Electronic Journal of Differential Equations, Vol. 2010(2010), No. 18, pp. 1-9.
ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu
ftp ejde.math.txstate.edu

TRANSPORT OPERATOR ON PHASE SPACES WITH FINITE
TIME OF SOJOURN PROPERTY

MOHAMED BOULANOUAR

ABSTRACT. In this article, the transport operator with general boundary con-
ditions is discussed. According to a smallness hypothesis on the boundary
operator and to finite time of sojourn property of phase spaces, we prove that
the transport operator generates a strongly continuous semigroup and we give
its upper bound.

1. INTRODUCTION

This article concerns the transport equation

0

8—{(:1:,1}) =—v-Vif(z,v), (z,v)e (1.1)
where, @ = X x V with X C R" (n > 1) is a bounded open subset with smooth
boundary 90X and du is a Radon measure on R™ with bounded support V. If we
denote by I'_ (resp. I'}) the incoming (resp. outgoing) part of the phase space

boundary I' = 9X x V, then the boundary condition is modelled as
f(t)’F_ :K(f(t)‘p+) (12)

where, f(t)’n (resp. f(t)|r+) is the incoming (resp. outgoing) particle flux. The

boundary operator K is bounded linear into suitable function spaces on I'_ and I';.
(for more explanations see next Section). All known boundary conditions (vacuum,
specular reflections, periodic, ...) are special examples of our general context.

If |K|| <1, it is well known, in the pioneer works [II, [9] [10], that the transport
model 7 is governed by a strongly continuous semigroup of contractions.
However, the case |K| > 1 has been rarely studied and some contributions are
made in [2| B, 5] 6]. There is another contribution made in [8] (see last Section).

The difficulty concerning the case ||K|| > 1 is closely related to the increasing
number of, on one hand, the incoming particles whose the time of sojourn 7(z,v)
may be arbitrary small and on the other hand, to the particles in X of which the
time of sojourn t(z,v) may be arbitrary big. In order to take into account such as
particles, we intuitively have to set hypotheses on the geometry of (X, V) and on
the boundary operators K. So, the first hypothesis concerns boundary operators
K satisfying
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H1) There exists g > 0 such that ||Kxc|lzn1 o).y < 1, where the char-
o HL(LY(T),LM(I"-))
acteristic operator x., € £(L'(T'})) is defined by

Xey¥(z,v) = {w(w,v) if 7(x,v) < &g

0 otherwise.
The second hypothesis acts on the geometry of V' in the following sense
(H2) 0 ¢V
which intuitively leads us to set our definition

(1.3)

Definition 1.1. The phase space (X, V) has finite time of sojourn property if

Tmax := sup t(z,v) < oo. (1.4)
(z,v)EN

Clearly, the hypothesis (H2) implies that velocities cannot vanish; therefore Def-
inition [I.1 holds because of the boundedness of X. For instance, let the phase space
((0,1) x (a,b)) (a > 0) be related to a model of cell dynamic populations already
studied in [7]. The phase space ((0,1) x (a,b)) (a > 0) fulfils the definition above
because of Tyax = % < Q.

In this paper, we discuss the case || K|| > 1 and at this end, we suppose that the
hypotheses (H1) and (H2) hold. So, we prove that the transport model (L.1)—(T.2)
is governed by a strongly continuous semigroup and we give its upper bound. We
end this paper by remarks and comments.

2. SETTING OF THE PROBLEM

In this section we state preparatory Lemmas for the next Section. Let us consider
the Banach space L!'(2) whose natural norm is

Il = | pta.o)l deduo) (21)
where, 2 = X x V. We set n(z) the outer unit normal at € 90X, where, the
boundary 0X is equipped with the Lebesgue measure dy and we denote

Iy ={(z,v) €T': £v-n(x) > 0},
where I' = 0X x V. For each (z,v) € Q, we set

t(z,v) =inf{t:t >0, x —tv & X},
the time of sojourn in X, and

O(x,v) = t(z,v) + t(z, —v),
the chord of sojourn. Similarly, if (z,v) € Ty we set

T(z,v) =inf{t: ¢t >0, x —tv ¢ X}.
Next, we introduce the partial Sobolev space
WHQ) ={pe L' (Q):v-Vype L), 67 p e L' ()}
whose norm is

lellwi@) = llv- Vaplli + 16~ ¢l
Finally, we consider the trace spaces L'(I'y) endowed with the norm

ol oy = / (e, v)ldé
Iy
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where, d€ = |v-n(z)|dydup(v). In this context, we define the following trace mapping
Y+ =¢lr, and y_p=¢|r_
for which we have our new result.
Lemma 2.1 ([3]). The trace mappings
v WHQ) - LYTy) and y_ : WHQ) — LYTL)
are continuous, surjective and admit continuous lifting operators.

Let K be a bounded linear operator from L'(I';) into LY(T'_). So, it is clear
that above Lemma allows us to give a sense to the following transport operator

Tk =—v-Vyp on the domain
D(Tx) ={p € WH(Q) : -9 = K710}

If the boundary operator satisfies K = 0, then the corresponding operator T} is
defined as follows

(2.2)

Top = —v -V on the domain
D(Tg) = {p € W (Q) : 7-¢ = 0}

has some properties summarized next.

(2.3)

Lemma 2.2. We have

(1) The operator Ty generates, on L*(), a strongly continuous semigroup of
contractions (Up(t))i>o0. Furthermore, Uy(t) is a positive operator; i.e.,
Uo(t)p = 0 for all o € (LY(Q))4-

(2) Let A\ > 0 be fized. Then, for all p € (L*(Q))4 —{0} we have (A\—Ty) Ly €
(L1()5 — {0} and 7 (\— To) g € (L1(T+))s — {0}.

(3) Let A > 0. Then

10— T) gl < 1L (24
10~ (0~ 7o) gl < lgl (25)

for all g € LY(Q).
Proof. The items (1), (2) and (3) follow easily from
t(z,v)
(=T gwo) = [ e gl sv,v)ds
0
where, A > 0 and g € L1(9). O

Lemma 2.3. Let A be the operator

Ap(z,v) = Yz — 7(z,v)v, ). (2.6)
Then A is a positive isometry from L*(T_) to L*(T'y); i.e.,
[AY][Lrryy = 19l (2.7)

for all € LY (T'y).
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Proof. Let v € LY(T'y) . As u(z,v) = ¥(z — t(z,v)v,v) is the unique solution of
the boundary value problem

v-Veu=0
you=1.
Then multiplying the first equation by (sgnu) and using
(sgnu)v - Vyu = v - Vy(lul), (2.8)

we obtain v - V,(Ju|) = 0. Integrating this equation over € and using Green’s
identity, we obtain

[ st olde = [ p-atalde
I r_
therefore,
[ 1avtzolas = [ o
T, r_
whence (2.7). The positivity of A is obvious. |

3. GENERATION THEOREM

In this section, we are only concerned with boundary operators whose norm
satisfies || K|| > 1. So, according to (H1)—(H2), we prove that the transport operator
Ty given by generates, on L'(£), a strongly continuous semigroup. Before
we state this main goal, we have to show the following lemmas.

Lemma 3.1. Let K be a boundary operator with ||K|| > 1 and suppose that (H1)
holds. Let Ky (A > 0) be the operator
Ky := K(axy), (3.1)
where
ax(z,v) = e @Y,
Then Ky is a bounded linear operator from LY(I'y) to L*(T'_). Furthermore, we
have

N> wo = K < 1, (3.2)
[ Ko |l < 1,
where .
wo = — In||K]|. (3.4)
€0

Moreover, if K is a positive operator, then K is also a positive operator.
Proof. Let A > 0. For all ¢ € L'(I';) we obviously have x2 = x., which implies
anty = X2, () + Xo, (aat));

therefore,
Ky = Kxe, (XEOO‘AQ/}) + KYSO (04/\1/1),
where the characteristic operator x., is given by , and X, is the characteristic
operator
Y(x,v) if 7(x,v) > e
0 otherwise.

Yaow(l’v U) = {
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This implies

[EA Yooy < 1K Xeo (Xeox®) 1) + KX, (xtd) Loy
<K Xeo I Ixeor®llr @y y + TN Xe, (axt) 1oy )
<N E Xeo Xl Lr (o) + €KX ¢l s
< max{|[ K xeolls eI K[H I xeo Il + [Xe, I}
= {1 Kxeolls e IK (¢l i,y
which leads to

KA < max{ || Kxe, |, e[| K]}

Now, the above relation clearly implies
||K)\|| <1l ifX>wy

and || K,,|| < 1. Finally, if K is a positive operator, the positivity of the operator
K, is then obvious. The proof is now achieved. (]

Thanks Lemma above, the resolvent operator of (2.2)) is given as follows.

Lemma 3.2. Let K be a boundary operator whose satisfying || K|| > 1, and suppose

that (H1) holds. Then, for all A > wg, we have A € p(Tk) and
(AfTK)ilg(x’v) = (AfTO)ilg(xvv)+ (3 5)
e M@ (T — Ky A) T Ky (A = To) “Lg(x — t(z, v)v,v) .

for almost all (z,v) € Q and for all g € L*() , where, A is the operator given
by [2.6). Furthermore, if K is a positive operator, (A — Tk )™! is then a positive
operator for all A > wy.

Proof. Let A > wy. For all g € L'(Q) , the general solution of
Ap=—v-Vap+yg, (3.6)
is given by
o(z,v) = e M@ y(z — t(z,v),v) + (A — To) " g(z,v), (3.7)

for almost all (z,v) € Q, where Tj is already studied in Lemma and % is any
function of L*(I'_). In the sequel, let us prove that ¢ € D(Tk).
Integrating (3.7) over 2, a simple calculation together with (2.4) give us

el < /Qe*”(x’”)ldj(m = t(z,v)v, )| dz du(v) + [|(A = To) "'glh

gl
)

1
< X”wHLl(F,)"‘ < oo

which implies, by (3.6]), that
v+ Vaellr < Allelly + (gl < oo.

Multiplying (3.7) by #~! and integrating it over €2, a simple calculation together
with (2.5) lead to

107 el < llellpaee_y + llglly < oo;
therefore, p € W(£). Next, ¢ satisfies v_¢ = K~_¢ if and only if ¢ satisfies

=K \Ap + Ky (A= Tp) ™'y (3.8)
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By (2.7) and (3.2) we obtain
[ EXA[ < KA Al < 1 (3.9)
therefore, (3.8) admits the unique solution
=T —-K\A) 'Ky (A\=Ty) g

which we put in to obtain . In order to achieve the proof, it suffices to
show the positivity of the operator (A — Tk )L

Let g € (L'(£2))+ and note that the positivity of the operator K implies that of
the operator K. By and the second item of Lemma [2.2] we obtain

(A= Tie) g, 0) > e M1 = Ky A) Ky (A — To) gl — b, v)v, 0)
for almost all (x,v) € Q. Thanks to (3.9) we have
(I-K\A)T'K = (> i(KxA"K > IK = K
n=0
therefore,
A= Tx) Lg(z,v) = e M@ Kny (X = To) gz — t(z, v)v,v)
for almost all (z,v) € Q. Finally, the positivity of K and the second item of Lemma
clearly imply the positivity of (A — Tk )~tg. The proof is now achieved. O
Now, we are ready to state the main result of this work.

Theorem 3.3. Let K be a boundary operator with || K| > 1, and suppose that
(H1)—(H2) hold. Then, the transport operator Tk given by (2.2) generates, on
LY(Q), a strongly continuous semigroup (Ug (t))i>0 satisfying

Uk (£)glh < et g]ly ¢ >0, (3.10)

for all g € LY(Q), where, Tyax and wo are given by (1.4) and (3.4). Furthermore,
if K is a positive operator, (Uk (t))i>0 s positive too.

Proof. First, let us define on L'(2) the norm
Hgll]x :/ng(x,vﬂh(LU) dx dp(v) (3.11)
where, h(z,v) = e*o!®) By (H2), (T.4) holds; therefore, the norms (2.1) and
(3.11)) are equivalent because
gl < Illglll < e |g|ly (3.12)

for all g € L'(9).
Next, let A > wg and g € L(). Thanks to Lemma [3.2] we obtain that

¢ =(\—Tkg) 'ge D(Tk) (3.13)

is the unique solution of A\p = Tk + g. Therefore ¢ satisfies
Ap=—v-Vypo+g, (3.14)
V- = K. (3.15)

Multiplying (3.14]) by (sgn¢)h and integrating it over £,

Alelllx :—/Qv~Vw(|g0\)h(ac,v) dxdlu(y)+/Q((sgn<p)hg)(x,v)dl‘dp(v) (3.16)
=1+ J.
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Integrating by parts,

I-- /Q v Va(lhepl) (. v) dz dp(v) + wy /Q (o) (,0)] dee dpv)

- / - (hp) (, v) € — / e (hp) (. 0)|d€ + wol [l

- / by— ol v)dé — / e (o) (2, 0) € + woll il 1
- +
By (3.15)) and the fact that (v4h)a,, = 1, we obtain

1= / Ky () dE — / e (o)l +eolloll

= [ 1K@ ho) @ olds = [ bt olds + ol

- / 1K oy (14 (i) (2, 0) | dE / e (hep) (, 0) € + wol [l

< (1Ko | = Dllvs- (o)l L1 04y + wollleel s

therefore
I < wolllelllh (3.17)
because of (3.3). For the term J, we obviously have
J = /Q((ngp)hg)(x,v) dx dp(v) < |[lglll1- (3.18)
Putting now (3.13)), (3.17) and (3.18) in (3.16]) we obtain
syt < sl
=Tl < 2

Thanks to Hille-Yosida’s theorem, the operator T generates on L!(Q) a strongly
continuous semigroup (Uk (t));>0 satisfying

Uk )gllly < e llglll t>0 (3.19)
for all g € L'(Q). Now (3.10) follows from (3.12) and (3.19). In order to achieve

the proof, it suffices to show the positivity of the semigroup (Ug (t))¢>0-
Let g € (LY(X x V)); and t > 0. Lemma [3.2] leads to

(% ~Tx) 'g=0
for n large enough. Now, the exponential formula
Uk(t)g = lim [Z(5 = Tx) "9 >0
achieves the proof. (Il

We finish this section by giving an example of a boundary operator K satisfying
our hypothesis (H1).

Lemma 3.4. Let K € L(LY(Ty),LY(T_)) be a Mazwell boundary operator; i.e.,
K = C + B where,

Ciy(z,v) = /F k(x,v, 2", 0" (2, 0" W' - n(2")|dy(x)du(v')  (z,v) € T_
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with k >0 and B € L(LY(Ty), LY (T_)) is a given operator such that |B| < 1. If

limsup esssup / k(z,v,y,v")|v-n(x)|dy(z)du(v’) <1 —| B,
e=0  {r(y,v)<e} JT

then the hypothesis (H1) holds.

Proof. 1t is clear that there exists g > 0 such that

[CXeoll = esssup k(z,v,y,0")|v - n(z)|dy(z)du(v’) < 1—|Bl|;
{7(y,v")<eo} JT -
therefore
[ K Xeoll < [CXeoll + [[Bxeoll <1 =Bl + |1B]| = 1.
The proof is achieved. O

4. REMARKS AND COMMENTS

As we pointed in the introduction, this section deals with some remarks and
comments on [8], using our notation.

Remark 4.1. In [8, page 288, line 14|, the authors claim that the traces ¢|r,
(=y+9) of ¢ in

WHQ) = {p € L'(Q),v- Voo € L ()},
are well defined and belong to L'(I'y). According to our Lemma this claim is
incorrect.

Remark 4.2. Note that [8, Theorem 5.2] is incorrect. Indeed, the authors consider
positive boundary operators K satisfying

(HI)
lim [[Kxell ez iy <1

where the characteristic operator x., is given by , and

(H2)
Kl ey = 19y
for all ¢ € (LY(T'1))4.
According to (H1)—(H2), the authors claim that the operator Tk defined by
Tkge =—v-Vgip on the domain
D(Tx) = {9 e WHQ), 1-p = K1}

generates, on L'(Q), a strongly continuous semigroup.

However, by (H1), there exist g > 0 and

0<ax<l (4.1)
such that
[ K Xeo lo(zr sy, Loy < @ (4.2)
which implies that
KXol ooy < all¥llor,) (4.3)

for all 1 € L1(I'y). Next, let us consider ¢ € (L(T';))4 such that x.,¢ # 0. Now,
clearly the fact that Xgo = Xe, together with the hypothesis (Hs) and (4.3)) lead us
to

Ix=oll = X2, 21 < IK OG0 = [ xe (xeo®) | < allxeo
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whence 1 < o which contradicts (4.1). Therefore, there are no positive boundary
operators K satisfying simultaneously (H1) and (H2).

Finally, note that (4.1)) and (4.2)) imply
1K xeoll oy Lrroy) <1,

and our hypothesis (H1) holds.
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