Electronic Journal of Differential Equations, Vol. 2010(2010), No. 31, pp. 1-10.
ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu
ftp ejde.math.txstate.edu

STABILITY FOR A NON-LOCAL NON-AUTONOMOUS SYSTEM
OF FRACTIONAL ORDER DIFFERENTIAL EQUATIONS
WITH DELAYS

AHMED M. A. EL-SAYED, FATMA M. GAAFAR, EMAN M. A. HAMADALLA

ABSTRACT. In this article, we establish sufficient conditions for the existence,
uniqueness and uniformly stability of solutions for a class of nonlocal non-
autonomous system of fractional-order delay differential equations with several
delays.

1. INTRODUCTION

Let 2(t) = (z1(¢), 22(t),...,2,(t))’, where ' denoted the transpose of the matrix.
Let a € (0,1] and ¢ = 1,2,...,n. Consider the nonlocal problem
n n
Dal‘i(t) = Qjj (t)xj (t) + Z bij (t)ﬂij (t — T‘j) + hi(t), t>0 (11)
j=1 j=1
xz(t) =®(t) fort<0, and 11%1 o(t) =0 (1.2)
t—0—
Pz(t)i=0 =0, B€(0,1] (1.3)

where D® denoted the Riemann-Liouville derivative of order a; A(t) = (a;(t))nxn,
B(t) = (bij(t))nxn, H(t) = (hi(t))nx1, P(t) = (¢i(t))nx1 are given matrices; O is
the zero matrix; r; > 0 are constants.

Fractional differential equations has been studied by various researchers because
they appear in various fields: physics, mechanics, engineering, electrochemistry,
economics; see for example [5]-[], [T1]-[14] and references therein.

In this work, we discuss the existence, uniqueness and stability of solution of
the non-autonomous time-varying delay system -. Abd El-Salam and
El-Sayed [I] proved the existence of a unique uniformly stable solution for the non-
autonomous system

D (t) = A{t)x(t) + f(t) 2(0) =2 t>0

where D2 is the Caputo fractional derivatives (see [10]-[12]), A(¢) and f(¢t) are con-
tinuous matrices. El-Sayed [3] proved the existence and uniqueness of the solution
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u(t) of the problem
°Deu(t) + CDPu(t —r) = Au(t) + Bu(t —r), 0<f<a<l
u(t) =g(t), te€la—ryal,r>0

by the method of steps, where A, B, C' are bounded operators defined on a Banach
space X. Zhang [I5] established the existence of a unique solution for the delay
fractional differential equation

D%x(t) = Agz(t) + Ayz(t —7)+ f(t), t>0, z(t)=0¢(), te€][-r0]

by the method of steps, where Ay, A; are constant matrices. a study of finite time
stability was shown there.
Here we prove the existence of a unique solution for ([L.1)-(1.3]), of the form

oi(t), t<0
T30y aij (B (t) + 3252, big ()2 (t — 7)) + ha(t)}, ¢ > 0.

This solution is in C((—o0,T]), T < oo, and is uniformly stable.

2. PRELIMINARIES

In this section, we introduce notation, definitions, and preliminary facts which
are used thought this paper.

Definition 2.1. The fractional (arbitrary) order integral of a function f € Lq]a, b]
of order o € R is defined by

o= [ “‘F(‘Z;_M ds.

where T' is the gamma function; see [9] [10, [IT], 12].

Definition 2.2. The Riemann-liouville fractional (arbitrary) order derivatives of
order « € (n — 1,n) of the function f is defined by

= %]{:‘—a (t) = ]__‘(nl_a)(;i)n/a (t _ S)n—a—lf(s)d& te [a,b];

see [9 10, [T}, 2]

DG f(t)

The concept of stability can be related to that of continuous dependence of
solution on their initial value. Consider the non-autonomous linear system

T’ (t) = A(t)x(t) (2.1)
with the initial condition z(ty) = 2°.

Definition 2.3. The solution = = 0 of is called stable if for any € > 0,ty > 0,
there exist d(e,tg) > 0 such that ||z (¢, to,2°)|| < € for t > ¢y as soon as ||z°] < 4.
And the solution z = 0 of will be called uniformly stable if d(e,tg) can be
chosen independent of &g : §(e, to) = d(¢); see [2].
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3. EXISTENCE AND UNIQUENESS

Let X = (Cn(I),]-]l1), where Cy,(I) be the class of continuous column n-vectors
functions. For z € Cy,[0,T], define the norm ||z]| = Y7 sup,cpopy{e™ N |zi(t)]}.
For a matrix B define the norm [|B|| = Y77, |b;| = Y71 sup, ; [bi]-

Theorem 3.1. Let a;j,bi;,hi, ¢; be in C(I). Then there exist a unique solution
€ X of ([LI)-(T3)

Proof. For t > 0, equation (1.1 can be written as

%Il’aazi(t) _ Z ais (D3 () + 3 big (s (t = v5) + hi(2)

j=1

integrating both sides of the above equation, we obtain

Il_al’i(t) _ Il—a |t 0= / {Z a” :L‘j ) + Z bij(s)xj(s — Tj) + hl(S)} ds

Porat) = {300+ by (s)ey(s =) + ()} ds.
j=1

j=1
Applying the operator by I%, on both sides,

Tx;(t *IaJrl{ZaU Yt Zbij(t)xj( ;) + hi(t)}
differentiating both side, we obtain
t) = I“{zn: a;;(t)x;(t) + zn:bij(t)xj(t —rj)+h(t)}, i=1,2,....n (3.1)
j=1 j=1
Now let F': X — X, defined by

in:[C“{Zaij(t)xj(t)+Zbij(t)xj( rj) + hi(t)}
j=1

j=1
then

|Fa; — Fyi| = [1°{ Zaij Ha;(t) —y;(t }+Zb¢j Nt —rj) —y;(t —ri)}}]

— g)a— 1 n
- ‘/ : F(o)z) Zaw s){z;j(s) —y;i(s)}
+wa (s){wj(s —rj) —y;(s — )} }ds|

(t—s)t -
< / S 2l (o)l (e) (sl

j=1

t S)a_ Y - (s —1;)|ds
+/0 F(a) ;V) s)|lzj(s — ;) — y;( )|d
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<Zsup|au / =S () — wy(s) s

173

t (ti S)afl
+;i}f};b"j(t)|/0 W\Ij(s —1j) —yj(s —1;)|ds

i bt —s)t
Szai ; W\l’j(s)*yj(SNdS
S)afl
+Zb W@J‘(S*Tj)*yj@*rj)\ds
7j=1
n t t—g a—1
+Zbi/ (F(a))|ﬂfj(57”j)yj($7”j)|d$
j=1 i
n t t—s a—1
<y [l — wslds
j=1"0
i tt—g)ol
+b; /7( F(;) |2j(s —r5) = y;j(s —r;)|ds
=177
and
e N Fx; — Fy,l
n t a—1
(t—>s) “N(t—s) —N
<a VeV |z(s) — y(s)lds
; 0 F(Oé) J J I
b - ¢ (t_s)a —N(t—s+rj) ,—N(s—r;) _ _ d
+ ’Z () e |2 (s —15) — y;(s —1j)|ds
j=1"Ti
<a zn:Sup{e |z (t) —y'(t)|}/t ) —N(t=s)gs
ot J J F(Oé)
ot (-0 —r oy _
+bvz/ ( F(a)]) N(t 9)6 N0|$J(9)7y](0)|d6
j=1"0
n 1 Nt uaflefu
<
o3 suple™ ) = (0} 37 | S
n t— T _ _ . —
0 sl Myt -~} [ S e N0
3 t
J=1

Nt Tl e
b, —Nug=Nrjg
il + ;S“p{"’ l25(0) — 3501} / fage e

—Nr; N(t—r;) 4 a—1
. Nt i ei/ L
ol + Zsup{e g ) = O e | T(a)

j=1
—NTJ

yll +bi Zsup{e M (8) =y (t )I}

j=1
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: by
< Ul Na;bupe a 0) — 5 (1)
i+ b;
< S ey
Then

|Fz — Fy| —Zsupe N\ Fa; — Fy|
=1

<Zal+b *yH

A B
L 181,

Now choose N large enough such that w < 1,sothemap F: X — X isa
contraction and it has a fixed point x = Fx and hence, there exist a unique column
vector x € X which is the solution of the integral equation .

We now prove the equivalence between the integral equation and the non-
local problem (T.I)-(L.3). Indeed, since z € Cy,(I) and I'~*xz(t) € C,,(I) applying
the operator I'~* on both sides of (3.1)), we obtain

Ilf"‘xi(t):I:L*O‘IO‘{Zaij(t)xj +Zblﬂ Jx;(t—r;) +hi(t)}, i=1,2,...,n

=T{D _ai;()z;(t) + > bij(t)z;(t — ;) + hi(t)} .
j=1

j=1
Differentiating both sides,

DIV, (8) = DILY g (0)2,0) + 3 byt~ 15) + ().
j=1
Then
)= ai(t)z;(t +wa Ja;(t—15) + ha(t), >0
j=1
which proves the equivalence of (| and .
We want to prove that lithOJr x; = 0. Since z;(s), a;;(s), hi(s) are continuous

on [0,T], there exist constants I, L;, m;, M; such that [; < a;;(s)z;(s) < L; and
m; < hi(s) < M;. We have

Ia{z aij(t)z;(t) + hi(t)} —/ FZ: Zam + hi(s) }ds

which implies

{Zl+mz}/ S<I°‘{Za” )z (t) + hi(t)}
S{ZLj+Mi}A %ds
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which in turn implies

Zl +ml}

and

<1 Zam J; (t) + hi(t)} < {anLﬁMi}

tO(
I'a+1)

lim I¢

t—0+

{Z aij(t)a;(t) + hi(t)} = 0.

Since b;;(s), ¢;(s —rj) are continuous on [0, 7;], there exist constants k;, K; such
that k; < b;;(s)¢;(s —r;) < Kj. Also b;;(s),z;(s — rj) are continuous on [r;, 77,
then there exist a constants k7, K such that k; < b;;(s)z;(s —rj) < K. Let
k = miny;{k;,k;} and K = maxv]{ i, K7}, we have

I“Zbij(t)xj(t—rj)

which implies

rj)ds + / (t}(sc);_ Z bij(s)xj(s —rj)ds

Ti j=1

- T (t — S)O‘*l n /t (t . 5)(171
k/ ———ds+ k* Y Y ds
; " Jo INGY) ; S N ()
<I™Y byt — 1))
j=1
n Tj (t _ S)afl n . /t (t o 8)0171
< i .
_ZKJ/O o) ds+Y_K; T
Jj=1 Jj=1 J
which implies
- t (t—rj) s
;kj(F(a+1) P(a+1) )+Z JF <1 gb”(t)xj(t T;)

- te (t —r;)® n L (t—ry)e
S;Kj(r(aﬂ)_r(a+1))+;sz(a+I)
Then
te N~y s
My <1 O < K,
and

lim I¢
t—0+

Then from (3.1)) lim;_,¢+ z; = 0.

Z bij(t)z;(t

’I“j) =0.
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Now for t € (—o0,T],T < oo, the solution of (1.1))-(1.3) takes the form
IO‘{ZJ paij () () + 3252 big ()t — ) + b(8)}, t>0

4. STABILITY

In this section we study the stability of the solution of the nonlocal problem
[1)-[3).

Definition 4.1. The solution of the non-autonomous linear system is sta-
ble if for any e > 0, there exist § > 0 such that for any two solutions z(t) =
(z1(t), z2(2), . xn(t))’ and Z(t) = (71(¢),Z2(t),...,%,(t)) with the initial con-
ditions . and {IPZ(t)}t=o = 0, B € (0, ] Z(t) = ®(t) for t < 0 and
lim;_,0 ®(t) = O}, respectively, one has [|®(t) — ®(¢)|| < 0, then ||z(t) — z(t)| < €
for all t > 0.

Theorem 4.2. The solution of the nonlocal delay system (1.1)-(1.3)) is uniformly
stable.

Proof. Let x(t) and Z(t) be two solutions of the system (1.1)) under the conditions
(T:2)-(T.3) and IPZ(t)|i=0 = 0, Z(t) = ®(t), t < 0 and lim;_o ®(t) = O, respectively.
Then for ¢ > 0, from (3.1)), we have

n

|z — @] = \IO‘{Z aij (8) (5 (t) = T5() + > big (1) (w (t — r5) = T5(t —75)}|

Jj=1

t— s -
< / {Z lais(5) |25(5) — F5(5)|

+Z|bw Mzj(s = rj) = 25(s —rj)|bds

<Zsup|aw ) / %|xj<s>—fj(s>|ds

17.7

+Zsup|bw 01 [ et =) = Bs = rplds

17]
)al

<Zal/ oyt = dy ()]s

J — s a—1 ~
+Zbi/0 trw)é)|¢j(57'j)¢j($7"j)|d5

)al

" Zb / Ty F(s ) — s —ry)lds

and

B_Nt|.’17i — %z‘
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n t a—1
(t—>s) ~N(t—s) —N ~
< ay / — ¢ eV xi(s) — x;(s)|ds
)y T A5 =%
+ b Zn: /Tj MefN(tme)efN(sfm)|¢,(3 — 1) — di(s —r;)|ds
(3
2 Jo () j j j J
- ! (t — S)ail —N(t—s+r;) ,—N(s—rj) ~
eri; .We ile Naj(s—r;) —T;(s —r;)|ds
- —Nt ~ ft—s)! —N(t—s)
< ai;SI;P{e |z (t) — z; ()]} . T °© ds

n 0 t—0—r. a—1 ~
Y [ e N0 0, 0) - 5 )10

Zn Nt N T O t—0—r)*" _N(t—6)
+ bz Slip{e |¢] (t) (b] (t)|} F(Oé) € de
j=1 =T

n t—r; a—1
' . SN () I (t—0—ry) _N(t—6)
03 suple ™0 - 50 / e g

Q;

< el () = 7O

67N7"_7' Nt uaflefNu
/ I

bi - . —Nt i _Nj R
0 sl 0 o0 [

n Nt _ efN’l“]‘ N(t—rj) uozflefu
+b; ngp{ef |2 (t) — xj(ﬂ”’w/ Wdu
=1
a; ~ bl - —Nr; — ~
< o llzi®) = 2O + w5 > e sup{e N () — 20}
=1

bi o~ _ - ~
v 2o e N sup{e V0, (1) — d(1))
j=1

< Nallos® =B+ 7 S swpleos0) - B0}

b — N ~
+5a ngp{6 N (1) — o5 (1)}
j=1

b;
Na

< a; + b;

o — D
< e l I

l — || +
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Then
r—z| = sup e T — T
o=l =3 supe™
n a2+bl - n bz g
<3 patlle =3+ X lle -3
Al + 1Bl ~r ., Bl %
< THQJ -zl + WH‘I’ — @f;
ie.,
Al + 1Bl ~1 — 4l %
(1- )l —al < lle - 8
and

. JAL+1BIN o _ 5
lo 3l < (1= 22520 lle - @)

therefore, for > 0 such that ||® — ®|| < 4, we can find € = (1- W)fld such
that ||z — Z|| < e which proves that the solution z(t) is uniformly stable. O
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