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EXISTENCE OF SOLUTIONS IN THE o-NORM FOR PARTIAL
DIFFERENTIAL EQUATIONS OF NEUTRAL TYPE WITH
FINITE DELAY

KHALIL EZZINBI, HATEM MEGDICHE, AMOR REBEY

ABSTRACT. In this work, we prove results on the local existence of mild so-
lution and global continuation in the a-norm for some class of partial neutral
differential equations. We suppose that the linear part generates a compact
analytic semigroup. The nonlinear part is just assumed to be continuous. We
use the compactness method, to show the main result of this work.

1. INTRODUCTION

In this work, we study the existence and global continuation of solutions in the
a-norm for partial differential equations of neutral type with finite delay. The
following model provides an example of such a situation

0
g[v(t, x) —av(t — r, )]

2

- %[U(t, x) —av(t —rz)] + f((%v(t —rx)) fort>0, z€[0,n] (1.1)

v(t,0) = av(t — r,0), wv(t,m)=av(t —r,m) fort>0,
v(t,x) =wv(t,x) for —r <¢<0, z €[0,7],

where a and r are positive constants, f : R — R is a continuous function, and vg is
a given initial function from [—r,0] x [0,7] to R. Equation (I.1)) can be written in
the following abstract form for partial differential equations

d
—Duy = —ADus + F(t, uy) fort >0,

dt (1.2)

Up = ¢, SDECOM

where — A is the infinitesimal generator of an analytic semigroup on a Banach space
X, Cq :=C([-1,0]; D(A%)), 0 < a < 1, denotes the space of continuous functions
from [—r,0] into D(A®), and the operator A® is the fractional a-power of A. This
operator (A%, D(A®)) will be described later. For x € C([—r,b]; D(A%)),b > 0,
and t € [0,b], z; denotes, as usual, the element of C,, defined by z,(8) = z(t + 0)
for § € [-r,0]. F is a continuous function from R} x C, with values in X and D
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is a bounded linear operator from Cx := C([—r,0]; X) into X defined by Dy =
©(0) — Do, for ¢ € Cx, where Dy is a bounded linear operator given by:

0
Doy = / dn(0)e(9) for ¢ € Cx,

where 7 : [-r,0] — L(X) is of bounded variation and non-atomic at zero. That is,
there is a continuous nondecreasing function ¢ : [0,7] — [0, +o0o[ such that §(0) = 0
and

0
1] @)@ <ds)lell for o € Cxss € [0,r]. (1.3)

There is an extensive literature of differential equations of neutral type motivated
by physical applications. Xia and Wu (1996), Hale (1994), and Wu (1996) studied
the neutral partial functional differential equation

op KaQD + f(ug) forxz e St (1.4)
—Duy = K—Du U or x .
ot o2 t )
where K is a positive constant and X be the space C(S1,R). Let A = Kaa—;z with
domain C?(S',R), then A is the infinitesimal generator of an analytic semigroup
(T'(t))t>0 on X and the associated integrated form of (|1.4) subject to the initial
condition ug = ¢ € C([-r,0], X) is

MM:T@M@+ATWﬂﬁ%MstZO (1.5)

Wu [16] established the existence of mild solution of (L.5). Travis and webb [I4]
considered partial differential equations of the form

d

Ju(t) = —Au(t) + F(t,u) >0,

(1.6)
Up = @, SDECOH

where —A the infinitesimal generator of a compact analytic semigroup and F is
only continuous with respect to a fractional power of A in the second variable.

This work is motivated by the paper of Travis and Webb [I4], where the authors
studied the existence and continuability in the a-norm for equation but in the
case where Dy = 0, they assumed that F' : C, — X is continuous. In [2] the authors
obtained the local and the global existence of solution of Eq. for = 0 in the
case when the linear part is non densely defined Hille-Yosida. Recently, in [I] Adimy
and Ezzinbi have developed a basic theory of partial neutral functional differential
equations in fractional power spaces, they proved the existence and regularity of
the solution of Eq. where the nonlinear part satisfies Lipschitz conditions.

The present paper is organized as follows. In the first section, we introduce some
notations and necessary preliminaries. In Section 2, we study the local existence
and global continuation of mild solutions of . Finally, to illustrate our results,
we give in Section 3 an application.

2. EXISTENCE OF LOCAL MILD SOLUTIONS

In this section we study the existence of mild solutions for the abstract Cauchy
problem . Before that, we state the following assumption.
(H1) —A is the infinitesimal generator of an analytic semigroup (7'(¢))¢>0 on a
Banach space X and 0 € p(A), where p(A) is the resolvent set of A.
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Note that if 0 € p(A) is not satisfied, one can substitute the operator A by the
operator (A — ol) with o large enough such that 0 € p(A — o). This allows us to
define the fractional power A% for 0 < « < 1, as a closed linear invertible operator
with domain D(A%) dense in X. The closedness of A% implies that D(A®), endowed
with the graph norm of A%; i.e., the norm |z| = ||z| + ||A*z||, is a Banach space.
Since A® is invertible, its graph norm |- | is equivalent to the norm ||z, = ||A%x||.
Thus, D(A%) equipped with the norm || - ||, is a Banach space, which we denote
by X4. For 0 < 8 < a < 1, the imbedding X, — Xg is compact if the resolvent
operator of A is compact. Also, the following properties are well known.

Theorem 2.1 ([I1]). Let 0 < a < 1 and assume that (H1) holds. Then
(i) T(t) : X — D(A®%) for every t >0,
(il) T(t)A% = AT (t)x for every x € D(A%) and t > 0,
(ili) for every t > 0O the operator A*T(t) is bounded on X and there exists
M, > 0 such that

JAST(0)] < Moett~e, (21)
(iv) There exists N, > 0 such that
(T(t) — )A™%|| < Nut®  fort > 0. (2.2)

In the sequel, we denote by C,, := C([—r,0]; X,,) the Banach space of all contin-
uous function from [—r,0] to X, endowed with the norm

Iellca == sup |lp(@)lla for ¢ € Ca.
oe[—r,0]

Definition 2.2. Let ¢ € C,. A continuous function u : [—r, +00[— X, is called a
mild solution of if
(i) D(ue) = T(t)D(¢) + [y T(t — 5)F(s,us)ds for t > 0,
(ii) uwo = .
Besides (H1), we consider the hypothesis:
(H2) The semigroup (T'(t))¢>0 is compact on X.
(H3) If z € X, and 0 € [—r,0] then n(0)z € X, and A*n(0)z = n(0)A%z.
Remark 2.3. Assumption (H3) implies that if ¢ € C,, then
Do(p) € Xa,  A%Do(p) = Do(A%¢), (2.3)

where
(A%p)(0) = A%(¢(0)) for 0 € [-71,0], ¢ € C,.

The main result of this section is the following theorem.

Theorem 2.4. Assume that the hypothesis (H1)—-(H3) hold true. Let U be an open
subset of the Banach space Cy,. If F :[0,a] x U — X is continuous, then for each
© € U there existt; :=t1(p) with0 < t; < a and a mild solution u € C([—r,t1]; Xo)

of .

Proof. The proof of this result is based on the Sadovskii’s fixed-point theorem. Let
p e Uand 0 < t; < a. We choose 0 < p < a to be small enough such that
{Y € Co : |Y — ¢l|lc, < p} CU. Now we consider the set

Q:={ue C([-rt1]; Xa) : uo = ¢ and ||uy — ¢|lc, < p for t € [0,t1]},
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where C([—r,t1]; X4 ) is endowed with the uniform convergence topology. It is easy
to check that €2 is nonempty and bounded. By using the triangular inequality, it is
clear that Aug + (1 — Nug € Q, for any ug,us € Q and A €]0,1[. Then Q is convex.
Also, Q is closed in C([—r,t1]; Xo). To prove that, consider a convergent sequence
(u™)p>0 of Q with lim,,_, 4o u™ = w in Q. Then, for any n in N, we have

luo = #llon < lluo = ugllon + [lug — ¢lle.

letting n to +o00, yields ||ug —¢||c, = 0, then ug = ¢. In addition for any t € [0, ¢4],
neN

lur = pllo, < llue = ui'lle, + lluf = ellc,
< lue = uifllon + -

Letting n to 400, we deduce that [|u; — ¢||c, < p. Consequently, u € 2. We have
(2 is a nonempty, bounded, convex and closed subset of C([—r,t1]; X,) when ¢; is

given by (2.6).
Let the mapping H : Q — C([—r,t1]; X) be defined by

Do(ug) +T(t)D(g) + [o T(t — s)F(s,us)ds if t € [0,41],

Hw® = {go(t) it t e [—r,0].

We will prove now the continuity of H. Let (u™),>1 be a convergent sequence in
with lim,, . v = u. Using (2.3)), and that Dy is a bounded linear operator, there
exists a positive constant M such that

[Do(ui') — Do(ut)|la < Mlui® — uillc, - (2.4)

On the other hand the set A = {(s,u?), (s,us) : s € [0,t1],n > 1} is compact
in [0,¢1] x C,. By Heine’s theorem implies that F' is uniformly continuous in A.
Accordingly, since (u™),>1 converge to u, we have

ws
(&
[

t1
|H(u™) — H(u)|loo < Ma/ ds sup ||F(s,ul)— F(s,us)|| — 0asn— +oo.
o S s€[0,t1]
(2.5)
Using and the estimate (2.4), we obtain that (Hu"),>; converge to Hu. This
yields the continuity of H.
We will show that there exists t; := t1(p) €]0,a] such that H(Q) C . Let

u € ). We have the following translation property
Dougro +T(t+0)De
(Hu)o(0) = 4 + [Tt + 6 — s)F(s,u)ds if t +6 € [0,41],
o(t+0) ift+6¢[-r0.
Choose v > 0 such that

P 1
t+0)— p(0)||a < =min{l, ———
it +) = 9(6)o < g min{l, s

b

for t € [0,7] and 6 € [—r,0] such that ¢ +6 € [—r,0]. This implies in particular that
I(H (w)):(0) — o(0) || < p, for t € [0,7] and 6 € [—r,0] such that ¢t + 6 € [—r,0].
Choose s €]0,r] such that d(s) < 1/5 and ||T(t)Dy — Dy||o < p/5, for t € [0, s].
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If0<t+6 <s, then

(H(@)i(0) = 9(0) = | dn() (st +0+7) = (7))

-Tr

0
+ [ dn(r) (weso(r) = 9(n)) + Tt + 6)D(s) - D)

B 40
+¢(0) — »(0) + /0 T(t+ 60— s)F(s,us)ds.

As F'is continuous, we can choose p > 0 small enough such that there exists N > 0
so that ||F(t,¢)|| < N, for t € [0, p] and [|¢ — ¢|lc, < p. Then, if t; < p we obtain

t+6 t
I / T(t+ 60— 8)F(s,us)ds||o < MaN/ e“?s7%ds.
0 0
We can take v such that f(;/ e“$s7% s < =2 —. We deduce that

S5MqN *
I(H (1))£(0) = ¢(0)|la < vari_pg(n) sup ] lp(t+6+7) = (7)o

TE|—T,—S

+0(s)[[urro — ellon + 119(0) — ¢(0)la
t
+|T(t + 0)D(p) — D(©)|lo + MaN/ s %ds.
0

Finally, we choose
t; = min{~y, s, p}. (2.6)
Then, for 0 <t + 60 < t1, we obtain ||(H(w)):(0) — ¢(0)|la < p. So, we have proved

that there exists t; := t1(p) €]0, a] such that H(2) C Q. Consider now the mapping
H, :Q — C([—r,t1]; Xo) defined by

[ Dour) if t € [0,1],
Hl(u)(t) - {@(t) _ D(p ift € [—T,O]-

Also define Hy : Q — C([—r,t1]; Xa) by

T(t)D(p) + [o T(t — s)F(s,us)ds if t € [0,1],

Ha(w)(t) = {Dgp if t € [—r,0].

It is clear that H = Hy + Hs. If we prove that H; is a strict contraction and Ho
is compact. Apply the Sadovskii’s fixed theorem to obtain the existence of a fixed
point of H on ).

(1) Let u,v € Q. Then for each ¢ € [0, 1], we have

Hyu(t) — Hiv(t) = Do(us — vy)

0
= / dn(0)(u(t +6) —v(t +0))

0
- /_ dn(0) (u(t + 0) — v(t +0)).

According to (2.3)), we have

A“Do(uy —vy) = dn()A%(u(t +0) —v(t +0)),

—S
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which implies
[ Do(ur = vi)lla < 6(s) sup [u(t) = v(t)]la

—r<t<t;
Consequently,

sup |[Hyu(t) — Hyo(t)[la <6(s)  sup [lu(t) = v(t)lla-
—r<t<t; —r<t<ty

Since §(s) < 1/5, H; is therefore a strict contraction in .

(2) We will show that the Im(Hs) := {Ha(u),u € 1}, is relatively compact. By
the Arzela-Ascoli theorem it suffices to prove that the set {Ha(u)(t) : u € 2} is a
relatively compact in X, for each t € [0, 1], and H»(£2) is an equicontinuous family
of functions on [0, #1].

(i) To prove the first assertion, it is sufficient to show that the set { Hou(t) : u €
O} is relatively compact for each ¢ €]0, ¢1]. Let ¢ €]0, ¢1] fixed, and 8 > 0 such that
a < <1, we have

t
I(A” How) (1)[| < [|AP~T(t)A*D() | + II/O APT(t — 5)F (s, us)ds||
t
< Mot P D(0)||o + MsN / e“*sPds < +o0.
0

Then for fixed t €]0,t1], {(APHau)(t)} is bounded in X, and appealing to the
compactness of A=7 : X — X, we deduce that {Hy(u)(t) : u € Q} is relatively
compact set in X,.

(ii) On the other hand, for every 0 <ty < t < t1, one has

Hou(t) — Hau(tg) = (T'(t) — T(to)) Dy + / T(t— s)F(s,us)ds

to

+ /0 (Tt = 5) — T(to — 5))F (s, us)ds

= (T(t) — T(to)) Dy + / T(t — s)F(s,us)ds

+ (Tt —to) — I)/O i T(to — s)F(s,us)ds.

‘We obtain that

[Hau(t) ~ Hautio)le < 17O - TN Dl + MV [ s
@ —t0)-1) [ " AT (tg — $)F (s, us)ds]|.

It is clear that the first part tend to zero as |t — tg| — 0, since for tg > 0 the set

to

{ A*T(tg — s)F(s,us)ds, u € Q}
0

is relatively compact in X, there is a compact set K in X such that

to .
AT (to — s)F(s,us)ds € Kfor u € ).
0
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By Banach-Steinhaus’s theorem, we have
to
(Tt —to) — I)/ AT (to — s)F (s, us)ds|| — 0 as t — to,
0

uniformly in v € . This implies

lim sup || Ha(u)(t) — Ha(u)(to)]la = 0.

t—>t3’ ueN

Using similar argument for 0 < ¢ < ¢ty < b, we can conclude that {Hau(t),u € 2}
is equicontinuous.

Finally, the Sadovskii’s fixed-point theorem implies that H has a fixed point u
in 2. The fact that u is a mild solutions of Equation . This completes the
proof. O

To define the mild solution in its maximal interval of existence, we add the
following condition

(H4) F :[0,+o00[xC, — X is continuous and takes bounded sets of [0, +oo[xC,,

into bounded sets in X.

Theorem 2.5. Assume that the hypotheses of Theorem [2.]] hold and F satisfies
(H4). If u is a mild solution of (L.2) on [—r,tmax[, then either tmax = 400 or
limsup,_,, |uellc, = +o0.

max

To prove this result, we need the following lemma.

Lemma 2.6 ([I]). Assume that (H1), (H3) hold, and that there exist positive con-
stants a,b, ¢ such that, if w € C([—r,+oo[; Xo) is a solution of

Dw; = f(t) fort >0,

2.7
wo =@, ¢ €Cy, ( )
where f is a continuous function from [0, +oo] to X,. Then
welle, < (allelle, + sup [f(s)la)e" fort>0. (2.8)
<s<t

Proof of Theorem[2.3, Assume that tma < +oo and limsup, ,; [Jusllc, < +o0.
Let R = supycio .. [1F(s,us)| and w : [to, tmax[— Xa, to €]0,tmax[, be the re-
striction of u to [tg,tmax[- Consider t € [to,tmax| and B such that o < § < 1.
Then

ID(ue) |5 < A°~°T(H) A D(p)] + H/O APT(t — 5)F (s, us)ds]|

t
< Myt D)o+ MR [ 5P,
0
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Thus, ||D(u¢)||g is bounded on [to, tmax]. Now, for tg <t <t 4 h < tmax, we have
t+h
D(utyn) — D(ut) =T(t+ h)Dp —T(t)Dp + / ’ T(t+h—s)F(s,us)ds
0
- /t T(t— s)F(s,us)ds
0
= T(&)[(T(h) — )Dg] + (T(h) — I) /O T(t - $)F(s,us)ds
t+h
+ / T(t+h—s)F(s,us)ds
t t+h
= (T(h) — I)D(uy) + / T(t+h—s)F(s,us)ds.
We put, for ¢ € [to, tmax]s
t+h
f@&) = (T(h) — I)D(uy) +/t T(t+h—s)F(s,us)ds.

Using the estimate (2.8, we obtain that

[wern — uillc, < (allun —uollc, +b sup [[£(s)[la)e
0<s<t
On the other hand and using , for t € [to, tmax[, We have
t+h
1) la < I(T(h) = H)A~E= A D(u,)|| + ||/ ATt + h = 5)F(s,us)ds||
t
t+h
< Ng_ohP || D(us)||g + RMQ/ e tHh=s)(t 4 b — 5)"%ds
t

h
< Np_ o2 D(w) || +RMQ/ e“ s %ds
0

l-«

h
< Ng_ohP~%||D(us)||g + RM, max{1, e<tmax}

—0 ash—0.
l1—«

Since |Jup — ugllc, — 0 as h — 0,
lim [luesn —uellc, =0

uniformly with respect to ¢t € [tg, tmax][- Which implies that u is uniformly contin-
uous and lim; ., u(t) exists in X,; the solution can be continued to the right to
tmax, wWhich contradicts the maximality of [—r, tmax[- This completes the proof of
the theorem. ([l

The following result provides sufficient conditions for the existence of global

solutions to (|1.2]).

Corlllary 2.7. Under the same assumptions as in Theorem if there exists
locally integrable functions k1 and ko such that |F(t, ¢)|| < k1(¢)|l¢llc, + k() for
p € Cy and t > 0, then (1.2) admits global solutions.
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3. EXAMPLE

Consider the partial functional differential equation of neutral type,

g[v(t x) —av(t — r,x)]

ot
02 0
= @[v(t,x) —av(t —rx)] + f(%v(t —nruz)) fort>0, x€[0,7], (3.1)
v(t,0) = av(t —r,0), wv(t,m)=av(t—r,m) fort>0,
v(t,x) = vg(t,x) for —r <t <0, z€[0,7].
Where a,r are positive constants, f : R — R and v : [-7,0] x [0,7] — R are

continuous. Let X = L2([0,7];R) and A : D(A) C X — X be defined by Ay = —y"
with domain D(A) = H2[0,7] N H}[0,7]. Then Ay = > 7 n*(y,en)e, fory e
D(A), where {e,(s) = \/2/msinns,n > 1}, is the orthonormal set of eigenvectors
of A. For each y € D(AY?) :={y € X : 3°° n(y,e,)e, € X} the operator A/
is given by A2y =3 n(y,e,)en.

Lemma 3.1. [I5] If y € D(A'Y?), then y is absolutely continuous, y' € X and
Iy'llx = 14 %y] x -

It is well known that —A is the infinitesimal generator of an analytic semigroup
(T'(t))i>0 on X given by T'(t)y = > ", e*"zt(y, en)en, y € X. It follows from this
last expression that (T'(t)):>0 is a compact semigroup on X (for any ¢ > 0, T'(¢) is
a Hilbert Schmidt operator).

Let u(t) = v(t,.) for t > 0, ¢(0) = vo(0,.) for 6 € [-r,0], D : Cy/5 — Xy/5 be
defined by

0
Dip=9(0) - apl-1) = 9(0) ~ [ dn®)p(6) for o< Cupa

-T

with n(¢) = 0 for —r < <0 and n(—r) = al. Let F': C;/; — X be given by

(F(¢)(x) = flp(=r)(x)) for ¢ € C1jp, x €[0,7].
Then takes the abstract form

d
—Du; = —ADuy + F(t,u) fort >0,

dt (3.2)

up =, @€ C,.
Lemma 3.2. Operator F' is continuous from C1 /5 to X.
Proof. Let ¢ € Cy/5. We consider a sequence (¢, ), convergent to ¢ in C'y /5. Then
4 (o) = Aol < sup 4200 (0) = 426015

=|len —llc, =0 asn — 4oo.
2
Then

T 0 0 9
/0 |%<pn(—r)(m) - %go(—r)(xﬂ dex — 0 asn — +oo.
This implies

0 0

%cpn(—r) — %90(77’) as n — 0o
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in L?[0, n]. Consequently, there exists (¢, )k, g € L?[0, 7] such that

a—axapnk (—=r)(z) — %ap(—r)(x) a. e., as k — 0o

and )
|55 Pn (@) < lg(@)] ace.

By the continuity of f,

(=)@ = (o r)a)) s k= oo.

Assuming that |f(t)| < b|t| 4 ¢, by the Lebesgue’s dominated convergence theorem,
we have

H(Z (=) = (o)) s k= o0

in L?[0,7]. Since the limit does not depend on the subsequence (pn, )k, then we
obtain

F(eon) = F(p)
in L2[0, 7] as n — oo. We deduce that F is continuous. O

Consequently, Theorem ensures the existence of a maximal interval of exis-
tence [—7, tmax[ and a mild solution of (3.1)).
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