Electronic Journal of Differential Equations, Vol. 2010(2010), No. 99, pp. 1-5.
ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu
ftp ejde.math.txstate.edu

STABILITY OF DELAY DIFFERENTIAL EQUATIONS WITH
OSCILLATING COEFFICIENTS

MICHAEL I. GIL’

ABSTRACT. We study the solutions to the delay differential equation equation
z(t) = —a(t)z(t — h),

where the coefficient a(t) is not necessarily positive. It is proved that this

equation is exponentially stable provided that a(t) = b+ ¢(¢t) for some positive

constant b less than 7/(2h), and the integral fg c(s)ds is sufficiently small for

all t > 0. In this case the 3/2-stability theorem is improved.

1. INTRODUCTION AND PRELIMINARIES

This article concerns the equation
z(t) = —a(t)x(t — h), (1.1)

where & = dx/dt, the delay h is a positive constant, and a(t) a piece-wise continuous
function bounded on [0, 00). We do not require that a(t) be positive, and therefore,
the “characteristic function” z + a(t)e™*" can be unstable for some t > 0.

The sharp stability condition (the so called 3/2-stability theorem) for first-order
functional-differential equations with one variable delay was established by Myshkis
[B] (see also [M]). A similar result was established by Lillo [3]. The 3/2-stability
theorem asserts that is uniformly stable, provided that 0 < ha(t) < 3/2 for all
t > 0. The upper bound 3/2 is the best possible. In fact, if hsup, a(t) > 3/2, then
there are equations having unbounded solutions. The 3/2-theorem was generalized
to nonlinear equations and equations with unbounded delays in the very interesting
papers [0l [7, [§]. In this article, under some additional conditions we improve the
3/2-theorem.

We consider as a perturbation of the equation

y(t) = —by(t = h) (1.2)
with a positive constant b < 7/(2h) satisfying a condition stated below. The
fundamental solution to (1.2)) is

1 [P e*tdy
Fb(t) - 7/
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For a function f defined and bounded on [0,00) (not necessarily continuous), we
introduce the norm ||f|l« = sup;>q |f(t)]- So |la[lec = sup;>qla(t)|. In addition,
put

1l = / F(1)dt,

if the integral exists. Now we are in a position to formulate our main result.

Theorem 1.1. Let there be a constant b € (0,7/(2h)), such that
t

wp :=sup| [ (a(t) — b)dt|
>0 Jo

is finite and satisfies the inequality
1
S TR el T
Then 1s exponentially stable.

(1.3)

This theorem is proved in the next section. Its assumptions are sharp: if a(t) = b,
then wy, = 0 and condition is automatically fulfilled.
Furthermore, let
ehb < 1. (1.4)

Then Fy(t) > 0 and (1.2)) is exponentially stable, cf. [2] and references therein.
Now, integrating (1.2)), we have

oo

1=F,(0) = b/ Fp(t — h)dt = b/ Fy(t — h)dt = b||Fp||1-
0 h
Thus, Theorem [T.1] implies the following result.
Corollary 1.2. Let (1.4) and
< e —
2+ ol
hold. Then (1.1) is exponentially stable.
Now for a positive constant w, let
a(t) = b+ u(wt), (1.6)

where u(t) is a piece-wise continuous function such that

¢
Uy 1= Sup |/ u(s)ds‘ < 00.
t 0
Then .
wy, = sup |/ u(ws)ds| = vy /w.
t 0

For example, when u(t) = sin (¢), then v, = 2. Now Theorem and (1.5) imply
our next result.

Corollary 1.3. Let (1.4), (1.6) and
> Vu (3 + ||ulloo)
b
hold. Then (1.1)) is exponentially stable.
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Example 1.4. Consider the equation
= —bx(t — 1) + cosin(wt)z(t — 1), (1.8)

where b, cy are positive constant with b < e~!. Then v, = 2¢2 and (1.7)) has the
form
2¢o(3b
> 2(3b + c2)
b
In summary, for each ¢y there exists an w, such that (1.8) is exponentially stable.

Meanwhile, the 3/2-stability theorem requires the additional condition co+b < 3/2.
Therefore, Theorem supplements the interesting results obtained in [IJ.

. (1.9)

2. PROOF oF THEOREM [L.1]

For simplicity, we put F(¢t) = F(t). Due to the Variation of Constants Formula
the equation
B(t) = —ba(t— ) + f(t) (¢ 0),
with a given function f and the zero initial condition z(¢) = 0 (¢t < 0) is equivalent
to the equation

t
o(t) = / F(t - 5)f(s)ds. (2.1)
0
Recall that a function G(t,s), (t > s > 0) differentiable in ¢, is the fundamental
solution to (|1.1)) if it satisfies that equation in ¢ and the initial conditions
G(s,s)=1, G(t,s)=0 (t<s, s>0).

Put G(t,0) = G(¢). Subtracting ([1.2)) from (1.1]) we have

%(G(t) —F(t))=-b(G({t—h)—F(t—h))+c(t)G(t—h)

where ¢(t) = —(a(t) — b). Now implies
G(t)=F(t)+ / F(t — s)c(s)G(s — h)ds. (2.2)
0

We need the following simple lemma.

Lemma 2.1. Assume that on each finite segment of the real azis, functions f(t)
and v(t) are boundedly differentiable and w(t) is integrable. Then with the notation

Juw(t,T) = / w(s)ds (t>71 > —00),

the equality
t

[ Hwe)es)ds = F07u(t. o) ~ [ 17 Guls.70(s) + )0 (5)ds

T

s valid.

Proof. Clearly,

%f (O)dw(t, T)o() = /(D) jw(t, TIv(E) + F(Ow(E)v(t) + £(E)juw(t, T)0'(?).

Integrating, this equality and taking into account that j,(7,7) = 0, we arrive at
the required result. [
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Put J(t) := f(f c(s)ds. By the previous lemma,

/0 F(t—7)e(r)G(r — h)dr

dG(r — h)

= F(0)J()G(t — h) /O [m.](f)a(f —h) + F(t =) J(r) =22

dr } dr.

However,

dG(t — h)
dr
Thus,

dF(t—7)  dF(t—71)
= —a(t—h)G(T—2h) and o =-— =bF(t—7—h).

/0 Pt — 1)e()Gl(r — h)dr
= J(t)G(t—h)-l-/tJ(T)[—bF(t—T—h)G(T—h)
0
+ F(t — T)a(r — h)G(r — 2h)} dr.

Now ({2.2)) implies the following result.

Lemma 2.2. It holds that
G(t) = F(t)+ J(t)G(t — h) + /Ot J(r) [ —bF(t— 7 — h)G(r — h)
+ F(t—7)a(r —h)G(T — 2h)] dr.
From the previous lemma,
1Gllos < [1Flloo + IGllccws[1 4 (b + llalloo) | F[| 1] -
If condition holds, then
0 :=wp[l+ (b+ [laflco)[[Fl[L2] <1
and therefore,
Gl < Wee. (23
So the stability of is proved. Substituting
z(t) = e“x(t) (2.4)
with € > 0 into , we have the equation
Be(t) = exc(t) —a(t)ex (t — h). (2.5)

If € > 0 is sufficiently small, then considering (2.5) as a perturbation of the equation
y(t) = ey(t) — be"y(t — h), and applying our above arguments, according to
we obtain ||z|| < oo for any solution z. of (2.5). Hence (2.4) implies |z(t)| <
e~ |zc||s for any solution z of (L.I).
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