uie(u) = [ul*"tu, ¢ > 0 and p;, i = 0,1,2,...,n are nonnegative rd-continuous
functions on T such that not all p;(¢) vanish in a neighborhood of infinity. The
functions h; : T — T satisfy lim;_o hi(t) = 00, @ = 0,1,2,...,n. Since we are
interested in the oscillatory behavior of solutions near infinity, we assume that
sup T = oo, and define the time scale interval [tg, 00)r by [to, 00)r = [to,00) N T.
By a solution of we mean a nontrivial real-valued function Lox € Crld [T, 0)T,
T, > to which has the property that Lz € C!,[T,, 00)r, Loz € C};[T,, 00) and
x(t) satisfies equation on [T, 00)T, where C,4 is the space of rd-continuous
functions. The solutions vanishing identically in some neighborhood of infinity will
be excluded from our consideration. A solution x of is said to be oscillatory if it
is neither eventually positive nor eventually negative, otherwise it is nonoscillatory.
Throughout the paper, we define, for i =0,1,...,n and k = 1,2,

A(s,u) = ai(s)AY ™ (s, u),  Ag(s,u) = /Sak(u)Au,

‘Pkl(tau) = Al(hi(t)’u)qsgé’ml(t)a ¢k1,k(t) = /h ( )ak(s)ASa
(T

h(t) = min{t, hi(t); i=0,1,...,n}, (2(t)); := max{0,d2(t)}.

In the previous few years, there has been an increasing interest in obtaining
sufficient conditions for the oscillation/nonoscillation of solutions of different classes
of dynamic equations, we refer the reader to the papers [I1, 2 [3], 41 6 9] [T0, 1T, T2} T3],
141 28] 291 151 [16], [17), 18], 23] 25], 27] and the references cited therein. Regarding third
order dynamic equations, [19] 20l 26, 21, 22] considered the third order dynamic
equation 7 in particular case and under quite restrictive conditions, for example,
Erbe et al [19] studied the dynamic equation , whenn=0,71 =v%2=1, a0 =
1 and ho(t) = ¢ and established sufficient conditions which ensure the solution of
equation is either oscillatory or tends to zero and Erbe et al [20] extended
the results which established in [19], when ;2 > 1 is the quotient of odd positive
integers. Also, Hassan [26] generalized the results which were established in [20 [19],
for the equation , when n = 0, 741 = 1, a0 = 742, 72 > 0 is the quotient of
odd positive integers, and ho(t) < t and h5*(t) > 0, for t € T and hg o 0 = 7 o hy.
A number of sufficient conditions for oscillation were obtained for the cases when,

for k=1,2,
/ ag(t)At = oo.

to
Erbe, Hassan and Peterson [21] solved this problem for the third order functional
dynamic equation (1.1)), when n = 0, y1 = 1, a0 = 2, 72 > 0 is the quotient
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of odd positive integers and for both cases, for k = 1,2,

/OO ax(t)At = oo, (1.2)

to

and

o0
/ ar (t) At < co. (1.3)
to

Recently, Erbe, Hassan and Peterson [22] extended previous results for the third
order dynamic equation under some restrictive conditions, n =2 and hoo =
ooh.

The fact that the condition h o 0 = o o h is not satisfied for some time scales,
see [I5]. The purpose of this paper is to extend the oscillation criteria which are
established by [22], for the more general third order functional dynamic equation
with mixed arguments , for several terms n and without restrictive condition
hoo = ooh and for both of the cases and (L.3)). We will still assume 71,742 > 0
are the quotient of odd positive integers and, hence our results will improve and
extend results in the [19, 20} 26] 2T, 22], and many known results on nonlinear
oscillation.

2. MAIN RESULTS

Throughout this paper, we assume that axl > a2 > -+ > apm > a0 >
agm—+1 > -+ > agn > 0. Before stating our main results, we begin with the
following lemmas which will play an important role in the proof of our main results.

Lemma 2.1. For each n-tuple (a1, ar2,...,axn), there exists (1, mg2,...,1,)
with 0 < e < 1 satisfying

> agingi = a0, > =1 (2.1)
i=1 i=1
The proof of the above lemma is the same as [29] Lemma 2.1].

Lemma 2.2. Let a; be nondecreasing and delta differentiable on [tg, 00)r and x be
a positive solution of (L.1)) such that

22t) >0 and (Li(z(t))> >0, fort>to. (2.2)
Then, if
Z/ pi()RSH (1) At = oo, (2.3)
i=0 v to
we have

a:AA(t) >0, (@)A <0 on [tg,00)T.

Proof. Let x be as in the statement of this lemma. Since

a_ (@2@)hHs (@ @) (e (1)~
(La(x(1))" = 0 (a7 (1) >0, fort>ty. (2.4)
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Using the Potzsche chain rule [7, Theorem 1.90], we have

(@))% = w1 /l[xA(t) + hu(t) S8 ()] dh 222 (1)
0 (2.5)

= e laB(t) / 1[hacA"(t) + (1 = h)z® (1)~ 1dh.
0
and

(@ ()* = w1 / 1[al(t) +hu(t)ag ()]~ dhaf (1)
0 (2.6)

_ yklaf(t)/o (ha? () + (1 — h)ay ()]~ dh.

Using that a; is a nondecreasing and z is increasing, we obtain, from ,
and (2.6) that z24(t) > 0 on [to,00)r. Next, we show that (* (tt)) < 0. To see
this, let U(t) := z(t) — tz>(t), then UA(t) = —o(t)z22(t) < 0 for t € [tg,00)T.
This implies that U(¢) is strictly decreasing on [tg,c0)r. We claim U(t) > 0 on
[to,00)T. Assume not, then there exists t; > to such that U(t) < 0 on [t;,00)T.
Therefore,

(@)A _tat(t) —=x(t) . U(@)
t B to(t)  to(t)
Pick to € [t1,00)T so that h;(t) > t1, for t >ty and ¢ = 0,1,...,n. Then, for ¢t > to
and i =0,1,...,n, we have from (2.7) that
2(hi(t) o 2(t) _
h,’(t) -t

so z(h;(t)) > chi(t) for t >ty and i = 0,1,...,n. Now by integrating both sides of
the dynamic equation (|1.1)) from ¢, to ¢, we have

>0, forte [tl, OO)']I‘. (27)

c>0, fort>ty;andi=0,1,...,n,

Lo(z(t2)) — La(z(t)) = Z/ pi(8) ¥y (z(hi(s)))As.

i=0 1tz

This implies, from ) that

f,g > Z/ pZ \Ilkakz AS > ZCO‘H/ hal( )A . (28)

Letting ¢ — oo we obtain a contradiction to assumption (2.3). Hence U(t) =
x(t) — tz®(t) > 0 on [ty,o0)r. Consequently,

z(t)\a U(t)
— = ———= te|t . 2.
( " ) o) <0, t€[ty,o0)r (2.9)
This completes the proof of Lemma[2:2] O

First, we establish oscillation criteria for (1.1)) when (|1.2)) holds.

Theorem 2.3. Let a0 = 12 and hi(t), i = 0,1,2,...,n be nondecreasing
functions on [tg,00)r. Assume that (1.2)) and

n

/Oo (1) /oo ar(s) (Y Pi(s))l/”’“QAs) RN, (2.10)

to ¢ i=0
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where P;(s) = f pi(u)Au, i = 0,1,...,n. Furthermore, suppose that, for all
sufficiently large T1, there is T > Ty such that h(T) > Ty and
h(t) a0
1imsupQ1(t)(/ A(s,Tl)As) >1, (2.11)
t—oo T
where
Q1 (t +H (nri 1Py (1)) 4.

Then every solution of (1.1)) is either osczllatory or tends to zero.

Proof. Assume has a non-oscillatory solution x on [tg,c0)r. Then, without
loss of generality, there is a ¢; € [tg, 00)T, sufficiently large, such that x(¢) > 0 and
x(hi(t)) > 0on [t;,00)T, fori = 0,1,2,...,n and not all of the p;(¢)’s are identically
zero on [t1,00)r. From , we have

Ly(e() = — > pit) Uras(x(hi(t)) < 0, (2.12)
1=0

on [t1,00)r. Then Lo(x(t)) is strictly decreasing on [t1,00)r. Therefore, z2(t) and
(L1(x(t))) are eventually of one sign. Then, there exists a sufficiently large to >
so that 2 (t) and L% (x(t)) are of fixed sign for ¢ > t,. Therefore, we consider the
following four cases:

() #(0) < 0 and (L (a(0))
(i) 25(0) > 0 and (L (2(0))>
(iil) 22(¢) < 0 and (L1 (z(t)))?
(iv) z2(t) > 0 and (L;(z(t)))? > 0 on [t2,00)T.

For case (i), we have
¢

t
x(t) = z(t2) —|—/ al(s)L}/ﬂ’1 (z(s))As < z(t2) + L}/% (m(tg))/ ay(s)As.
t2 t2
Hence by (1.2), we have lim;_, o x(t) = —oo, which contradicts the fact that = is a
positive solution of (1.1]). For the case (ii), from (2.12)) we have

La(2(t)) =L1(93(t2))+/ as(s)Ly " (x(5))As

to

¢
< Li(a(ts)) + Ly (= (’52))/ az(s)As.

t2
Then, by (L.2)), we have lim; .o, L1(x(t)) = —oc, which contradicts z*(t) > 0, for
t > to. For the case (iii), we have lim;_. o z(t) = ¢o > 0 and lim;_, o L1(2(t)) =
¢1 < 0. If we assume ¢g > 0, then Uyopi(z(hi(t))) > K, for i =0,1,2,...,n and
t > t3 > tg, where K := min{cg* : ¢ =0,1,2,...,n}. Integrating equation
from t to oo, we obtain

L) <=3 [ no)Brenilali(s)as
i=0 71

< —¢p /too pi(s)As = —cg iz:% Pi(t)

=0

A
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which implies
~(Li(a()* < =Coax(t) (3 A()

=0

)

)1/’}%2

where Cy := K/7%2 > (. Integrating this inequality from t to co, we obtain

L) <~Co [ s (3P) " as e
t i=0

<-Cop /too a2(5)(zn:Pi(3))1/%2A3~

=0

Finally, integrating the last inequality from ¢3 to ¢, we obtain

t3 S

z(t) < —co /t al(s)(/oo ag(u)(zn: pi(u))l/"Y?Au) leAs + x(t3).
i=0

Hence by , we have lim;_ ., 2(t) = —oo, which contradicts the fact that
is a positive solution of . Thus, we conclude that lim; .., z(t) = 0. For the
case (iv), integrating both sides of the dynamic equation from ¢ to oo and
then using the facts that x(t) is strictly increasing and h;(t), ¢ = 0,1,2,...,n are
nondecreasing, we obtain

Z Upapi(x(hi(t)))Pi(t) < La(x(t)). (2.13)
i=0
Since Lo(x(t)) is strictly decreasing on [t2, 00)r, we obtain

Ly(2(t)) > Li(x(t) — Lu(x(t2)) =/ as(s)Ly " (x(5))As

> LY (e (1)) / as(s)As = LY/ (2 (6)) Aa(t, 1),
Hence
2 () > ay (8) Ay (¢, 1) Ly *° (2 (t)).

Similarly, we see that

o(t) = LY/ (alt) [ ()41 s, 1)

ta

and so
t

xako(t)ZLg(x(t))( t A(s,tQ)As)ako. (2.14)

Pick t3 > to, sufficiently large, so that h(t) > to, for t > t3. Then from (2.14]), for
t > t3, we obtain

OckO

h(t)
Uyon0(z(h(t))) > Lz(x(h(t)))(/ A(s,tg)As)

ta

> La(e(t)( / " ats 2)As)

to

a0
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Using (2.15) in (2.13)), for t > t3, we find that
n h(t) 7ak0
> Wiania(h®)P(0) < Voalah)( [ Al tas) "
=0

to

which yields from the fact () > 0 on [t2, 00)T that

h(t) —ar0
A(s,tz)As) . (216)

ta

0+ Weawi — ag(a(h(0) P(0) < (
i=1
Using the arithmetic-geometric mean inequality see [5, Page 17]
Zn:ﬁkiui > ﬁufﬂ where u; > 0.
From Lemma 2.1 for ¢ ZiT , we obtz;in

Z Upapi — ap0(x(h(t)))Pi(t) = ani ki Wragi — ao(x(h(t)))Pi(t))

i=1 i=1

HW LR )™ Wi (o — 0 0) (2 (A (1))

n
!anl 1 zt 771&

(2.17)

Using ([2.17) in , we have

h(t) a0
Ql(t)</ A(s,tQ)As) <1, fort>ts
ta
Then
h(t) a0
lim sup Ql(t)< As, Q)As) <1,
t—o0 to
which leads to a contradiction to (2.11)). O

Theorem 2.4. Assume that (1.2)) and (2.10) hold. Furthermore, suppose that, for
all sufficiently large T € [to, 00)T, such that hy(T) > tg, i =0,1,...,n

7

S [ n A t)10)50 = o (2.18)
i=0 “to

Then every solution of equation (1.1)) is either oscillatory or tends to zero.

Proof. Assume has a non-oscillatory solution x on [tg,c0)r. Then, without
loss of generality, there is a ¢1 € [tg, 00)T, sufficiently large, such that x(¢) > 0 and
x(hi(t)) > 0 on [t1,00)T, for i = 0,1,2,...,n and not all p;(¢) are identically zero on
[t1,00)1. Therefore, as in the proof of Theorem we obtain there exists to > ¢
so that

(La(e(t)® <0, (Li(x(1))® >0, on [t2,00)r,
and either Ly (x(t)) > 0 on [t2,00)r or limy_o x(t) = 0. Assume Lq(z(t)) > 0 on
[ta,00)r. Since (Li(z(t)))?® > 0 on [tg, o0)T, then

Li(z(t)) > Li(x(t)) =: ¢ > 0.
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Thus .
2(t) > o(t) — a(ts) > c/t a1(s)As,

where C := ¢'/7%1, Pick t3 > t5 such that h;(t) > to, for t >tz and i = 0,1,...,n,
then, for i =0,1,...,n,

z(hi(t)) > CAy(hi(t),t2) on [ts,00)T. (2.19)
It follows from and - that
_L3 sz \I/k:az z > sz CAI ) t2)]aki-

Integrating both 51des of the last inequality from ts to t, we have

(1) > 3 [ PO, 1] 85 + Lafa(t)
i=0 13

> / pi(s)[CA;(hi(s), t2)]** As,
i=0 V13

which contradicts (2.18]). This completes the proof. O

Example 2.5. Consider the third order dynamic equation (1.1)), for ¢ > 1, where

0 <1 <1 and 2 = % are the quotient of odd positive integers and i,

i =0,1,...,n are positive constants and we assume h;(t) < 72, i = 0,1,...,n
Let
t)=1 (t)——1 pi(t) = ! ; =0,1
a =1, a = , i(t) = , 1=0,1,....n
! 2 pyl? thi(t)

It is clear that conditions (1.2)) hold, since

. At—oo /0 twl:oo, for 0 <1 <1,
by [8, Example 5.60]. Note that
e < Au < Au 1 [ —-1.a 1 1
(A= [ A [T A 1 Au=— L
/s pilu)Au /s uhi(u) _/s w2t = %2/3 () e Vi2 $72

*° " *  As 0 [ —1 Y0
Py(s))Y/ 2 As > 0/ — > AAs =
J o e asz w0 [ B 2 2 [ as=

n+1 )1/’yk2 and
k2

where 7,0 := (%

/t:" 611(75)(/t0C ag(s)(;Pi(s))l/vﬂAs)l/“”“lAt > 7/OQ % .

to

where v := (740/ ’ykl)l/ ™ so that condition (2.10) holds. To apply Theorem
it remains to prove that condition (2.18) holds. To see this, note that

Z/ e /h i(t) 1($)A3]aiAt2/t:O (%—tho())At

for those time scales where ft th ( n < 00 Then, by Theorem H every solution
of equation (|1.1)) is either oscillatory or tends to zero.
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By using Lemma we obtain the following oscillation criterion for ([1.1)).

Theorem 2.6. Let a0 = 17,2 and a1 be nondecreasing and delta differentiable

on [tg,00)T. Assume that (1.2)), (2.3) and (2.10) hold. Furthermore, suppose that
there exists a positive A—differentiable function ¢(t) and, for all sufficiently large

T1, there is T > Ty such that

: ' ((@2(s))4) 20
o sup /T [¢(2)22() - (@0 T )0 (g A o) 25 = 00 (220

where
Q2(t) := po(t)Ho(t) + H(nki_lpi(t)Hi(t))"”7

and, fori=0,1,...,n,

t
t.

1, hi(t) >
H;(t) = {(hz‘t(t))aki, higt; <

Then every solution of (1.1)) is either oscillatory or tends to zero.
Proof. Assume (|1.1)) has a non-oscillatory solution x on [tg,c0)r. Then, without
loss of generality, there is a ¢1 € [tg, 00)T, sufficiently large, such that x(t) > 0 and
x(hi(t)) > 0on [t1,00)T, for i =0,1,2,...,n and not all of the p;(¢)’s are identically
zero on [t1,00)r. Therefore, as in the proof of Theorem we obtain there exists
ta > t1 so that

(La(z()® <0, (Li(z(t)))® >0, on [t2,00)r,

and either Ly (z(t)) > 0 on [t2,00)r or limy_,o x(t) = 0. Assume Lq(z(t)) > 0 on
[t2, 00)1. Consider the Riccati substitution

_ o La(z(D))
w(t) = d)(t)xT(t)'
By the product rule and then the quotient rule
wi() = xi((f?w (La())® + %i(gzt) ) 13a) (2.21)
_ oy Ls(z() P2(t) )@ ))2 N . '
= o) x?;‘ko(t) * (xawv(t) - xako(t)a:"‘koo(t))LQ (@(®))-
From and the definition of w(t), we have, for t > t5
n xaki . A xakO A
wA(t) _ 7¢(t) Zpi(t) (hz(t)) + ¢ (t) w"(t) . ¢(t)< (t)) wa(t)'

izo .%‘Ctko(t) ¢<7(t) ¢‘7(t)x0‘k0(t)

Now, for a fixed i and let ¢ be a fixed point in [te,00)r. Then either h;(t) < t or
h;(t) > t. First, consider the case when h;(t) > t. Then, by using the fact that
x is strictly increasing, we obtain x(h;(t)) > x(t). Next, consider the case when
h;(t) < t. Then, in view of Lemma we obtain z(h;(t)) > hf(t)z(t) It follows
from the definition of H;(t) that, for ¢t > to,

S (=0 (1)2
ooty

w(t) < —¢(t) D pi(t) Hi(t)z™ = 0(t) +
=0
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As in the proof of Theorem [2.3] we obtain, for ¢ > ts,

A xakO A
wA(t) < —o(t)Qa(t) + (55"((;)) w (t) — Mwa(t).

Then, by the Potzsche chain rule [7, Theorem 1.90], we obtain

(z*0(1) = a0 / [2(t) + hu(t)z™ ()]0~ 1dh 22 (t)
0

= osz/O [(1 = h)a(t) + hat (£)]°Ldh 22 (t)

S 020~ Do (1) 22(1), 0< 0 <1
a0z 0=1 (1) 8 (1), ar0 > 1.
If 0 < a0 < 1, we have

w?(t) < ~¢(t)Qa(t) +

whereas if ;0 > 1, we have

2 () o

a w(t) 22 z° a
0, - SO 70

¢7(t) () " a(t)

9

2 , ar0()w (t) z2(t) 27 (1)

A - w - .
w (t) < ¢(t)Q2(t) + ¢a'(t) (t) ¢a’(t) :I:a'(t) :L'(t)
Using that z(t) is strictly increasing on [t2, 00)T, we obtain that, for a0 > 0,
N O () oy OR0D(Bw (1) 22 (1)
w (t) < ¢(t)Q2 (t) + 5 (1) (t) 5 (1) 27 (@) . (2.22)

Then using that Lo(x(t)) is strictly decreasing on [to,00)T, we obtain that, for
t > t23

Li(z(t)) > La(x(t)) — La(x(t2)) =/t as(s)Ly " (x(5)) As

) (2.23)
> Ly " (a(t)) / az(s)As > LI/ (2(t)) Aa(t, ).
From and , we obtain
A (*()+ ., a0(t) At t2) oo
w=(t) < —¢(t)Qa(t) + i) (t) — ety Y (t), (2.24)
where « 1= %. Define X > 0 and Y > 0 by
a._ w09()A[R t2) o a-1._ (@2 (1) +
=T T (@A
Then, using the inequality, see [24],
aXYo ™t - X% < (a—1)Y", (2.25)
we obtain
@)+ o ak09(D)A[, 12) oo ((¢2(1)4)r0tt
o T ey TS s et (GO AG, )

From the above inequality and (2.25]), we obtain

((¢2(t))4)r0t!
(k0 + 1)@+ 1 (p(t) A, t2))+0

wi(t) < —¢(H)Qa2(t) +
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Integrating both sides from t, to t,

f (62 (5)) )2+
18090200 - e g e A < wlt) = wl0) < we)
which leads to a contradiction to . O

Example 2.7. Consider the third order nonlinear dynamic equation , for
to > 1, where ;1 and ~;2 are the quotient of odd positive integers and oy,
i = 0,1,...,n are positive constants with axl > a2 > --- > apm > a0 >
Qi1 > -+ > agn > 0 and also, we assume h;(t) > ¢, i = 0,1,...,n such that
holds. Note that since h;(t) > ¢, i = 0,1,...,n it follows that H,;(t) = 1,
1=0,1,...,n. Let

a(t) =10, an(t) = o,

Bx0 B .
po(t) = 7an072 pi(t) = proeee B 1,2,...,n.

where nii, i = 1,2,...,n and Bii, i = 0,1,...,n are positive constants such that
a0 > nei, i =1,2,...,n. It is clear that conditions (1.2) hold, since

o0 oo
/ al(t)At:/ /R OAtL = o0,

to to

0o oo At
)ALt = —_— =
\/to QZ() /to tl_l/’YkQ o0,

by [7, Example 5.60]. Therefore, we can find T > Tj such that Ay(s,T7) > 1, for
s > T. Also, using the Potzsche chain rule,

oo o0 A
Py(s) :/ po(U)AU:ﬂo/ uTgﬁr?
0810 /00 -1 A 0810 1
( )" Au =

and

and
Bri /°° -1 A
> ‘ A
- 77167; + 1 s (unlirl) u
DByl 1
ompd 4+ 1 sTeitL
Bt 1 o
= a0 + 1 sox0+1’ i=1,2,...,n.
Hence

n

(w0

0 Pi(S))lMﬂAs)l/%l > ﬁ(/too %)1/%1

1) < -1 A /vl
Z Tkl( ( ’ykl) AS)
Y1 t S
1) 1

/71 %7

Sl

1=
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where 3 := (5597 Lio Bri)*/*x0. Then

/Oo al(t)</oo az(s)(zn: H(S))l/w%s)mlm
1=0

to t

g o1
= 7k11/7k1 ] tlfl/akOAt: o0,
0

so that condition (2.10) holds. Let us take ¢(t) = t**9+1 then, by the Potzsche
chain rule

1

¢ () = (a0 + 1)/0 (t+ hu(t))*0dh < (a0 + 1)(o(t))**°.

Now, we assume T is a time scale satisfying o(t) < kt, for some k > 0, ¢t > T}, > T.

Note that
A (6% () )+
s 60209 = (ot g A T

/t 5k0 kakO(akO-‘rl)}

As

[

T S S

> lim sup

t—oo

¢
> (B0 — k<001 im sup as
t—o00 T, S
if 5,0 > k*9(@x0+1) and hence (2.20) holds. We conclude that if [T,00)T is a time
scale where o (t) < kt, for some k > 0, t > Ty, then, by Theorem every solution
of (T.1)) is either oscillatory or tends to zero if 8,0 > kx0(x0+1)

In the following, we assume that (|1.3) holds and establish sufficient conditions
which ensure that every solution x(t) of (L.1)) is either oscillatory or tends to zero.
By Theorems and and [22] Theorem 2.1], we obtain the following oscillation

1)

= 00,

criteria for equation (|

Corollary 2.8. Let a0 = yxlvi2 and hi(t), i = 0,1,2,...,n be nondecreasing
functions on [tg,00)r. Assume that (1.3) and (2.10) hold. Furthermore, suppose
that, for all sufficiently large T\ € [to,00)T, there is T > Ty such that h;(T) > Ti,
i=1,2,...,n,

ai ta S En ’ A 103 i, Kl u)Au [k As Y klA = 00, 2.26
and

/TOO as(t) [i /Tt pi(u)go?”(u,Tl)Au} RN, (2.27)

If condition (2.11)) holds, then every solution of (1.1) is either oscillatory or tends
to zero.

Corollary 2.9. Assume that (1.3)), (2.10), (2.26) and (2.27) hold. If (2.18)) holds,
then every solution of (1.1)) is either oscillatory or tends to zero.

Corollary 2.10. Let a0 = v 17,2 and ay be nondecreasing and delta differentiable

on [tg,00)r. Assume that (1.3), (2.3), (2.10), (2.26) and (2.27) hold. If (2.20)

holds, then every solution of (1.1) is either oscillatory or tends to zero.
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Remark 2.11. If (2.10) is not satisfied, we have sufficient conditions which ensure
that every solution x(¢t) of (|1.1)) oscillates or lim;_,, x(t) exists as a finite number.
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