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GROUND STATES FOR THE FRACTIONAL SCHRODINGER
EQUATION

BINHUA FENG

ABSTRACT. In this article, we show the existence of ground state solutions for
the nonlinear Schrodinger equation with fractional Laplacian

(=A)%u+ V(z)u = MulPu  in RY for a € (0,1).
We use the concentration compactness principle in fractional Sobolev spaces

H for a € (0,1). Our results generalize the corresponding results in the case
a=1.

1. INTRODUCTION

This article is devoted to the study of existence of ground state solutions for the
fractional nonlinear Schrédinger equation

(—=A)*u+ V(x)u = NuPu in RV,

ue H*RY), u#0, 1)

where 0 < a < 1,0 < p < NQf\;a, N > 2, A > 0 and V is a positive continu-
ous function. The fractional Laplacian can be characterized as F((—A)%u)(§) =
€[> F (u)(€), where F is the Fourier transform.

Equation arises in the study of the fractional Schrodinger equation

ithy + (=A)" + (V(z) + w)i = A[Y [, (1.2)

when looking for standing waves solutions that have the form ¢ (z,t) = e™“u(x),
where w € R and v € H® u # 0. This equation is a fundamental equation
of fractional quantum mechanics; see, e.g., [11, 12} [13]. The fractional quantum
mechanics has been discovered as a result of expanding the Feynman path integral,
from the Brownian-like to the Lévy-like quantum mechanical paths. In recent
years, more and more attention has been focusing on the study of the fractional
Schrodinger equation from a pure mathematical point of view, see [6] [0l [T0)]
16l 17, T9] and the references therein.

As is known, for « = 1 the Lévy motion becomes Brownian motion and the
fractional Schrodinger equation becomes the standard Schrodinger equation

e + AP + (V(2) + w)pp = A[g[P. (1.3)
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The corresponding elliptic equation reads
— Au+ V(z)u = MulPu. (1.4)

There exist a considerable amount of results in the physics and mathematics lit-
erature for those classical Schrodinger equations. In particular, the standing wave
solutions have been investigated by many authors. We only refer to [T, 14}, [15] 20 [3].

Recently, fractional nonlinear Schrodinger equation has begun to receive
increasing attention; for example, see [, [5 [7, 8]. In [7], by using mountain pass
lemma, the authors derived the existence of positive solutions to nonlinear fractional
Schrodinger equation

(—A)*u+u = f(x,u). (1.5)

In particular, they used a comparison argument to overcome the difficulty that
the Palais-Smale sequences might lose compactness in the whole space RY. They
also analyzed regularity, decay, and symmetry properties of these solutions. Those
results heavily rely on the representation formula

u=ksf= [ Kle-or©,
for solutions of the equation
(-A)u+u=f inRY,
where I is the Bessel kernel

1 1
k=7 ()

However, there is not a similar representation formula for equation with gen-
eral potential V. In [§], following the argument of [I], the existence and sym-
metry results for bound state solutions to with V' = 1 have been obtained
by applying symmetric decreasing rearrangement. However, this method fails
to work for equation except that potential V is a spherically symmetric
function. The existence of bound state solutions to (|1.1)) with unbounded po-
tential have been derived by Lagrange multiplier method and Nehari’s manifold
approach in []. It is worth noticing that under the assumption that potential
V(zr) — oo as |z| — oo, the embedding H «— L9(RY) is compact, where H =
{u € L% [on 1E2*10(9)2dE + [on V(2)|u(z)*dz < oo} and 2 < ¢ < 5. How-
ever, when potential V is a bounded function, it is well known that the embedding
H — LYRY) is not compact. Therefore, how to overcome lack of compactness
in variational problem, which is of particular interest, is one of main technique
challenges in this paper.

Motivated by the above discussion, the goal of the current paper is to consider
the existence of ground states to with a bounded potential V. Equation
involves the fractional Laplacian (—A)%*, 0 < « < 1, which is a nonlocal operator.
A general approach to deal with this problem is to transform (1.1) into a local
problem via the Dirichlet-Neumann map, see [2, [I8]. That is, for v € H®, one
considers the problem

—div(y'7?*Vu) =0 in RYT

1.6
v(z,0) =u on RV, (1.6)



EJDE-2013/127 GROUND STATES 3

from where the fractional Laplacian is obtained by
(=A)*u(x) = —b, lim y' 2%y,
y—0+
where b, is an appropriate constant.

In this article, we prefer to investigate equation (1.1]) directly in H*(R"). This
enables us to prove the existence of solutions to y an analogue argument as
the case a = 1. It is well known that concentration compactness principle due to
Lions is a powerful tool which is designed to pass to limit in variational problem
with lack of compactness. Recently, a version of concentration compactness of Lions
was used in [7] to treat fractional nonlinear Schrodinger equation (L.5)). Thus, there
is no doubt that the method can be adapted and applied to deal with our problem.

Firstly, we consider the case where V is a constant. Without loss of generality,
we may assume A = 1 and consider the following minimization problem:

—c=inf{E(u); ue M}, (1.7)

where the constricted set is
M:={ue HO‘;/ lu(z)|*dz = p},
]RN

and energy is

1 1

E(u) == 2 a(8)Pde — —— P2y,

(=3 [Pl Pd —— [ @)
Any minimizer v € H* of (1.7) has to satisfy the corresponding Euler-Lagrange

equation

(—A)%u + wu = |u|Pu, (1.8)
with some Lagrange multiplier w > 0. Notice that the existence of bound state
solutions of (1.8) have been obtained in [5], by using concentration compactness

principle in fractional Sobolev spaces, we obtain the existence of ground state so-
lutions to (1.8)). More precisely, our result is as follows:

Theorem 1.1. Let 0 < p < 4a/N, N > 2, and p > 0. Then, the minimizing
problem has a positive ground state solution v € H®, and it satisfies for
some w > 0. Moreover, every minimizing sequence (Uy)n>o Of is relatively
compact in H® up to translations; i.e., there exist a subsequence (un,)k>0 and
(yr)k>0 C RN such that un, (- — yr) — u in H* as k — oo. In particular, u is a

solution of (|L.7)).

Next, let us consider general situation. Let V : RY + R be a continuous function
V > 0 and assume that

‘ l‘im V(z) = Ve > 0. (1.9)
Note that solutions of correspond to critical points of the functional
1 . 1
Biw =y [ @R+ [ V@lu@Pd  (Lw)
2 RN 2 RN

on H®, restricted to the unit sphere

M= {ue Ha;/ () [PF2de = 1)
RN
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in LPT2. In addition, if V(z) = V., then Ej is invariant under translations
U Uy, = u(x — x0).
In general, for any u € H®, after a substitution of variables

1

. 1
Biue) = 5 [ Wolide+5 [ Vit aolufe

1 1
=5 [ e+ 5 [ Vilupds
2 RN 2 RN

as |xg| — oco. Hence, we call

o0 ]‘ o ]'
E$°(u) ::i/RN |€|? |u\2d£+§/w] Vo |u|?dzz.

the functional at infinity associated with Fj.
Theorem 1.2. Let 0 < p < 4a/(N —2a), N > 2 and V satisfy (1.9). Assume
c=ulenl\f/’11 Ey(u) < uler}\g1 E°(u) :=c™. (1.11)

Then, there exists a positive solution uw € H® of (L.1)) for some A > 0. More-
over, condition (1.11)) is necessary and sufficient for the relative compactness of all
minimizing sequences for Ey in M.

Notation. Throughout this paper, C' > 0 will stand for a constant that may be
different from line to line when it does not cause any confusion. Since we deal with
RY | we often use the abbreviations L" = L"(RY), H* = H*(RM).

2. PRELIMINARIES

In this section, we state and prove some preliminary results that will be used
later. First, we recall some definitions about the fractional Laplacian operator. For
any « € (0, 1), the fractional Sobolev space H* is defined by

e = fue 1% [ (+IgPlae)de < oo,
RN
endowed with the norm

o) = u @ e
— d dx d
e = { [ o+ [[ ‘x_ywa y)

where the symbol " stands for Fourier transform and the term

s Wl 2
e = -8l i= { [ O ZOE goay)

is the so-called Gagliardo semi-norm of u. Therefore, we often use the explicit

formula uly )|2
= 7d dy.
(=4)%,u) //RR - g[vize W

Next, we recall the definition of weak solutions u € H* to (1.1)).
Definition 2.1. We say that u € H* is a weak solution of (L.1)) if

/ |§|2a7)¢:d§+/ V(x)wpdac:/ |u|Pupda,
RN RN RN

for any ¢ € C°(RY).
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Following the argument of [I4, Theorem 7.13], we can obtain the following lemma
which can be used to derive the existence of positive solution to (1.1).
Lemma 2.2. Let f,g are two real-valued functions in H* with f # 0. Then
(D)2 + 2V P+ g2) < (D) f, ) + ((-2)%g, 9)-

Equality holds if and only if f has a definite sign and g(x) = Cf(z) for a.e x € RN
for some constant C.

By the similar proof as [14, Theorem 7.16], we have the following lemma:

Lemma 2.3. Let ¢ be a bounded function in C(RN) with bounded derivatives
and f € H*. Then the pointwise product of ¥ and f,

(- f)(x) = (@) f(2),
is also a function in H* and
[V flle < Ol + [Vl Lo ) | f ]| e

Finally, we extend the concentration compactness principle in H® to fractional
Sobolev spaces H*. The proof follows the argument of [3| Proposition 1.7.6], but
we need to operate some modifications due to the non-locality of the fractional
operators (—A)®.

Lemma 2.4. Let N > 2. Suppose (un)n>0 C H* and satisfy

/]RN |t () |2dx = p > 0, (2.1)
suI()) |ten || e < o00. (2.2)
n>

Then there exists a subsequence (un, )k>o0, for which one of the following properties
holds.

(i) Compactness: There exists a sequence (yi)x>o in RY such that, for any
e > 0, there exists 0 < r < co with

/ [ty () Pd > 1 — €. (2.3)
lo—yx|<r
(ii) Vanishing: For all v < oo, it follows that

lim sup / |t () |2d2 = 0.
le—y|<r

k—o0 yERN

(iii) Dichotomy: There exist a constant 3 € (0,u) and two bounded sequences
(vk)k>0, (Wi)r>0 C H* such that

supp v, Nsupp wy, = 0, (2.4)

vk | + Jwi| < |un, |, (2.5)

lorlZ2 = B, Nlwelle = (1= B) as k — oo, (2.6)

ltnye = vk = wille =0 for2 < p < =, (2.7)

im inf {((=2) g, wne) = ((=A)%0k, vk) = (=4) wr, wy) } > 0. (2.8)
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Proof. We proceed along the lines of [3, Proposition 1.7.6]. Let (up)pso C H®
satisfy (2.1) and (2.2). We define the sequence, (Qn)n>0, of Lévy concentration
functions by

Qn(r) := sup / |u, (x)|?dx, for all 7 > 0. (2.9)
yERN Jlz—y|<r

By a similar argument as that of [3| Proposition 1.7.6], there exists a subsequence,
(@Qn, )k>0, such that

Qn,. (1) = Q(r) as k — oo for all r >0,
where Q(r) is a nonnegative, nondecreasing function. Clearly, we see that
B:= lim Q(r) € [0, . (2.10)

If B = 0, then the vanishing property is a direct consequence of the definition of
Qn(r). If B = p, then compactness holds, see [3] for details.
Assume that 8 € (0, ) holds. We fix ¢, € C°(RY) such that 0 < ¢, < 1
and
Ppx)y=1 for0< |z| <1, ¢(z)=0 for|z|>2,
px)=0 for0<|z| <2, ¢(z)=1 for|z|>3.

We set v, = ¢run, and wi = @iy, , where

(@) = o), ou(a) = (=),

Tk Tk

Therefore, properties (2.4) and (2.5)) are immediate. By using Lemma [2.3] we find
that (vk)kso and (wg)k>o are two bounded sequences H*. Following the argu-

ment of [3] Proposition 1.7.6] we can obtain . ) follows by interpolation
inequality. Finally, we show . One easily verlﬁes that

o (@) — v (W) = 16k (@)1, () = 1Y), (1)
< %Iaﬁ () = D) (Jun, (@) + [un, (1)) (2.11)

+ %(|¢k(1')|2 + 1ok W) un, () = un, (y)]*.
Similarly,
k() — wi(y)]* < %l@k(m) — kW) (Jun, (@)1 + |, (1))
1 (2.12)
+ 5 (Ie(@)” + [ () ) ln, (2) = un, ()

Combining ([2.11)) and ( -, we derive

<( unk’unk> <(7A) Ukvvk> - <(7A)awk7wk>
L[ ) o) o~ )~
RN xRN

|z —y|N+2e

[ o) e 0P o) — P IE 4,
RN xRN .

|.’E _ y|N+2a

(2.13)
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Therefore, to prove (2.8), it suffices to show that the last term in (2.13]) converges
to zero as k approaches infinity. Indeed, note the fact that supp ¢x N supp pr = 0,
by mean value theorem, we can estimate as follows:

|5 () — Dn () *|un, ()|
//RN xRN |N+2a e dy
</ ) i @
|z—y[<rk

< |{,C _ y|N+2a
|01 (2) — D1 (y) [ un, (2)[?
dxd
" /|w y|>re |$ - y‘N+2a i
1 |ty ()2
<= N 7 7 I
2 oyl<re 17— y|Nt20-2
R G N
B Jla—yl>r |z —y|N+e

1 C(Nira
< [ e @Pds [ el
T JrRN |z| <7k
0/ , 1
b [P [y
T JRN g |lz—y|>rk |1' - y|N+a

<C(ri? + T,ZO‘)/ U, (x)|?dz — 0 as k — oo.
RN

Similarly,
|or (@) — er () P [un, () %, —a 2
//RNX]RN |$ —y[N+2a k drdy < C(r;"" +r.) o |tn,, (7)|*dz
which converges to zero as k — oo. This completes the proof. [

3. PROOF OF MAIN RESULTS

Proof of Theorem[I.1. We proceed in three steps.
Step 1. O<c<oo. It is clear that M # (). Let u € M and v > 0, set
uy =N /2u(yx). Tt is straightforward to check that uy € M and

Np

2c -
’y « 2
Blu) = 5 [ 1epelifas - 2 [t

Since Np < 4a, we derive E(u,) < 0 for v small, and so ¢ > 0.
On the other hand, we deduce from an interpolation inequality, the embedding
theorem |lu|| 2~ < C|(=A)%/2u||z2 and the Young inequality with e that

LN—2a

1 g o +2-
B> [ tetiras-of [ lerlarde) i
RN
1—-¢ .
oo [ Jerlapas - &
RN
for some 0 < K < oo. This implies ¢ < co.

Step 2. Estimates on the minimizing sequence (uy,)n>o of (1.7). Due to u, € M,
(n)n>o is bounded in L2. Tt follows from (3.1)) that (u,),>o is bounded in H®.

Y

(3.1)

>
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Furthermore, thanks to ¢ > 0, we obtain E(u,) < —¢/2 for n sufficiently large. We
consequently derive that

2
/ |, [P T2 da > ]%c. (3.2)
RN

Step 3. Conclusion. Let (uy,)n>0 be a minimizing sequence of . Note that
by scaling we may assume g = 1. In view of Lemma (|tn|)n>o is also a
minimizing sequence of . So, without loss of generality, we may suppose that u,,
is nonnegative. Let us now apply Lemma to the minimizing sequence (uy,)n>0-

Firstly, we claim vanishing cannot occur. Indeed, if not, applying [7, Lemma
2.2], we have ugy — 0 in LP*2  which is a contradiction with .

Next, we show dichotomy cannot occur. If not, there exist a constant 3 € (0, 1),
two sequences (vx)g>o0 and (w)g>o introduced in Lemma It follows from
and that

liminf(E(ur) — E(vi) — E(wg)) > 0.

k—oo
Hence,
limsup(E(vi) + E(wg)) < —c. (3.3)

k—oo

On the other hand, given u € H* and a > 0, we have

B(w) = Blaw) + S [ jupta
u) = — au u Z.
(l2 p+2 RN

Applying the above inequality with vy and ar = 1/||vg|| L2, due to apvy € M, we
obtain

B > £+ Bl [t (3.4
aj, p+2 Jpn
Similarly,
Bln) 2 55+ S [l 2, (35)
bi p+2 RN
where by, = 1/||wg||r2. Therefore, collecting and (3.5)), we see that
Bl + P 2 ~clog® +357) + St [ et s B [t
o p+2 RN p+2 RN

Note that a,:Q — 3 and b,:Q — 1— by (2.6). It follows from 0 < 8 < 1 that
0 := min{s77/2, (1 - B)P/*} > 1.
Therefore, we deduce from (2.7) and (3.2 that

timinf(B(ve) + B(wy)) 2 —e+

0—1
1iminf/ lup|P2de > —c+ —— > —c,
k—oo JpN 2

which contradicts (3.3]).

Finally, since we have ruled out both vanishing and dichotomy, then we conclude
that indeed compactness occur. Applying Lemma we deduce that for some
sequence (yx) C RY and some u € H®, such that u,, (- — yx) — u in L? and in
LP*2. Together with the weak lower semicontinuity of the H* norm, this implies

E(u) < lim E(up,) = —c.
k—o0
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In view of definition of ¢, we have F(u) = —c. In particular, E(u,,) — E(u) and
it holds that

1 1

3 [P lan, e = 5 [ jePlaPds as k- oo,

2 RN 2 ]RN
which implies uy, (- — yx) — w in H*. This completes the proof. O
Proof of Theorem . Firstly, we show that (1.11) is necessary for the relative
compactness of all minimizing sequences for E; in M;. Indeed, if ¢ > ¢, let
(un)n>o0 be a minimizing sequence for E{°. Then (4, ),>0, defined by @, = u, (- +
Zn), is also a minimizing sequence for Ef°. One easily verifies that

1

B@n) ~ B ()| =5 [ (V(e) = V)l fPdz 0 as [o] — cc.
RN

This implies (@) is a minimizing sequence for Ej.
On the other hand, it is straightforward to check that

p — 0 in LP

loc @8 |Tn| — o0.

Thus, (uy)r>0 cannot be relatively compact, which is a contradiction with the fact
l[tnllLr = 1.

We now show that condition (|1.11)) is sufficient. Let (un)n>0 be a minimizing
sequence for Ey in M; such that

Ei(u,) — ¢ asn — oo.

By Lemma we may assume u, is nonnegative and u,, — u weakly in LP*2. In
view of assumption of V, V is positive on R"Y. Hence we have

[tn||Fre < CLE (un) < C < o0, (3.6)

and we may assume that u, — u weakly in H* and pointwise almost everywhere.
Denote u,, = v, + u. Applying Bresiz-Lieb lemma, we have

‘/ |y, [P T2 d 7/ v, [P 2 d —/ |u|p+2dx‘ —0 asn— oo.
RN RN RN
Therefore,
/ v |PT2da +/ |ulPT2dz — 1 asn — oo.
RN RN

It follows that
) P 4y, 1 2
1(un) //RNX]RN ‘x —y|N+2a rdy + = 2 Jon () |un|“dx

1 2015 |12 - 2c i 2
3 | e toaPs+ 5 [ lepolatas
(vn () = vn(y))(u(z) — u(y))
N //]RNX]RN e dy (3.7)

|z — y|[N+2a

1
+ = V(ac)(|u|2 + 2uv,, + \vn|2)dx
2 Jan

= E1(vp) + E1(u) + {(—A)Yvp, u) —|—/ V(z)uv,dz.
RN
We deduce from v,, — 0 in H* that

((—A)vy,, u) + = V(z)uv, dz — 0. (3.8)
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Moreover, for any € > 0, let
Q. = {z e RY; |V (2) — Vao| > €}.

In view of the definition of V, €. is a bounded compact subset in RY, we obtain
/ (V(2) — Vio)|on[2dz < voo/ lon [2dz + 5/ (on [2da
RN Q. RN

< Ce+ o(1),
where o(1) denotes error terms such that o(1) — 0 asn — oo. Collecting (3.7)-(3.9)),

we have

(3.9)

Ey(upn) = E1(u) + E1(vy) + 0o(1) = Ey(u) + E{°(v,) + o(1). (3.10)
By homogeneity, and setting § = f]RN |uP*2dz, if B3>0
Ey(u) = ﬁ2/(p+2)El(ﬁ—l/(p+2)u) > 32/(P+2), (3.11)
ifo<p<1

Bf®(v,) = (1= B0+ Bo((1 = §)~/0+u) > (1= B0+ L o(1). (3.12)
Therefore, we deduce (3.10)-(3.12) that for all 3 € [0,1]
¢ = Er(un) +o(1) = Ey(u) + E7°(vn) + o(1)
> 32/t 4 (1-— 5)2/(p+2)coo + 0(1),
which, together with , implies 8 € {0,1}. If 8 =0, then
c>c™+o(1).

Thus 8 = 1; that is, u, — u in LP*? and u € M;. By convexity of E1,

Ey(u) <liminf Fy (u,) = ¢,

n—0o0

and v minimizes Fy in M;. Hence, E;(u,) — Ei(u). Combining this, (3.6) and
(3.10)), we have

lun = ullfre < C1E1(un —u) = C1(Br(un) — E1(u)) + o(1).

This implies u,, — u in H* as n — co. The existence of solution to (1.1)) follows
by Lagrange multiplier methods for some A > 0. (I
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