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CONCENTRATION-COMPACTNESS PRINCIPLE FOR
VARIABLE EXPONENT SPACES AND APPLICATIONS

JULIAN FERNANDEZ BONDER, ANALIA SILVA

ABSTRACT. In this article, we extend the well-known concentration - compact-
ness principle by Lions to the variable exponent case. We also give some appli-
cations to the existence problem for the p(z)-Laplacian with critical growth.

1. INTRODUCTION

When dealing with nonlinear elliptic equations with critical growth (in the sense
of the Sobolev embeddings) the concentration - compactuness principle by Lions, see
[12], have been proved to be a fundamental tool for proving existence of solutions.
Just to cite a few references, we have [1], 2, B] [7, 4, 1] but there is an impressive
list of references on this topic.

Recently in the analysis of some new models, that are called electrorheological
fluids, the following equation has been studied

—Apyu = f(z,u) in Q. (1.1)

The operator Apyu = div(|Vul[P(®)=2Vu) is called the p(z)-Laplacian. When
p(z) = p is the well-known p-Laplacian.

In recent years a vast amount of literature that deal with the existence problem
for with different boundary conditions (Dirichlet, Neumann, nonlinear, etc)
have appeared. See, for instance [5, [6], 8, 13} [T4] and references therein.

However, up to our knowledge, no results are available for when the source
term f is allowed to have critical growth at infinity (see the remark after the
introduction for more on this). That is,

|f(z,t)] < C(1+ [¢]7))

with q(z) < p*(z) := Np(z)/(N —p(z)) (if p(x) < N) and {q(z) = p*(z)} # 0.
This article attempts to begin filling this gap. So, the objective is to extend the
concentration - compactness principle by Lions to the variable exponent setting.

The method of the proof follows the lines of the ones in the original work of
P.L. Lions and the main novelty in our result is the fact that we do not require the
exponent g(z) to be critical everywhere. Moreover, we show that the delta masses
are concentrated in the set where ¢(x) is critical.
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Finally, as an application of our result, we prove the existence of solutions to the
problem

_Ap(x)u = ‘U|Q(I)—2u+ )\(x)lu|r(m)—2u in Q
u=0 on JN
where Q is a bounded smooth domain in RY, r(z) < p*(x) — 6, q(z) < p*(z) with

{g(z) =p"(2)} # 0.

1.1. Statement of the results. As we already mentioned, the main result of the
paper is the extension of Lions concentration - compactness method to the variable
exponent case. More precisely, we prove the following result.,

(1.2)

Theorem 1.1. Let q(x) and p(z) be two continuous functions such that

1< ingp(x) <supp(z)<n and 1<q(x)<p“(x) inQ.
e zeQ

Let {u;};en be a weakly convergent sequence in Wol’p(x) (Q) with weak limit u, and
such that:

o |Vu;|P®) — 1 weakly-* in the sense of measures.

o |uj|?®) — v weakly-* in the sense of measures.

Also assume that A = {x € Q: q(x) = p*(x)} is nonempty. Then, for some
countable index set I, we have:

v = |u|q(w) + ZViérv; v; >0 (1.3)
el
el

Syil/P*(Ii) < Ng/P(Ii) viel. (1.5)

where {x;}ier C A and S is the best constant in the Gagliardo-Nirenberg-Sobolev
inequality for variable exponents, namely

NVélllzew @
$€C Q) 9l Lae ()

We remark that in Theorem is not required the exponent ¢(z) to be critical
everywhere and that the point masses are located in the criticality set A = {z €
Q: g(x) = p*(2)}.

Now, as an application of Theorem following the techniques in [I], we prove
the existence of solutions to

_Ap(x)u — ‘U|Q(w)*2u+ )\(x)|u|T(I)’2u in 0
u=0 on JN.

S = 5,(Q) =

(1.6)

In the spirit of [T1], we have two types of results, depending on r(z) being smaller
or bigger that p(x). More precisely, we prove the following two theorems.

Theorem 1.2. Let p(z) and q(z) be as in Theorem[1.1] and let r(z) be continuous.
Moreover, assume that maxgp < mingq and maxgr < mingp. Then, there exists
a constant Ay > 0 depending only on p,q,r, N and Q such that if A\(z) verifies
0 < infrea AM(x) < [[M[ze@) < A1, then there exists infinitely many solutions to

@) in Wy " ().
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Theorem 1.3. Let p(x) and q(z) be as in Theorem|[I1.1] and let r(z) be continuous.
Moreover, assume that maxgp < mingr and that there exists n > 0 such that
r(z) < p*(x) —n in Q.

Then, there exists A\g > 0 depending only on p,q,r, N and , such that if

inf A(xz) > Ao for some § >0,
TEAs

problem (1.6) has at least one nontrivial solution in Wol’p(x)(Q), Here, As is the
d-tubular neighborhood of A, namely

As = UIeA(B(;(l‘) n Q)

Organization of this article. After finishing this introduction, in Section 2 we
give a very short overview of some properties of variable exponent Sobolev spaces
that will be used throughout the paper. In Section 3 we deal with the main result
of the paper. Namely the proof of the concentration - compactness principle (The-
orem . In Section 4, we begin analyzing problem and prove Theorem |1.3
Finally, in Section 5, we prove Theorem

Comment on a related result. After this paper was written, we found out
that a similar result was obtained independently by Yonggiang Fu [I0]. Even the
techniques in Fu’s work are similar to the ones in this paper (and both are related
to the original work by Lions), we want to remark that our results are slightly
more general than those in [I0]. For instance, we do not require ¢(x) to be critical
everywhere (as is required in [I0]) and we obtain that the delta functions are located
in the criticality set A (see Theorem [1.1J).

Also, in our application, again as we do not required the source term to be
critical everywhere, so the result in [I0] is not applicable directly. Moreover, in
Theorem our approach allows us to consider A(z) not necessarily a constant
and the restriction that A is large is only needed in an L°°-norm in the criticality
set.

We believe that these improvements are significant and made our result more
flexible that those in [1I0].

2. RESULTS ON VARIABLE EXPONENT SOBOLEV SPACES
The variable exponent Lebesgue space Lp(’;)(Q) is defined as
DPO(@) = {u € L@ [ @) do < oo},
This space is endowed with the norm
oy = inf3 > 03 [ 4P o < 1)

The variable exponent Sobolev space W'P(#)(Q) is defined as
WP@(Q) = {u e W21 (Q): u € LP(Q) and [Vu| € LP®(Q)}.
The corresponding norm for this space is

[ullwre @) = [ullee @) + [IVulll Loe @)
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Define Wol’p(w)(ﬂ) as the closure of Cg°(Q) with respect to the WP (Q) norm.

The spaces LP(®)(Q), W) (Q) and Wol’p(z) (Q) are separable and reflexive Banach
spaces when 1 < info p < supg p < c©.
As usual, we denote p/'(z) = p(z)/(p(x) — 1) the conjugate exponent of p(zx).

Define
() = J\J,V_péa) if p(x) < N
00 if p() > N.

The following results are proved in [9].
Proposition 2.1 (Holder-type inequality). Let f € LP®)(Q) and g € LV *)(Q).
Then the following inequality holds

[ 11 @@l de < Gl oy lalrio ey

Proposition 2.2 (Sobolev embedding). Let p,q € C(Q) be such that 1 < q(z) <
p*(x) for all x € Q. Assume moreover that the functions p and q are log-Holder
continuous. Then there is a continuous embedding

WP (Q) — LI@)((Q).
Moreover, if info(p* — q) > 0 then, the embedding is compact.
Proposition 2.3 (Poincaré inequality). There is a constant C > 0, such that

[ull Loy @y < CllIVUlll Lo @y

for all u € WoP™ ().

Remark 2.4. By Proposition we know that [|[Vul|| Ly o) and [lully1.ee (q)

are equivalent norms on W, ?")(Q).

In this article, the following notation will be used: Given ¢: 2 — R bounded,
we denote

¢* :=supq(x), ¢ :=infg(x).
Q Q

The following proposition is also proved in [9] and it will be very useful here.

Proposition 2.5. Set p(u) := [, |u(z)|P® dz. For u,€ LP@)(Q) and {uj}ren C

LP®)(Q), we have
u

w# 0= (llull o) = A& p(3) =1). (2.1)

[ull Loy @) < L= 1> 1) © p(u) < 1(=1;> 1), (2.2)

llull Lo @) > 1= ||U||Lpu>(g) < p(u) < ||U\|Lp<z>(g)- (2.3)

[l Lo @) <1 = ||u||Lp<T>(Q < plu) < ||U\|me(g : (2.4)

hm ||uk||Lp<$>(Q) =0& hm plug) = (2.5)

hm ||uk||Lp<L>(Q) o0 & hm plug) = (2.6)

— 00
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3. CONCENTRATION COMPACTNESS PRINCIPLE

Let {u;}jen be a bounded sequence in Wol’p(x) (©2) and let ¢ € C(Q) be such that
g < p* with {& € Q: ¢(x) = p*(2)} # 0. Then there exists a subsequence, still
denoted by {u;};en, such that

e u; —~u weakly in Wol’p(m)(Q)7

e u; —u strongly in L") (Q) V1 < r(z) < p*(z),
e |u;|7®) — v weakly * in the sense of measures,

o |Vu;|[P(®) — ;i weakly * in the sense of measures.

Consider ¢ € C*(Q), from the Poincaré inequality for variable exponents, we
obtain

9w [l Lac ()S < NV (i)l Lo () (3.1)
On the other hand,

IV (@uj)llLre @) = 19V Ujll Lo @) < 11Vl Lo (@)

We first assume that v = 0. Then, we observe that the right side of the inequality
converges to 0. In fact, if, for instance |||ulP®) |10y > 1,

+
[u; VOl Lo ) < (IVOllLoe () + 1P [lujll o 0
+ 1/p—
< (IV8llz=(y + D [[ulP@ | fhs) —
Now we want to take the limit in (3.1]). To do this, we need the following Lemma.

Lemma 3.1. Let {v;}jen, v be nonnegative, finite Radon measures in Q such that
v; — v weakly® in the sense of measures. Then

H(b”Lg;_m)(Q) - H¢||L3(T')(Q) as j — 00,
for all ¢ € C*(9Q).

Proof. First, observe that for ¢ € C°°(Q) fixed and for any nonnegative, finite
Radon measure p, the function
() ’qm
= — d
) /Q ‘ 3 1

is continuous, decreasing with hu(o) — 400 and hu(+oo) = 0. Hence, if \, =
HQSHLZ(:")(Q) we have that
q(z)
/ ’M‘ du = 1.
Q /\u

Now, let A = ||¢||Lg(m)(9) + ¢. Hence

() q(x)
N9 g < 1.
/Q‘ 3 | v <

Now, as v; — v weakly* in the sense of measures,

LI, [ <.

Therefore, for j large,
||¢HL3§I)(Q) <A= ||¢HL3(I)(Q) + ¢,
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and so
limsup ||¢||L?,§I)(Q) < ||¢||Lg<z)(g)

J—00

Let Ap := liminf;_, ||¢HL3;$>(Q) and assume that A\ < ||¢||LZ<I)(Q).
We can assume that \g := lim;_, ||¢|\Lq(z)(m. It is easy to see that
Vi
b)) o(z)jg@
£@) = 22" 2 @) = |22 s oo
Y 0

uniformly in € and so, as j — oo,

_ [ 2@ a@ &) ja@)
1_/Q\Ajy dv; /QUO‘ dv <1,

a contradiction. The proof is completed. (I
Finally, if we take the limit for j — oo in (8.1)), by Lemma [3.1} we have
||¢HL3(I)(Q)S < H¢”Lﬁ(1’>(g) (3.2)

Now we need a lemma that is the key role in the proof of Theorem [I.1

Lemma 3.2. Let p, v be two non-negative and bounded measures on Q, such that
for 1 < p(z) < r(z) < co there exists some constant C > 0 such that

H(b”LZ(z)(Q) < CHQJ)HL{;(@)(Q)
Then, there exist {x;}je; C Q and {vj}jes C (0,00), such that
v = X0y,
For the proof of the lemma above, we need a couple of preliminary results.

Lemma 3.3. Let v be a non-negative bounded measure. Assume that there exists
0 > 0 such that for all A Borelian, v(A) = 0 or v(A) > §. Then, there exist {x;}
and v; > 0 such that

V= Z Uiy,

The proof of the above lemma is elementary and is omitted.
Lemma 3.4. Let v be non-negative and bounded measures, such that
||¢||L;<w>(g) < C”wHL{j(E)(Q)
Then there exist § > 0 such that for all A Borelian, v(A) =0 or v(A) > 4.
Proof. First, observe that if v(A4) > 1,

x) \P@) z) \P)
(s (Y

Then I/(A)P% > [[xallre=)- On the other hand,

Then Z/(A)ﬁ < Ixall;r@ . So we conclude that

V(A)7F < Cu(A)i-.
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Now, if ¥(A) < 1, we obtain
V(A)7= < Cuv(A)rr.
Combining all these facts, we arrive at
min{v(A)7,v(A)77 } < Cmax{v(A)7,v(A)7 }.
Now, if v(A) < 1, we have
V(A)7= < Cu(A)7F.
Then, v(A) =0 or

A) > (L)E
v(4) 2 (7)
Finally,
1 ptr—
y(4) 2 min{ ()77, 1}
This completes the proof. ([

In the rest of the proofs we will use the following notation: Given a Radon
measure g in 2 and a funcion f € L}L(Q) we denote the restriction of y to f by

ulf(E) = /E fdu.

Proof of Lemma[3.3. By reverse Holder inequality (3.2)), the measure v is absolutely
continuous with respect to u. As consequence there exists f € LL(Q), f >0, such

that v = u|f. Also by (3.2), we have
min{l/(A)v%,l/(A)ﬁ} < C'max {M(A)P%,M(A)ﬁ}

for any Borel set A C Q. In particular, f € L°(2). On the other hand the
Lebesgue decomposition of p with respect to v gives us

p=vlg+o, where g € L)(9),9 >0

and o is a bounded positive measure, singular with respect to v.
Now consider (3.2)) applying the test function

1
¢ = g7 @@ x(g<n}i).
We obtain

”ng{ggn}wHLT/(l‘)
< Cllg™ 7 X gl o
= Clo™ Vg,
< CllgTTTT T yem | pior + Clg™ 7 gyl o
Since o L v, we have
g™ X (g<my ¥l o0 < C\IQM%X{Q@WIILW

r(x)
Hence calling dv,, = g @ =r@) x ,<,dv the following reverse Holder inequality holds

Hw”ngLw) < CHwHLﬁff)
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By Lemma [3.3] and Lemma [3.4] there exists z} and K}* > 0 such that v, =

r(x)
> icr Ki'zn. On the other hand, v, /' g7@-»® v. Then, the points z are in fact
independent of n, and there will denoted by z;, and the numbers K;* are monotone

in n. Then, we have
()
gT@ @ = ZKidzi
i€l
r(z)
where K; = g™@)-2Go (z;)v(x;). This finishes the proof. O

The following Lemma follows exactly as in the constant exponent case and the
proof is omitted.

Lemma 3.5. Let f, — f a.e and f, — f in LP®)(Q) then
tin ([ V@ = [ 17 = £P0de) = [ (e
n—oo N Ja Q 9)

Now we are in position to prove the main results.

Proof of Theorem[I.1. Given any ¢ € C*°(f2), we write v; = u; —u and by Lemma
we have

tn ([ o4ty 1) = [ (o) = [ jolo) a1 .
J—00 Q Q (9]

On the other hand, by reverse Holder inequality and Lemma taking limits
we obtain the representation
v = |ul1® + Z V0,
jeI

Let us now show that the points x; actually belong to the critical set A. In fact,
assume by contradiction that x; € Q\ A. Let B = B(x1,r7r) CC Q — A. Then
q(x) < p*(z) — § for some 6 > 0 in B and, by Proposition The embedding
Wr@)(B) < L) (B) is compact. Therefore, u; — u strongly in LY®)(B) and
s0 |u;]9®) — |u|?@®) strongly in L'(B). This is a contradiction to our assumption
that x1 € B.

Now we proceed with the proof. Applying (3.1) to ¢u; and taking into account
that u; — u in LP(*)(Q), we have

Slell g @y < Nl pper gy + 1(VOull Lo (@)

Consider ¢ € C°(R™) such that 0 < ¢ < 1, ¢(0) = 1 and supported in the unit
ball of R™. Fixed j € I we consider € > 0 be arbitrary.
We denote by ¢, ;(z) == e "¢((x — z;)/e). By decomposition of v, we have:

¢107 / |¢7A); |q(z

/ ‘¢10 z)|u|q “) da + Z Vldjlo € $z)q(m7) > Vig-

i€l
For the rest of this article, we will denote

q;fe = sup q(z), ¢ = inf q(x),
Be (1) Be (1)

sup p(z), p;.:= inf p(x).
S P, P et p(e)

3
m
|
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If pu(¢iy,e) <1 then

- 1/q; .
H(bio,EHLg(m)(Q) = ||¢i0’€||Lg(m)(B5($io)) > py(@ms)l/‘h,s > Vig :

Analogously, if p, (¢;,.e) > 1, then

1/qf
||¢i075||Lg(I)(Q) 2 Vig v

Then

1 1
x =
min{; "1, )8 < il oy + (V65 2)ull o .
By Proposition [2.5

- +
(Vi ull Lo 0y < max{p((Veie)u) /P ; p((Veic)u) /7" }.
Then, by Holder inequality, we have

P(Vie)u) = / Vs, [P ufP™) dae
Q

< 1PN Lo (B @) 1V i P v o) (B ()

where a(x) =n/(n —p(z)) and o/ (x) = n/p(z).
Moreover, using that V; . = V¢ (£=2) 1, we obtain

T x +/n x “/n
Vi P paror (5, () < max{p(IVic PN/ p(IV i e [P)7 /73,

and

PV o[P®) = / Vi |" da

Be(z;

-/ v

[ ot dy
B1(0)
Then V¢; .u — 0 strongly in LP(*)(Q). On the other hand,

/Q 16017 du < p(Be ().

xr —X;

1
" d
"= da

Therefore,
@il Lo @) = 1Piell Lo (B, (2:))
< max{p,(¢;.)"/Pc, pu(dhi)/Pie}
< max{ju(Be ()70, p( Be ()75},

so we obtain,
1 1

1
+

v} < max{p(Be (2:)) /Pl p(Be (i) }.

As p and ¢ are continuous functions and as ¢(z;) = p*(x;), letting € — 0, we get

S

s

S min{yiq

Sl/.l/p* (z4) < ‘ul/P(l‘i)

where p; = limg o p(Be(25)).
Finally, we show that p > [Vu|P(®) + Yidg,. In fact, we have that g > > pid,,.
On the other hand u; — u weakly in Wol’p(x) (Q) then Vu; — Vu weakly in



10 J. FERNANDEZ BONDER, A. SILVA EJDE-2010/141

LPE)(U) for all U C Q. By weakly lower semi continuity of norm we obtain that
dp > |VulP®) dz and, as |Vu|[P(®) is orthogonal to p;, we conclude the desired
result. This completes the proof. O

4. APPLICATIONS

In this section, we apply Theorem to study the existence of nontrivial solu-
tions of the problem
—Appyu = [u| 9@ =2y 4+ \(z)|u|" @24 in Q,
u=0 on 09,
where r(z) < p*(z) — ¢, q(z) < p*(z) and A = {z € Q: q(z) = p*(x)} # 0. We
define A5 = J,c4(Bs(z) N Q) = {zx € Q:dist(z,.A) < 6}. The ideas for this

application follow those in [11].
For (weak) solutions of (4.1) we understand critical points of the functional

I A N Ul
Jf(u)—/Q o) @ A(z) @ d

4.1. Proof of Theorem We begin by proving the Palais-Smale condition for
the functional F, below certain level of energy.

(4.1)

Lemma 4.1. Assume that r < q. Let {u;}jen C Wol’p(x)(ﬂ) a Palais-Smale se-
quence then {u;};en is bounded in I/Vol’p(x)(Q),

Proof. By definition F(u;) — ¢ and F'(u;) — 0. Now, we have
1 1
et 12 Flug) = Flug) = —(F(uy), uz) + —(F'(u;), u7),
where
F ) = [ (V@ = fus 1) = Ay )
Q

Then, if r(z) < ¢(x), we conclude that

1 1
c+1> (———)/ V[P de —
p+ =" Jo

1
I ) )
We can assume that ||uj||W1,p(z)(Q) > 1. As [|F'(u;)]| is bounded we have that
0

1 1 - C
14
e+ 12 (= )l )~ = sl o

We deduce that u; is bounded. This completes the proof. (|

From the fact that {u;};cy is a Palais-Smale sequence it follows, by Lemma
that {u;};jen is bounded in Wol’p(m)(Q). Hence, by Theorem we have

|uJ|Q(1) = |u|q(:€) —+ Z 1/16z7 v, > 0, (42)
i€l
(VusP) = > (V@ 3 b, i >0, (43)
il
Syil/p*(ﬂ?i) < Mz}/p(m)_ (4.4)

Note that if I = () then u; — u strongly in LI(®) (). We know that {z;};cr C A.
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Let us show that if ¢ < (5 — —)S” and {u;}jen is a Palais-Smale sequence,
d4

with energy level ¢, then I = (). In fact, suppose that I # (. Then let ¢ € C§°(R™)
with support in the unit ball of R™. Consider, as in the previous section, the
rescaled functions ¢; .(x) = ¢(E=2L).

€

As F'(uj) — 0 in (WeP™(Q))', we obtain that
Tim (7' (1), 61.05) = 0.
On the other hand,
(F'(u;); dieus) = /Q Vg [P 72V (.cu) = Ma)lug " ie — 1|90 ¢ o da
Then, passing to the limit as j — oo, we obtain

0= lim (/ V[P 2Vu, V(¢ 2 u; d:z:)
Q

J—00

+ / Goc dpt / b0 dv — / (@) [u"®) .. de.
Q Q Q

By Holder inequality, it is easy to check that

lim |Vu PO =2Tu;V (i Juj dx = 0.

j—o0

On the other hand,
i [ iedu= o), lim /Q@;sdv = vi(0), lim / (2)[u @, . dz = 0.
So, we conclude that (p; — v3)¢(0) = 0; i.e., u; = v;. Then
Syil/p*(m) < Vil/p(wi);

so it is clear that v; = 0 or S™ < v;.
On the other hand, as r— > p™,

c= lim F(u;) = lim F(u;)— ﬁ(f’(uj),u])

J—00 J—00
1 1 1
= lim/ — Vu P(w)dx_|_/ L Vs 1@ g
j—o0 Q(p(x) p+)| i (p+ Q(I))| i

A @ g
o [

1 1
li il a(@) g
Jum (- (I))\uJI v
1 1
> lim — — — )|y |7 dx
1 1
lim (— - —)|u; |9) dg
j—o0 p—|— q.A(S
However
1 1 1 1
lim (— - —)|u; |9) dg = (—-—) / |u|1®) do 4 Zz@)
d—eo Pt g, P qy N as jer
1 1
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1 1
> (- —)s"
p+ 945
As ¢ is positive and arbitrary, and ¢ is continuous, we have
1 1
e> (=~ Lysm.
Pt aqy
Therefore, if
1 1
e< (2 - Lysn,
Pt ay

the index set I is empty.
Now we are ready to prove the Palais-Smale condition below level c.

Theorem 4.2. Let {u;}jen C Wol’p(x)(ﬂ) be a Palais-Smale sequence, with energy

level c. If c < (p%_ - q%)S", then there exist u € Wg’p(x)(Q) and {uj, bren C
A

{u;j}jen a subsequence such that uj, — u strongly in Wol’p(x)(Q),
Proof. We have that {u;};jen is bounded. Then, for a subsequence that we still
denote {u;};en, uj — u strongly in LY@ (Q). We define F'(u;) := ¢;. By the
Palais-Smale condition, with energy level ¢, we have ¢; — 0 in (Wol’p(z)(Q))’.

By definition (F'(u;),z) = (¢;,2) for all z € Wol’p@)(ﬂ); ie.,

/Q |V [P =20, V2 de — /Q ;] 1@ =202 da — /Q M) |u; 7@ 20,z de = (¢, 2).
Then, u; is a weak solution of the following equation.
—Ap(m)uj = |Uj‘q(z)_2u]' + )\(l‘)|u]‘|r(x)_2u]‘ + (bj =: fj in Q,

(4.5)
u; =0 on 09Q.

We define T: (W 7(Q)) — W™ (Q), T(f) := u where u is the weak solution

of the equation
pr(,;)u = f in Q,

u=0 on 0f.
Then T is a continuous invertible operator.

(4.6)

It is sufficient to show that f; converges in (W, ”(Q))". We only need to prove
that [u;]9®)~2u; — [u|?®) =2y strongly in (WP (Q)). In fact,

<|uj|q(x)—2uj . |u\Q(x)_2u,w> _ A(luj|q(z)—2uj _ |u|q(a:)—2u)w de

< 1l o o | (g |17 2y = 6172 0) | oy (-
Therefore,

1051725 = [0l 20) | 0y

= sup /(|uj|q(m)*2uj — |u|1®)=2y)y da
Q

vewyP® ()

191y 2.02) g =

< s |72y = [ D72 0)| L 0

and now, by the Dominated Convergence Theorem this last term approaches zero
as j — o0o. The proof is complete. [
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We are now in position to prove Theorem [T.3]

Proof of Theorem[I1.3 In view of the previous result, we seek for critical values
below level ¢. For that purpose, we want to use the Mountain Pass Theorem.
Hence we have to check the following condition:

(1) There exist constants R,r > 0 such that when [luly1e) () = R, then

F(u) >r.

(2) There exist vy € WHPE)(Q) such that F(vg) < 7.
Let us first check (1). We suppose that [|[[Vul||pre) ) < 1 and [[ul|pre ) < 1.
The other cases can be treated similarly.

By Poincaré inequality (Proposition 7 we have

p(@) q(z) r(z)
[T,

q(x) r(z)

1 » 1 - Al oo (z
> —/ |VuP®) dﬂc——/ Ju|2(®) dx—L H /\u|7(”“) dx

p+ Jo - r— Ja

1 A
> *|||Vu|||p+ || Ul faor @) = 5 el @)

CH/\HOO

> *lllvulllﬁ - *|HV s @) IVl Zow oy

Let g(t) = p%_tp* - q%tq’ - %t“, then it is easy to check that g(R) > r for
some R,r > 0. This proves (1).

Now (2) is immediate as for a fixed w € Wy ") (Q) we have
tlim F(tw) = —o0.
Now the candidate for critical value according to the Mountain Pass Theorem is

c¢=inf sup F(g(t)),
9€C ¢e0,1]
where C = {g:[0,1] — Wol’p(z)(ﬂ): g continuous and g(0) =0, ¢g(1) = vo}.
We will show that, if inf,c 4, A(z) is big enough for some § > 0 then ¢ < (— —
%)S” and so the local Palais-Smale condition (Theorem |4.2) can be applied. We

9a

fix w € W™ (Q). Then, if t < 1, we have
p(x) q(z) r(x)
Fliw) < / p(@) \V“’\ (z)& @@,
Q r+
< —/ |Vw\p(x) dx — —/ Az)|w|"® dz
Q

< —/ [V |P®) de — z)|w|"® dz
Q

As

tP” (@) 5 LT : r(z)
< — | | VwP' dx — (inf Az))|w|"* dx
Q T+ Ja

5 zEA;

We define g(t) := f—:al — (infyea, Mz))E= o ag, where a1 and ag are given by a1 =

[IVw|P@ | 11y and ag = [[[w]"@ || 1 a,)-
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1
The maximum of g is attained at ¢y = ( ) "F=7~. So, we conclude

ay
(inf.tE.A5 A(z))as

that there exists Ag > 0 such that if (inf,ec.a; A(z)) > Ao then

This completes the proof. ([

Remark 4.3. Observe that if A(x) is continuous it suffices to assume that A\(x) is
large in the criticality set A.

4.2. Proof of Theorem Now it remains to prove Theorem So we begin
by checking the Palais-Smale condition for this case.

Lemma 4.4. Let {u;}jen C Wol’p(m)(Q) be a Palais-Smale sequence for F then
{u;};en is bounded.

Proof. Let {u;}jen C Wol’p(x)(Q) be a Palais-Smale sequence; that is, F(u;) — ¢
and F'(u;) — 0. Therefore there exists a sequence €; — 0 such that

1 ()] < 5wl o g, for all we WoP™ ().
Now we have
1 1
c+ 12> F(uy) — qif/(uj)uj + qif'(uj)uj

1 1 / Az)  Ax) 1
>(——-— Vutp(z)daer/ 2 )y | dr + —F (uy)uy
(=) [ 1Vul [ 20,0 o+ L)y
We can assume that [||Vu;||| o) ) > 1. Then we have, by Proposition and by
Poincaré inequality,
1 1 - 1 1
- _ AP I .
12 (5 = IVl + Pl (= = )]

1
= g illwro o)

rt
L) ()

11 - 11 o
> (pj - qf_)HIVujIIILM(Q) + HMIoo(qt = =)ClIVUsll o (@)
1

~ = illwpreo g
from where it follows that ||uj||W01,p<x)(Q) is bounded (recall that p* < ¢~ and
rt <p7). O
Let {u;};jen be a Palais-Smale sequence for F. Therefore, by the previous

Lemma, it follows that {u;};cn is bounded in Wol’p(x)(Q).
Then, by Theorem we can assume that there exist two measures y,v and a
function v € Wy *")(€) such that

u; —u  weakly in W3 (Q), (4.7)
|V, [P — 1 weakly in the sense of measures, (4.8)
lu;]%®) — v weakly in the sense of measures, (4.9)
v = |u|?® 4 Z Vil (4.10)

icl
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p> | Vu|P®) 4+ Z,uiéwi, (4.11)
i€l

As before, assume that I # (). Now the proof follows exactly as in the previous
case, until we get to

1 1
c >(E - — / |u]?®) dz + (— - q—)s + ||A||Lx(m / u|"®) da
Applying now Holder 1nequahty7 we find

c>(——— /|u\qm)dx+ )Sn

"
+ H)‘HLC’C(Q (pj - T)Hlulr(z)”Lq(w)/r(z) Q)|Q|‘1 *7+
If [[Je| || pacor/rior () > 1, we have

e > exll[ul D, gy + s = (Ml call [l pacor /i@

so, if fi(x) := ¢y z(9/")" — | All o< ()2, this function reaches its absolute minimum

1Al Loo () c2

at o = (W)W
On the other hand, if H|u|r(r)||Lq(m>/T<m>(Q) < 1, then

e > er[llul @D 0 g + s = I @l oo/ 0.

so, if fo(x) = cz(a/n’t — | All Lo (@) c2, this function reaches its absolute minimum

_ (Ao @yc2 ﬁ
at o — (W) (a/m) . Then

! T W
c> ———S”—i—Kmm A Lf—_ Al
() NIy IV 2y
which contradicts our hypothesis. Therefore I = ) and so u; — u strongly in

L1®)(Q).
With these preliminaries the Palais-Smale condition can now be easily checked.

Lemma 4.5. Let (u;) C Wol’p(x)(ﬂ) be a Palais-Smale sequence for F, with energy
level ¢. There exists a constant K depending only on p,q,r and  such that, if

(a/r)~ (a/m*
c< (— ——)S”—i—K mm{||)\||15f‘c,/<f(g)71 ”)\quo/;g) '}, then there exists a subsequence

{uj, Yeen C {u;}jen that converges strongly in Wy "™ ().

The proof of the above lemma follows by the continuity of the solution operator
as in Theorem [£2

Assume now that [[|Vul[| s (o) < 1. Then, applying Poincaré inequality, we
have

1 A=
F(w) 2 IVl q,nunm 1 [

| Ml oe () C
-

7|HV’U’|HL:D(1)(Q _ |||V |||LD(I) H|VUH|L;@)(Q)

=: J1(|||VU|HLP(I)(Q))a
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where Jy(z) = p%:z:er - qg,a:‘f — Mz’ﬁ. We recall that pt < ¢~ and
ro<rt<p <pt.

As J; attains a local, but not a global, minimum (J; is not bounded below),
we have to perform some sort of truncation. To this end let zg, 1 be such that
m < xg < M < x; where m is the local minimum and M is the local maximum
of J; and Jy(z1) > Ji(m). For these values xy and z; we can choose a smooth
function 7 (z) such that 7 (x) = 1if 2 < xg, 7(x) =0if 2 > z1 and 0 < 7y (x) < 1.

If [[|[Vull| p) () > 1, we argue similarly and obtain

1 - C + [All o) C rt
F() 2 MVl o0y = =NV ) = == 19l oo
= o (I[Vulll Lo ()
where
1 - C o+ |Me@C .+
J — P _ — pq U= T T .
2($) p+x q*m r v

As in the previous case, Jo attains a local but not a global minimum. So let g, 1
be such that m < 9 < M < x; where m is the local minimum of 5 and M is
the local maximum of Jy and Ja(x1) > Jo(m). For these values xy and x; we can
choose a smooth function 5 (x) with the same properties as 7. Finally, we define

ifr <1
ORE S
To(x) if x> 1.
Next, let ¢(u) = 7([|[Vul|| Lr@) (o)) and define the truncated functional as follows,
- () a(@) A
Flu) = / [Vul"™ dx — [ul o(u) dx 7/ ﬁmv(w) dx
o px) o q() o r(z)

Next we state a Lemma that contains the main properties of F.

Lemma 4.6. F is C', if F(u) <0 then Hu||W1,p(m)(Q) < o and F(v) = F(v) for
0

every v close enough to u. Moreover there exists Ay > 0 such that if 0 < ||| L () <

A1 then F satisfies a local Palais-Smale condition for ¢ < 0.

Proof. We have to check only the local Palais-Smale condition. Observe that every
Palais-Smale sequence for F with energy level ¢ < 0 must be bounded, therefore
by Lemma [£.5]if A verifies

(L

0< (———=)5" + Kmin{|[A;"Cio) " 1M <0y 1

. q*) LAl Q) L>(Q) }

then there exists a convergent subsequence. ([l

The following Lemma gives the final ingredients needed in the proof.
Lemma 4.7. For every n € N there exists € > 0 such that

VF ) zn

where F~¢ = {u € W&’p(r)(Q): F(u) < —€} and ~y is the Krasnoselskii genus.
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Proof. Let E, C VVO1 P (x)(Q) be a n-dimensional subspace. Hence we have, for

u € E,, such that ||u||W1,p(z)(Q) =1,

p(z) a(z)
/ [Vl tu | dx f/ [tul p(tu) dx —/ Al) [tu|"®) da
q(x) o T\x

V(tu) p(w) tu]a(®) A
S/ | u7| / |U|+ o(tu) d / f | da.
Q p QT

Ift <1, then

. P~ p(z) a* g a(@) inf
Faw s [TV gy [P g, [ a0 X g,
Q Q Q

P~ qt Tt
T rt
— — —ay, — inf AN(z)—b,,
P~ q €Q rt
where
_: q(x) . _
a, = inf { /Q |u|"* dx: u € E,, Hu||W01,p(z)(Q) = 1},
_ r(z) . _
b, = inf { /Q |u|"* dz: u e E,, ||u||W01,p<z)(Q) 1}.
Then
Fruy < 1t 'f)\()r+b <P it a@) et
u) < — — —a, — in — — —in n -
p~ qt zeQ p~ zeQ rt

Observe that a,, > 0 and b, > 0 because E,, is finite dimensional. As r* < p~ and
t < 1 we obtain that there exists positive constants p and € such that

F(pu) < —e foru € E,, ||uHW1 ro) () = 1.
Therefore, if we set S, , = {u € E, : |u| = p}, we have that S,, C F~=. Hence
by monotonicity of the genus
'7('7}_6> > 7(59,71) =n
as we wanted to show. O
Theorem 4.8. Let
% ={AcCWP"(Q) = 0: Ais closed, A= —A}, ¥ ={ACS:~(A) >k},
where v stands for the Krasnoselskii genus. Then

¢, = inf sup F
"o Aezkueg ()

is a negative critical value of F and moreover, if ¢ = ¢ = -+ = Cpyr, then
Y(K,) > r+1, where K. = {u € W'"?®)(Q): F(u) = ¢, F'(u) = 0}.

The proof follows exactly the steps in in [I1], using Lemma
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