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NONLINEAR DELAY INTEGRAL INEQUALITIES FOR
MULTI-VARIABLE FUNCTIONS

HASSANE KHELLAF, MOHAMED EL HADI SMAKDJI

ABSTRACT. In this article, we establish some nonlinear retarded integral in-
equalities in n independent variables. These inequalities represent a general-
ization of the results obtained in [1} [9,[12] for function of one and two variables.
Our results can be used in the qualitative theory of delay partial differential
equations and delay integral equations.

1. INTRODUCTION

In the study of ordinary differential and integral equations, one often deals with
certain integral inequalities. The Gronwall-Bellman inequality and its various lin-
ear and nonlinear generalizations are crucial in the discussion of the existence,
uniqueness, continuation, boundedness, oscillation, stability and other qualitative
properties of the solutions of differential and integral equations. The literature on
such inequalities and their applications is vast; see [3| 4, [7, [8, [15] and references
therein.

During the past few years, investigators have established some useful and inter-
esting delay integral inequalities in order to achieve various goals; see [2, [6, 10, 111
14] and the references cited therein.

Let us first list the main results of [II [, [12], for functions with two variables for
u(z,y) € (A € RE, Ry ):

Inequality by Ma and Pecaric [9, Theorem 2.1]:

m ari(z) Py
up(x,y):k+2/ / ai(s,t)ul(s,t)dtds

1z(w0 11( U)
! (1.1)
azj(z) B2;(y
+Z/ (s, t)ul(s, t)w(u(s, 1)) dt ds.

azj(zo) J B2; (yO)
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Pachpatte’s inequality [12, Theorem 4];

3:y—k:+// a(s,t)g1(u(s,t))dtds
Yo

B(y) (1.2)
/ / b(s,t)ga(u(s,t))dtds.
a(zo) v B(yo)
Cheung’s inequality [I, Theorem 2.4]:
a(z)  rB(y)
(xy)—k—f—— / a(s,t)ul(s,t)dtds
a(ﬂﬂo) B(yo) (1.3)

v(r)
—|—/ / b(s,t)ul(s,t)p(u(s,t)) dtds.
v(@o) Y (vo)

However, sometimes we need to study such inequalities with a function ¢(x) in
place of the constant term k. Our main result, for functions with n independent
variables, is given in the inequality

(@)
olu )+ Zd / a5 (o, ) (u(t))wr (u(t))dt
g

3(2°)

2 l Ek(f)b . (1'4)
T z,t)P(u(t))ws (u(t))dt,
#3000 )

where ¢(z) is a function and all the functions which appear in this inequality are
assumed to be real valued of n variables.

It is interesting to note that the results — can be deduced from our
inequality in some special cases. As applications we give the estimate solution
of retarded partial differential equation.

The main purpose of this article is to establish some nonlinear retarded integral
inequalities for functions of n independent variables which can be used as handy
tools in the theory of partial differential and integral equations with time delays.
These new inequalities represent a generalization of the results obtained by Ma and
Pecaric [9], Pachpatte [12] and by Cheung [I] in case of the functions with one and
two variables. We note that the inequality is also a generalization of the main
results in [Bl [16].

2. MAIN RESULTS

In this article, we denote R’} = [0, 00) which is a subset of R™. All the functions
which appear in the inequalities are assumed to be real valued of n-variables which
are nonnegative and continuous. All integrals are assumed to exist on their domains
of definitions.

For o = (@1, ®2,...,%,), t = (t1,t2, ..., tn), 2° = (2,29,...,20) € R", we shall
denote:

aj1(z1)  poje(we) ajn(Tn)
/ dt = / / / dtndtl, j:1727...7n17
a; (z0) o ajz(z3) oy (29)

in(

,3k(51? ﬁkl Il) Bra(z2) Brn(xn)
/ / / dtndtl, k:1,2,...,n2,
Br(x) Br1 () k2 ( Brn (x9)
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with n1,np € {1,2,...,}. For z,t € R"}, we shall write ¢ < 2 whenever t; < 3,
i=1,2,...,nand > zy > 0, for z,z° € R%.

We denote D = DyD5 ... D, where D; = 8%1" for i = 1,2,...,n, We use the
usual convention of writing > __,u(s) = 0 if 0 is the empty set.

a;(t) = (j1(t1), aja(ta), ... ajn(tn)) €RY forj =1,2,... n;
Br(t) = (api(ty), analta), . agn(tn)) €RY for k=1,2,...,n.

We denote &;(t) <t for j = 1,2,...,ny whenever a;;(t;) <t fori=1,2,...,n
and j = 1,2,...,n1, and Bk(t) <tfor k =1,2,...,ny whenever fi;(t;) < t; for
i=1,2,...,nand k=1,2,...,n9

Our main results read as the follows.

Theorem 2.1. Let ¢ € C(R},Ry), wi,wy € C(RL,Ry) be nondecreasing func-
tions with w1 (u), wz(u) > 0 on (0,00) and let aj(x,t) and by(x,t) € C(R} xR}, Ry)
be nondecreasing functions in x for every t fized for any j = 1,2,...,nq, k =
1,2,...,n2. Let oy, Bri € Cl(Ry,R) be nondecreasing functions with aji(t) < t;
and Bri(t;) < t; on Ry fori=1,2,...,n; j =1,2,...,n1, k = 1,2,...,n9 and
p>q=>0.
(A1) If ue C(R},R,) and
M o rag(z)
uP(x) < e(x) + Z/ aj(z, t)ul(t)dt

= /a0

(2.1)

n2  Bk(x)
+y /~ bi (2, £)u? () w1 (u(t))dt,
k=1 B (a°)

for any z € R} with 20 < t < x, then there exists * € R%, such as for all
0 *
z’ <t <zx*, we have

Br(x)

_ P— 1/(p—q)
u(z) < (03 Yy (p(x) + —= /~ bi(x, t)dt . (2.2)
Where

_ 71 a; (x)
pa) =< (@) 1 IS [ ety 23)

p j=1 a; (x0)

5
qfl(a):/ LR S (2.4)
o wi(sp=1)

Here, U1 is the inverse function of W, and the real numbers z* are chosen so that
_ n Br(x _
Ui (p(o)) + B4 2[5 5) b, t)dt € dom(Wr).
(A2) If ue C(R},R,) and
M eag(w)
uP(z) < clx) + / a;(a, tyud (t)w (u(t))dt
@; (z9)

j=1

(2.5)

n2  Bk(x)
+) /~ by (2, £)u? (£)ws (u(t))dt.
1 Br(20)
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(i) In the case wo(u) < wi(u), for any x € R with 2 < t < x, there exists
& € RY, such as for all 20 <t < &, we have

u(@) < (U7 (TP (@) + e(w))

(ii) In the case wi(u) < wo(u), for any x € R with 3° < t < x, there exists
o € R?, such as for all 2° < t < &, we have
+

u(z) < (\p;l(%(c@*@@(m)) +e(x))

1/(p—q)

)

)1/(1)—(1)

where

xtdt}

Z/MO) xtdt—i—Z/

\Ifi((S):/é (dsl, 0> 00>0, fori=1,2.
o Wj

.Sﬁ)

Br (z°)

Here, ‘I’i_l is the inverse function of\I/ and the real numbers &; are chosen so that
Uy (cP=D/P(2)) + e(z) € dom(¥; 1) fori = 1,2 respectively.

The proof of the above theorem will be given in the next section.

Corollary 2.2. Let the functions u,c,wi,a;,by (j =1,2,...,n1; k=1,2,...,n7)
and the constants p,q be deﬁned as in Theorem [2.1] and

aj(z) paj y)
uP(z,y) < c(z,y) + / / i(z, oy, s, t)ul(s,t)dsdt
a;(zo D‘J(Z/O)
(2.6)

ﬁk(ﬂc) 5k(y)
/ (z,y, s, t)ud(t)wy (u(t))dt,
—1 Y Br(zo0) Bk(yﬂ)

for any (z,y) € RA withzg < s <z and yo < t <y, then there exists (z*,y*) € R},
such as for all xg < s < x* and yg < s < y*, then

_ p—q 1/(p—q)
u(z,y) < (U (it y) + A Bu)]) (2.7)
where
pl(xa y) = C(p_q)/p(xvy) + Z%Al(xvy)a
n ag(@) poy(y)
Ay(y) = Z/ a5 (2,9, 5,1) ds dt,
aj(zo) Ja;(yo)
Br(x) ﬁk(y)
/ (x,y,s,t)dsdt,
Br(z0) 7 Br(yo)
and
vy = [ ds §>8>0 2.8
(6) = ] W? > 09 > 0. (2.8)

Here, U~1 is the inverse function of ¥, and the real numbers (z*,y*) are chosen
so that ¥(pi(z,y)) + P4 B (z,y) € dom(¥~1).
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Remark 2.3. Setting a;(z,y, s,t) = a;(s,t), bi(x,y, s,t) = bi(s,t) and c(z,y) =k
> 0 in Corollary we obtain Ma and Pecaric’s result [9, Theorem 2.1].

Remark 2.4. Defining aj(x,y,s,t) = ﬁaj(s,tL bi(x,y,s,t) = p"%qbk(s,t)
c(z,y) = k > 0 (Constant) and j = k =1 in Comllary we obtain Cheung’s
result [T, Theorem 2.4].

Obviously, (L) —(L.3) are special cases of Theorem[2.4 So our result includes
the main results in [9) 12] [].

Using Theorem [2.I] we can get some more generalized results as follow:

Theorem 2.5. Let the functions u,c,w;,a;,by (1 = 1,2, j = 1,2,...,m, k =
1,2,...,n1) be defined as in Theorem [2.d Moreover, let ¢ € C(Ri,Ry) be a
strictly increasing function so that lim,— . p(x) = 00, and let & € C(Ry,R;) be
nondecreasing function with ®(x) > 0 for all z € R}.

(B1) If u € C(R?,R.) and

Mo pag(w)
e(u(z)) < c(z) + Z/~( ., a;(z, )P (u(t))dt
+ ;; /Ek(xf’) bi (z, £) D (u(t))ws (u(t))dt,

for any v € R} with 20 < t < z, then there exists x* € R?, so that for all
29 <t <z*, we have

u(@) < ¢ (G YT (Ui (n(2)) + B())]), (2.10)
where

m(x) = G(c(z)) + A(z), (2.11)
Ax) = i/aj(w) (z,t)dt (2.12)

- j=1"a;(°) T .
B(z) = i/ak(m)b (x,t)dt (2.13)

=R s '
G(x) = / q)((pdi(s))’ x> x>0, (2.14)

)

U, (6) :/6 wi(¢1zlél(s)))7 §>00>0,i=1,2. (2.15)

The real number x* is chosen so that Uy (7 (x)) + B(x) € dom(¥;!).
(B2) If uc C(R},R,) and
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(i) When wa(u) < wi(u), for any v € RY with z° < t <z, there ewists & € R, so
that for all ° <t < &1, we have

u(z) < o H(GTHIT (T (Gle(z))) + A(z) + B(z))]).

(i) When w(u) < wa(u), for any x € R with 2° <t < =z, there emists & € R,
s0 that for all z° <t < &, we have

u(z) < o N (GTHISH(U2(Gle(z))) + Az) + B(z))]).

Where A, B,G and V;(i = 1,2) are defined in ([212)-2-15), ¥; "' is the inverse
function of U; and the real numbers &; are chosen so that V;(G(c(z))) + A(z) +
B(x) € dom(¥; ') for i = 1,2 respectively.

Many interesting corollaries can also be obtained from the above theorems (in
the case of one or n independent variables).

Corollary 2.6 (Inequality in one variable). Let p > ¢ > 0, ¢ > 0 be constant and
wy,wy be defined as in Theorem [2.1, Moreover, let aj(x,t) and by(z,t) € C(Ry x
R, Ry) be nondecreasing functions in x for every t fized and o, B, € CH(Ry,Ry)
be nondecreasing functions with oj(t) <t and Br(t) <t; onRy forj=1,2,...,n,
k=1,2,...,n0 foranyj=1,2,...,n1, k=1,2,...,n9.

(C1) Let u € C(Ry,Ry) and

ni aj(x)
w(z)P < P/ P=a) 4 ﬁ Z/ a;(z, t)u(t)?dt
- = Jo

n2

D Br (@) .
+ qu I;/Q bk(x,t)u(t) wl(u(t))dta

for any x € Ry with 0 < t < x. Then there exists (z*) € Ry, so that for all
0<t<z* we have

u(z) < (07 (W (r(x)) + B(x))]) /0. (2.16)
Where ©t(z) = ¢ + A(z) and
o eog (@)
Az) = ;/@ a;(x, t)dt, (2.17)
Ba) =S ﬁk(z)b t)dt 2.18
(x)—;/o o(z, )t (2.18)
J ds .

Where the real number x* is chosen so that U1 (r(z)) + B(x) € dom(¥; ).
(C2) If ue C(RL,Ry) and

ny aj(x)
w(z)? < /=9 4 _P Z/ a;j(x, t)u(t)ws (u(t))dt
pP—ai=Jo
no

p Bi (@) .
+Hk§ /0 bi (2, )u(t) ws (u(t))dt.
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(i) In the case wa(u) < wi(u), for any z,t € Ry with 0 <t <z, we have

) < ule) < (97 (¥1(0) + Ale) + Bla)))) ¢,

(i) In the case wi(u) < wa(u), for any x,t € Ry with 0 <t < x, we have
u(@) < ule) < (W3 (Va(0) + Alw) + Bla)))) /7.

Where ¥;, A, B (i =1,2) are defined in (2.17)-(2.19).

Remark 2.7. (i) Corollary [2.6] (C1) reduces to Sun’s inequality [16, Theorem 2.1]
in case of one variable (n = 1) when a;(z,t) = a;(t), bx(z,t) = bi(t), Bx(z) = ()
and j =k =1.

(ii) Corollary (C2) reduces to Sun’s inequality [16, Theorem 2.2] in case of
one variable (n = 1) when a;(x,t) = a;(t),by(x,t) = bi(t), fr(z) =vand j =k =1
and wy = ws.

u(x

Remark 2.8. Under some suitable conditions in (B1), the inequality (2.9)) gives a
new estimate for the inequality (2.1)) in (A1).

Theorem 2.9. Let the functions u,c,,p, ®,w;,a;,b, (i = 1,2, j = 1,2,...,n4,
k=1,2,...,n1) be defined as in Theorem and If

n1 a;(z)
p(u(x)) < c(z) + Zdj(l')[’v( 5 a; (@, )@ (u(t))wi (u(t))dt

B ()

Z Ie(z /B bi (2, 1) D (u(t) )wa (u(t))dt,

i (20)

for any x € R}, we have

u(e) < o7 (G (WG (@) + Alx) + B())]),

where
_ 1 a; ()
x) = Zdj (x)/ aj(z,t)dt,
i a;(z%)
Br(z)
Z lk / k ($7 t)dt.
Br ()

Corollary 2.10. If

a(x)
WP (@) < e(z) + /0 a(B)ut () + b()u? (1)t

for any x € R} with 20 < t < z, then there exists x* € R%, so that for all
20 <t <a*, we have

@) < L wyexp [ L [ ) +bit)d
u(x) < cheXp[i/ a(t) + tt}
p—q pb—4qJo

Remark 2.11. (i) Theorem reduced to [5 Theorem 2.2] in the case of one
variable, when ¢(z) =z, bi(z,t) =0,wi(t) =1,j=1land n=1

(i) Theoremis also a generalization of the main result in Lipovan [5, Theorem
2.1] in case of one variable, when ¢(z) = z, bi(z,t) = 0, wi(t) = 1, ®(¢t) = 1, for
any z,t € Ry(n=1) and for j = 1.
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Remark 2.12. (i) Under some suitable conditions, Theorem [2.9| reduced to Theo-
rem 2.3 and Theorem 2-4 in case of two variables of the main results in Zhang and
Meng [17].

(ii) Under some suitable conditions in Theorem we can also obtain other
estimations of the Ma and Pecaric’s inequality and the main results in [9].

Remark 2.13. Theorem further reduces to the main results in [I Theorem
2.1, 2.2, 2.4] and the results in [13].

3. PROOF OF THEOREMS

Since the proofs resemble each other, we give the details for (A1) in Theorem
only; the proofs of the remaining inequalities can be completed by following the
proofs of the above-mentioned inequalities.

Proof of Theorem (A1). Fixing arbitrary numbers y = (y1,...,y,) € R} with
20 <y < z*, we define on [2°;y] a function z(x) by

a; (w
y) + Z/ iy, )l (t)dt + Z/ wd ()ws (u(t))dt. (3.1)
xo) k(wo)
Then z(x) is a positive and nondecreasing function with z(z°) = ¢(y), and
u(x) < z(2)VP, x e 2%y (3.2)
We know that
DD, .. Z a;(y, a;(x))ul(a;(z))aj oy . .,

+ Z by (y, B; (x))u (B (x))wi (u(B () BhaBra - - - B
k=1

. (3.3)
< 217 () [Z a;(y, & (x))afjy (x1)afs(x2) - . 0y, (2n)
j=1
+ Zb o) yun (17 (35 @) B B - B |-
Using the above inequality, we have
DlD;/p ) < [zaj .8 (@)) ol (1) (@) .. @y ()
(3.4)

b3 850 By @) r (P G ) i BB
k=1
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Using D1 Dy --- D, _12(x) > 0, 22(4=P)/P(z) > 0, D, (x) > 0 and(3.4), we have

9
p

DlD e anlz({l?)
D"( 22‘1/1’(33) )
D1D2 tee DnZ(l‘)
ZQ/I’(Q;)

< 0508 (@) (@) (w2) )

+ 3 by, @) (=7 (Bu(@)) B B - Bl

Fixing x1,®2,...,2,_1, setting z,, = t, and integrating (3.5 from 22 to z,, we
obtain

D1D2 s Dn_lz(az)
zq/P(x)

ni a]n($n)
< Z/ (2) aj(y,aj1($1),04j2($2)7"' 7O‘jn71(xn71)aajn(tn))
Jj=1 Ajn Ty

X 0 Qg -y, dty
ﬁkn(mn)
+ Z/ y ﬂkl(xl) /BkQ(xQ)a e ’ﬁkn—l(xn—l)atn)
X wi(z /p(ﬁkhﬁkm o Brn—1,t0)) Bt (1) Bra(22) -+ Brp_1 (Tn—1) dts.

Using the same method, we obtain

Dy z(x)
zQ/P(x)
jn (Tn) ajn(Tn)
< Z [/ / aj(y,ajl(xl),tQ,...,tn)ajl(xl)dt dt2:|
J”(x%) ijn(w?b) (3.6)
2 Bin (@n) Bin(Tn)
[ Bt ta e t)
k=1 jn (29,) Bin (7))
X wi (22 (B (21), b2, £0)) B (1)t . .

Integrating (3.6)) form 29 to 1, we obtain

Z(:v—q)/p(m) <
p—q p—q

o ed;(y)
PP (y) 4+ / a;(y, t)dt

j=1@;(°)

2 (Be()
+Z/5 be(y, t)ws (2177 (¢))dt,

K (20)
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for all z € [2°;y], which implies that

p q 71 a](y
2P 0/p () < Pm0/p(y /
p j=17% 10)
B ()
p—q 1/
+— /~ bi (y, t)w1 (2P (t))dt.
p Z Br(x?)

Setting 71 (z) = 2P~9/P(z), [3.7) can be rewritten as
_ n2 Ek(x)
ri(z) < p(y) + b—1 Z/~ br(y, t)wl(r}/(pfq) (t))dt.
p B (°)
Defining v(zx) on [2°;y], by

o, 2 Br(x)
v(@) =ply) + =4S / by, £)un (r 9 (1),
P = e

by (3.8), we have v(2°) = p(y) and
ZP=D/P(z) < v(x),

and

DDy --- Dyo( b1 Zbk B (@))wr (1P (Bi(2))) B By - -

< % S b B ) s (0 = By () B Bl -
k=1

Using the same method as above, we obtain
Dyv(x)
w1 (v(x)/P=9)

Bjn(Tn) Bjn(Tn)
<Pz qz [/ /ﬁ b (Y, Bk1 (1) ta, - - s ) Bgy (1)t

in (29,) in (29,)

Integrating form a9 to x;, we obtain

p—q B (=)
@) < Bw) S [ i

from (|3.10) and for any arbitrary y, we obtain
n2 B (y)
_ pP—q
o) < U [ + 1S [ ngar]
p k=1 Br(z°)
From (3.11)) and (3.9)),
_ g2 Br(y) /(p—q)
_ p q p/\P—4q
) < (07 [0ao) + 200 [ gna] )
p k=1 Br ()
By B2 and (B2,
n2 B (y)
_ pP—q
) < (457 1) + 220 [
k=1

p ke (x0)

be (v, t)dt} ) 1/(10*!1).

(3.7)

Ben

Bjen

odta].

(3.10)

(3.11)

(3.12)
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Since y < z* is arbitrary, the proof is complete. ([l
Proof of Theorem[2.9. Fixing arbitrary numbers 7 = (71,...,7,) € R} with 2% <
7 < &, we define on [2°; 7] a function z(z) by

a;(x)

+Zd / , 4 DR )

Y L) /~ o o r ) (8w .
Pt B (20)
Then z(z) is a positive and nondecreasing function with z(z%) = ¢(7), and
u(@) <7 (z(2)); @€ [2%7].
We know that
DiDs - Dy2(z)

= Zd 7)a; (7, a;(2)) @ (u(@;(x)))w (w(@;(2)))aj ey . . . afy,
+Zlk Yoi (7, B ()@ (w(Br () ywa (w( B (2))) Bra Bra - - - Bien
<P [Zd T)a; (T, & (x ))wl(w_l(z(&j(x)))aglagg o,

+sz )bu (7, B (@) wa (0™ (2B 2)) B By - B

Using the same method in proof of the Theorem and for all € [2°;7], which
implies that

A2) <G [ +Zd /a ).(T,t)wl(u(t))dt

5(@0)

b (T, t)wg(u(t))dt] .

We have v(z%) = G(c(7)), 2(z) < G (v(z)), and

Then we obtain

DiDs - Duv(x) 3 (T)aj(1,a;(z))aly (z1)as (@ ol (x
wl(@_l(G_l(U(l‘)))) < {Zd]( ) J( ) J( )) jl( 1) g2( 2) J’n( n)

Jj=1
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+ Z I(r (2)) B (1) B (w2) - B ().
Using the same method as above we obtain
‘(I B ()
Uy (v(2)) < +Zd / ) dt+2lk / b (7, D).
a; (IO) Br(°)
From which we have
" a; ()
o) SV G + 3 [ et
j=1 a;(x0)

_ (3.14)
n2 Bi(T)

+3 U(r) /N by (7, t)dt} ,

k=1 B (x0)

for any arbitrary numbers 7 € R}, with 20 < 7 < & From and (| -7 we
obtain

u(r) < <p71{G71 (\1/1—1{ )+ E d;( / a;(T,t)dt
a;(z%)
2 Br(T)

+Zlk(7)/~

b (7, t)dt} ) }
k=1 Br (z0)
Since 7 is arbitrary and 7 < £, we obtain the result in the Theorem [2.9] a

4. AN APPLICATION

In this section we present an immediate application of our results (Theorem
and Corollary [2.10) to study boundedness of solutions of delay partial differential
equations. First we consider the nonlinear partial delay differential equation in R™:

DuP(z) = h(z,u(z),u(z — a(z)),

up(onyax?n s axn) = Cl($1),
uP (0, 22,23, ... Tn1,%n) = Cn(zy) (4.1)
uP(o2im1,0, 2541, ) = ¢x;) for i =2,3,...,n— 1,

¢i(0)=0 fori=1,2,...,n

For z = (z1;32,...,2,) € R} and a(z) = (a1(z1), a2(x2), ..., an(z,)) € R

for o, ¢; € CY(R4,Ry) for i = 1,2,...,n. Where h : RY x RxR — R, is a

continuous function. Assume that these functions are defined and continuous on
their respective domains of definition such that

a(z) <z, forall x = (x1;29,...,2,) € R, (4.2)

|h(@,u,v)| < a(x)[v(z)|? + b(x)[v(z)]”, (4.3)

for x € R, where p > ¢ > 0 is a constants and a(z),b(z) are nonnegative, con-

tinuous functlons defined for x € R’}. For any solution u(x) of the boundary value

problem (4.1)),

uP(x) = c, (x;) / h(t,u(t), u(t — a(t))dt, (4.4)
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For all z,t € R} with 0 < ¢ < x. Using (4.1), (4.3) and a suitable change of
variables in (4.4)), we have

a(@) ~
|uP(z)| < e(x) +/O a(t) [u®)|” + () lu(t)[” dt, (4.5)

with e(z) = 31, |ei(z)], @,b € CH(R?,R,).

(E1) Applying (A1) in Theorem to (LF), when a; = Br, aj(z,t) = a(t),
br(z,t) = b(t) with j = k = 1 and w;(u) = uP~9, we obtain a bound for the
solution u(x):

u(z) < (v 0/r(z) + L1 ( )Ei(t)dt>1/(p ? exp (1 / ( )'E(t)dt). (4.6)

p Jo P Jo

(E2) Or by a direct application of Corollary to ,

u(w) < L' exp [ / " a(t) + b(e)at] (4.7)
T p—q Pl=aJs ' '
Remark 4.1. In the special case (p = 2 and ¢ = 1) in the boundary value problem

(4.1), we have
(i) By (4.6)), we obtain

u(z) < (\/@ +% /0 " a(t)dt) exp (% /0 " 'E(t)dt).
(ii) Or by using (4.7), )
u(a) < 2/e(x) exp [2 /0 " B0

Remark 4.2. Note that the results given here can be very easily generalized to
obtain explicit bounds on integral inequalities involving several retarded arguments.

Using similar method of those in the proof of the Theorems above, we can also
obtain a new reversed inequalities of our results.
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