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COMPARISON THEOREMS FOR SECOND-ORDER NEUTRAL
DIFFERENTIAL EQUATIONS OF MIXED TYPE

TONGXING LI

ABSTRACT. Three comparison theorems are established for the oscillation of
the second-order neutral differential equations of mixed type
(r®)e(®)+p1()z(t—01)+p2(D)z(t+02)]') +a1()z(t—03) +a2(t)z(t+04) = 0.

Our results are new even when pa(t) = ¢g2(¢) = 0. An example is provided to
illustrate the main results.

1. INTRODUCTION

This article concerns the oscillatory behavior of the second-order linear neutral
differential equation of mixed type

(r(Oa(t) + pr(Oalt — o1) + pa(B)at + o)) + @Bzt — 73) + @(O)(t + 1) = 0,
(1.1)
for t > tg.

We will use the following conditions:

(H1) r € C([tg, ), R), r(t) > 0 for t > to;

(H2) p; € C([to,0),[0,a;]), where a; are constants for i = 1, 2;

(H3) ¢; € C([to,00),[0,00)), and g; are not eventually zero on any half line

[ts, 00) for t, >tg, j =1, 2;

(H4) o; > 0 are constants, for i = 1,2, 3, 4.

We put z(t) = z(t) + p1(t)z(t — o1) + p2(t)z(t + 02). By a solution of (L.)),
we mean a function z € C([T,,00),R) for some T, > to which has the properties
that z € C([Ty,00),R) and rz’ € C'([T;,00),R) and satisfying on [T, 00).
We consider only those solutions z of which satisfy sup{|z(¢)| : ¢t > T} > 0
for all T' > T,. We assume that possesses such a solution. As is customary,
a solution of is called oscillatory if it has arbitrarily large zeros on [tg, c0);
otherwise, it is called non-oscillatory. Equation is said to be oscillatory if all
its solutions are oscillatory.

Recently, there has been much research activity concerning the oscillation and
non-oscillation of solutions of varietal types of differential equations. We refer the
reader to [2), Bl [ [6l [7, 111, (17, 18 21, 25], 26] and the references cited therein.
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Dzurina [7] presented sufficient conditions for the oscillation of the second-order
differential equation with mixed argument

(@u/(t))’ + p()u(r()) + qt)u(o()) =0, > tq.

Some oscillation results for the second-order neutral differential equation
(@Ol ®) + q(t)|x (o)~ x(o () = 0,

where z(t) = z(t) + p(t)x(7(t)) and ¢t > to were obtained by [8] [10, [16] [19].

Regarding the oscillatory behavior of neutral differential equations with mixed
arguments; see e.g., the papers [Il, O M2, 13| 14, 23] 24]. Agarwal and Grace [I]
studied the oscillation of the even-order equation

(2(t) + azx(t — 1) — bx(t + 7)™ 4+ q(t)x(t — g) + p(t)z(t + h) = 0.
Dzurina et al. [9] established some oscillation criteria for the mixed neutral equation
(2(t) + pra(t — 1) + poat + 7)) = a(O(t — 1) + as(alt + o).

Grace and Lalli [I2] examined the oscillatory behavior for the second-order equation
(z(t) + Azt — 7)) = q(t)z(t — o) + p(t)z(t + ).

Grace [13] obtained some oscillation theorems for the odd-order neutral differential
equation

(x(t) + pra(t — 71) + pax(t + Tz))(n) = qz(t —o1) + gzt + 03).

Grace [14] and Yan [23] established several sufficient conditions for the oscillation
of solutions of odd-order neutral functional differential equation

(z(t) 4 cx(t — h) + Cz(t + H)™ + qz(t — g) + Qz(t + G) = 0.
Yan [24] considered the oscillation of even-order mixed neutral differential equation

(2(t) — cra(t — h1) — com(t + ho))™ + qz(t — g1) + pa(t + g2) = 0.

To the best of our knowledge, there are only few results on the oscillation of
. It is interesting to study since it has some applications in the study
of vibrating masses attached to an elastic bar (see [15]). The aim of this paper
is to establish some oscillation results for . The organization of this paper is
as follows: In Section 2, we reduce the problem of the oscillation of to the
oscillation of the first-order inequalities under the case when

/tOO1dt=oo. (1.2)

o ()

In Section 3, we give an example and a remark to illustrate our results.
Below, when we write a functional inequality without specifying its domain of
validity we assume that it holds for all sufficiently large t.
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2. MAIN RESULTS

In the following, we will establish some oscillation criteria for (|1.1)).
Throughout this paper, we denote

Qt) = Q1(t) + Q2(1),
Q1(t) = min{q1(t), q1(t — 01), 1 (t + 02)},
Q2(t) = min{qa2(t), g2(t — 01), q2(t + 02) }.
Theorem 2.1. Assume that (1.2|) holds. Further, assume that
t—o3 1
)+ gt o) +a(t+ ) + Q0 ([ s dsfut—o <0 (21)
t1
has no eventually positive solution for all sufficiently large t1, t1 > to. Then (1.1)

is oscillatory.

Proof. Let « be a non-oscillatory solution of (1.1). Without loss of generality, we
assume that there exists t; > to such that z(¢) > 0, z(t —o1) > 0, z(t + 02) > 0,
x(t—o3) >0 and z(t +04) > 0 for all ¢t > ¢;. Then z(t) > 0 for ¢ > ¢;. In view of

, we obtain
(T(t)z’(t))/ =—q(t)x(t —o3) — @)zt +04) <0, t>1. (2.2)

Thus, 7(¢)2’(¢) is non-increasing function. Consequently, it is easy to conclude that
there exist two possible cases of the sign of 2/(t), that is, 2/(t) > 0 or 2/(¢) < 0
eventually. If there exists to > t; such that 2/(¢2) < 0, then from (2.2)), we see that

r(t)2' (t) < r(t2)2'(t2) <0, t>to.
Integrating the above inequality from t5 to ¢, we obtain

t
1
2(t) < 2(t2) +r(t2)z’(t2)/ 1 gs.
to r(s)

Letting ¢t — 0o, we obtain lim;_, o, 2(t) = —oo due to (1.2]), which is a contradiction.
Thus, there exists a to > t; such that

Z(t) >0 (2.3)
for t > t5. Using , for all sufficiently large ¢, we have
(r(0)2' (1)) + q1(t)x(t — 03) + q2(t)x(t + 04) + ar (r(t — 01)2(t — 01))’
+a1qi(t — o1)z(t — 01 — 03) + a1g2(t — o1)x(t + 04 — 01)
+ax(r(t+ 02)2' (t + 02)) + asqi (t + 02)x(t + 02 — 03)
+ asqa(t + o9)x(t + 09 + 04) = 0.

Thus
(r®)2' () + a1(r(t —o1)2'(t — 01))" + aa(r(t + 02)2'(t + 02))’

+Q1()z(t — 03) + Q2(t)2(t + 04) < 0.
By , we have z(t + 04) > 2(t — 03). Then, from , we obtain
(r(t)2' (t)) a1 (r(t—o1)2' (t—01)) +az(r(t+02)2 (t+02)) +Q(t)z(t—03) < 0. (2.5)
It follows from that
2(t) = 2(t2) +/ r$)2(s) 4, > r(t)z’(t)/ 1 g (2.6)

t 7(s)

(2.4)
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Set y(t) = r(t)z'(t) > 0. From (2.5) and (2.6), we see that y is an eventually
positive solution of

[y(t) + ary(t — o1) + azy(t + 02)]" + Q(t)y(t — o3) / L ds < 0.

to r(s)
This completes the proof. O
Theorem 2.2. Assume that holds and
u'(t) + Q(t)mu(t +01—03)<0 (2.7)
1+a;+as

has mo eventually positive solution for all sufficiently large t1, t1 > to. Then (1.1
is oscillatory.

Proof. Let x be a non-oscillatory solution of (1.1). Without loss of generality, we
assume that there exists t; > tg such that z(t) > 0, z(t — 1) > 0, z(t + 02) > 0,
z(t —o3) > 0 and z(t + 04) > 0 for all ¢ > ¢;. Then 2(¢) > 0 for ¢ > ;. Proceeding
as in the proof of Theorem we obtain that y(t) = r(¢)2'(t) > 0 is non-increasing
and satisfies inequality (2.1]). Define
u(t) = y(t) + a1yt — o1) + azy(t + o2) > 0.
Then
u(t) < (14 a1+ az)y(t —o1).
Substituting the above formulas into (2.1), we find u is an eventually positive

solution of ,
ft_@ L_ds
W () + Q) a8
(6 + QT

The proof is complete. O

u(t+ o1 —o3) <0.

From Theorem and [I8, Theorem 2.1.1], we establish the following corollary.
Corollary 2.3. Assume that (1.2) holds, o1 — o3 < 0 and

t U—o3 1 1
lim inf/ Q(u)(/ — ds) du > ltata (2.8)
¢

t—oo +o1—03 t1 T(S) €

for all sufficiently large t1, t1 > to. Then (L.1)) is oscillatory.
Theorem 2.4. Assume that (1.2]) holds and

W' (1) Q(”‘“)(/ttm T(d“)mtwl C05) >0 (2.9)

_1+a1+a2 ’LL—Jl)

has no eventually positive solution for all sufficiently large t1, t1 > to. Then (1.1)
is oscillatory.

Proof. Let x be a non-oscillatory solution of . Without loss of generality, we
assume that there exists t; > to such that z(¢) > 0, z(t —o1) > 0, z(t + 02) > 0,
x(t—o3) >0 and z(t 4+ o4) > 0 for all t > ¢;. Then z(¢) > 0 for ¢ > t;. Proceeding
as in the proof of Theorem we obtain 7 for t >ty > t;. Integrating
from ¢ to oo yields

r(t)2 (t)+arr(t—o1)2 (t—0o1)+agr(t+og)2 (t+02) > /too Q(s)z(s—o3)ds. (2.10)
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Since r(t)2’(t) is non-increasing, we get

r(t)2 (t)+arr(t—o1)2 (t—o1)+agr(t+02)2 (t+02) < (1+ai+az)r(t—o1)2 (t—0o1).

2.11
In view of and , we have ( )
1
(1+ a1+ a2)r(t—o1)
Integrating from t, to t, we see that
t 1 o)
z(t —o01) > /t ( / Q(s)z(s — 03) dsdu
2 U

1+ a1+ a)r(u—o1)

K 1 s 1
> - _ - )
_/t2 1+a1+a2Q(s)z(s 03)/b r(u—al)dUds

2

2(t—o01) >

/tOO Q(s)z(s — o3) ds. (2.12)

Thus
1 t+o1 s 1
z2(t) > ——— s)z(s — o ———duds.
()l—l-al—&—ag/tz Qs)z( 3)/tz r(u—o1)
Let
1 t+o1 s 1
)= ———— - ———duds > 0.
w(t) 1+ a1+ as /t2 Qs)=(s 03)/,52 r(u—op) uas
Then z(t) > w(t) and
, 1 tron 1
t) = —Q(t t — —d
W) = T r gyt ozt o 03)[2 rw—o) "
1 ttou 1
— Q1 t — —— du.
> QU+ o ult+ o og>/t? el

Hence, we find w is an eventually positive solution of

W' (1) Q(”‘“)([M %)w@wl — 03) > 0.

1+a;+ag U — o
This completes the proof. ([l
Due to Theorem and [I8, Theorem 2.4.1], we obtain the following corollary.
Corollary 2.5. Assume that holds, o1 — o3 > 0 and

t+o1—03 u+oq 1 1
liminf/ Q(u+ 01)</ —_ ds) du > St (2.13)
t t1 r(s—o1)

t—oo e

for all sufficiently large t1, t1 > to. Then (L.1)) is oscillatory.

3. EXAMPLE AND REMARK

For an application of our results, we will give the following example. Consider
the equation

[2(t) + ar12(t — 01) + azx(t + 02)]” + %x(t —o3) + gx(t +04) =0, t>tg, (3.1)

where a1, as, a and § are positive constants.
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Let r(t) = 1, p1(t) = a1, ¢1(t) = o/t and g2(t) = §/t. Then Q1(t) = a/(t + 02),
Q1(t) = B/(t+ 02) and Q(t) = (a+ B)/(t + 02). Assume that o3 > o;1. Since

lim inf t Q(u)(/u_(73

t—o0 t+o1—03 t1 T(S)

we conclude that (3.1) is oscillatory if

ds) du = (a + B)(o3 — 01),

1+ay+
(a+ P03 —01) > =2

due to Corollary
Suppose that o3 < o1. Since
t+o1—03 u+o1 1
lim inf ( / - 9 )d - ~ o),
ety Quton) 4 r(s—o1) 8)du=(a+B)or=0s)

we conclude that (3.1) is oscillatory if

1+a1+a2

(a+ B8)(o1 —03) > .

due to Corollary
Remark 3.1. The equation
[2(t) + arz(t — o))" + @ (O)z(t —03) =0, o1 <03, t > 1 (3.2)

is a special case of (L.1)). Applying results of [25] Theorem 2] and [26] Corollary 1],
we obtain a sufficient condition for (3.2)) to be oscillatory, that is, if a; < 1 and

t
. 1
lltIE)loI.}f /t_0_3 q1 (S)(S - 0'3) ds > m7 (33)
then (3.2)) is oscillatory.
Note that Corollary transforms (3.3)) into
¢
1
lim inf/ Q1(s)(s— o3 —t1)ds > * al, (3.4)
t—o0 t+ol—o3 e
for all sufficiently large t1, t1 > to, where Q1(t) = min{q(¢),¢1(t — o1)}. Since
1 1+ a9
(1 —ay)e e

for a; > 0, our results improve their results in some sense. Moreover, our results
can be applied to (3.2]) when a; > 1.
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