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EXISTENCE AND MULTIPLICITY OF SOLUTIONS FOR
DIRICHLET PROBLEMS INVOLVING THE P(X)-LAPLACE
OPERATOR

MUSTAFA AVCI

ABSTRACT. In this article, we study superlinear Dirichlet problems involv-
ing the p(z)-Laplace operator without using the Ambrosetti-Rabinowitz’s su-
perquadraticity condition. Using a variant Fountain theorem, but not includ-
ing Palais-Smale type assumptions, we prove the existence and multiplicity of
the solutions.

1. INTRODUCTION

We study the existence of infinitely many solutions for the Dirichlet boundary
problems
—Apyu + JuP@ =2y = f(z,u) inQ,

1.1
uw=0 on 01, (L.1)

and
—Apyu = f(x,u) in Q,

u=0 on 0f,

where Q is a bounded smooth domain of RV, p € C(Q) such that 1 < p(x) < N for
any x € Q and f is a Carathéodory function.

The study of differential equations and variational problems involving the p(x)-
Laplace operator —A,)u := — div(|Vu[P(®)=2Vy), which is a natural generaliza-
tion of the p-Laplace operator, have attracted a special interest in recent years.
A lot of researchers have devoted their work to this area (see, e.g., [3] [4, 12} 14])
since there are some physical phenomena which can be modelled by such kind of
equations. In particular, we may mention some applications related to the study
of elastic mechanics and electrorheological fluids [I, 5 [TT], [T5, [I7]. The appearance
of such physical models was facilitated by the development of variable exponent
Lebesgue LP®) and Sobolev spaces W 1P(®),

Generally, to show the existence of solutions for Dirichlet problems which is su-
perlinear, it is essential to assume the following superquadraticity condition, which
is known as Ambrosetti-Rabinowitz’s type condition [2]:

(1.2)
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(AR) There exists M > 0 and 7 > p* such that
0<7F(z,8) < f(z,8)s, |s|>M, zeQ,

where f is the nonlinear term in the equation with F(z,t) = fot f(z,s)ds
forz € Qand t € R.

There are many articles dealing with superlinear Dirichlet problems involving
p(z)-Laplacian, in which (AR) is the main assumption to get the existence and
multiplicity of solutions [9, [I0]. However, there are many functions which are
superlinear but not satisfy (AR).

It is well known that the main aim of using (AR) is to ensure the boundedness
of the Palais-Smale type sequences of the corresponding functional. In the present
paper we do not use (AR) and we know that without (AR) it becomes a very
difficult task to get the boundedness. So, using a weaker assumption (G1) (see
main results) instead of (AR), and some variant Fountain theorem, i.e., Theorem
2.5 we overcome these difficulties.

2. ABSTRACT FRAMEWORK AND PRELIMINARY RESULTS

We state some basic properties of the variable exponent Lebesgue-Sobolev spaces
LP@)(Q) and WP (Q), where Q € RY is a bounded domain (for more details,
see [0 7, 8, [13]). Set

Ci(Q) ={pe CQ) :infp(x) > 1,Vr € Q}.
Let p € C(Q) and denote

p~ = inf p(x) < p(z) < p* = supp(r) < co.
z€eQ zeQ

For any p € C,(Q), we define the variable exponent Lebesgue space by
LP@(Q) = {u : Q — R is measurable, / Ju(z)|P@dx < co}.
Q
Then LP®)(Q) endowed with the norm
|| p(ey = inf{p > 0: / |M|p(”)d$ <1},
Q M
becomes a Banach space.

The modular of the LP(*)(Q) space, which is the mapping p : LP*)(Q) — R
defined by

p(u) :/ |u(x)\p(x)dx, Yu € Lp(x)(Q).
Q

Proposition 2.1 ([} [13]). If u,u, € LP*)(Q) (n=1,2,...), then we have
(i) Julp@y <1 (=1,>1) if and only if p(u) <1 (=1,>1);

. . . + . . +
(i) [ulpy > 1 implies [ul) ) < p(u) < [ulp ., |ulp@) < 1 implies |ufp,\ <

- P p(z) =

plu) < ull,)

(iii) limy oo [Un|p) = 0 if and only if limy, .o p(ty) = 0; limy, o0 [t [p(e) = 00
if and only if lim,,_, p(u,) = oco.

Proposition 2.2 ([7, 13]). If u,u, € LP@(Q) (n = 1,2,...), then the following
statements are equivalent:
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(i) hmn—>oo |’LLn — u|p(m) = O,‘
(i) limy,— o p(un —u) = 0;
(iii) w, — w in measure in Q and lim,_ - p(u,) = p(u).

The variable exponent Sobolev space W' P(*)(Q) is defined by
WP (Q) = {u e LP®)(Q) : [Vu| € LP@(Q)},
with the norm

[ull1pe) = lulpz) + 1 VUlpa),

or equivalently

lulli pzy = inf {p>0: /Q(|

for all u € W1P(*)(Q). The space Wol’p(x)(ﬂ) is defined as the closure of C§°(Q) in

WLr@)(Q) with respect to the norm |ul|y (). For u € Wy P(Q), we define an
equivalent norm

u(z)

P(@)\dr < 1
. ) iy < 1)

[ull = [Vuly@),
since Poincaré inequality holds, i.e., there exists a positive constant ¢ such that
|ulp() < | Vulp(a),
for all u € Wol’p(x)(ﬂ), see [9].

Proposition 2.3 ([7,13]). If 1 < p~ < p* < oo, then LP@)(Q), WHP@)(Q) and
Wol’p(m)(Q) are separable and reflexive Banach spaces.

Proposition 2.4 ([7,[13]). Let ¢ € C(Q). If q(z) < p*(x) for all x € Q, then the
embedding W) (Q) < LI®)(Q) is compact and continuous, where
p*(x) _ N_pp(x) lfp(x) <N,
400 if p(x) > N.

Let E be a Banach space with the norm |- || and E = ®;enX; with dim X; < oo
for any j € N. Set
Y, = @;LOX]‘, Zy, =m7
By ={ueY,:|ul| <pr}, Np={ué€Zy:|ul|=rr} forpp>r>0.
Let us consider the C'-functional I : F — R defined by
In(u) := A(u) = AB(u), X€][L,2].

Now we recall the following variant of the fountain theorem [I8, Theorem 2.1],
which is the main tool in the proof of the main results of this article. We will use
the following assumptions:
(F1) I, maps bounded sets to bounded sets uniformly for A € [1,2]. Moreover,
I(—u) = Iy (u) for all (\,u) € [1,2] x E;
(F2) B(u) >0 for all uw € E, and A(u) — oo or B(u) — o0 as |lu]| — oo,
(F3) B(u) <0 for all u € E; B(u) — —o0 as |lu]| — oo.
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Theorem 2.5. Assume the functional Iy satisfies (F1), and either (F2) or (F3).
For k > 2, let

Uy :={¢ € C(By, E) : ¥ is odd, 9|, = id},

cr(A) = inf max Iy(y(u)),

br(\) == inf Iy (u),

UE Zy,||ull=rk

ar(A) == max  I)(u).
u€Yy,||lull=pr

If bi(A) > ag(A) for all X € [1,2], then cx(A) > br(N\) for all A € [1,2]. Moreover,
for a.e X € [1,2], there exists a sequence {uf(\)}2; such that sup,, |[uf (\)|| < oo,
L (uk (X)) — 0 and I (uk (X)) — cx(\) as n — oo.

3. MAIN RESULTS

First, we study the Dirichlet boundary-value problem

~Apyu + |u[f @2y = f(z,u) inQ,
u=0 on 09,

where (2 is a bounded smooth domain of RV,
We assume the following conditions:
(S1) f: 9 xR — R is a Carathéodory function and |f(z,t)| < (1 + [t[2(®)~1)
for a.e. x € Q and all t € R, f(x,t)t > 0 for all t > 0, where p,q € C(Q)
such that p(x) < g(x) < p*(z) for all z € Q;
(82) liminfp_ o f(‘fl’[f)t > ¢ > 0 uniformly for € Q, where pt < 6 < ¢~;

(S3) lim;—o tfp (@ 2 = 0 uniformly for z € Q, % is an increasing function of
teRforall z € Q.

(S4) f(z,—t) = —f(x,t) forall z € Q, t € R.

(G1) There exists a constant £ > 1, such that for any s € [0,1], ¢ € R, and for
each G, € F, and all ) € [p~, p™], the inequality (G (z,t) > G,(z, st) hold
for a.e. z € Q, where

F={Gy: Gy(x,t) = f(z,t)t —vF(x,1),7 € [p~,p"]}-

Note that when p(x) = p a constant, F = {f(z,t)t — pF(z,t)} is consist of
only one element.

Remark 3.1. It is not difficult to show that if f(x,t) is increasing in ¢, then (AR)
implies (G1) when ¢ is large enough. However, in general, (AR) does not imply
(G1); see [16, Remark 3.3].

Theorem 3.2. Assume that (S1)—(S4), (G1) hold. Then problem (3.1)) has infin-

itely many solutions {ux} satisfying

1
J(ug) = / —— (| Vg [P 4 Jug [P da — / F(z,u;)dz — 0o as k — oo,
o p(7) Q
where J : WPE)(Q) — R is the functional corresponding to problem (3.1)) and
t
F(z,t) = [, f(x,s)ds.
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Remark 3.3. Condition (S1) implies that the functional J is well defined and of
class C1. Tt is well known that the critical points of J are weak solutions of (3.1]).
Moreover, the derivative of J is given by

(J'(u),v) = /Q(\VU\I’(I)*QVUVU—% |u|p($)*2uv)dx—/Qf(ac,u)vdx,

for any u,v € WP®)(Q).

Second, we consider the Dirichlet boundary problem
—Apyu = f(x,u) in Q,

u=0 on 09, (3.2)

where Q is a bounded smooth domain of RY. We will use the following assumptions:
(E1) f:Q xR — R is a Carathéodory function and |f(z,t)] < (1 + [t[a(*)—1)
a.e. v € Qand all t € R, where p,q € C;(2) such that p(z) < g(x) < p*(z)

for x € Q.

(E2) t’;(_% is increasing in t € R for ¢ large enough.

Theorem 3.4. Assume that (S2), (S4), (G1), (E1)-(E2) hold. Then problem (3.2)
has infinitely many solutions {uy} satisfying

1
U(ug) = / —— |V [P @ dx 7/ F(z,ur)dr — oo ask — oo,
o p(z) Q

where U : Wol’p(x)(Q) — R is the functional corresponding to problem (3.2)).

Since the proof of Theorem [3.4]is very similar to the proof of Theorem [3.2] we
only prove Theorem [3.2] and omit the other proof.
We say that u € WHP(®)(Q) is a weak solution of (3.1)) if

/(|Vu|p(r)72VuVU+ [uP@ =20 de = / f(z,u)vdz,
Q Q

for any v € WhP@)(Q).
Let us choose an orthonormal basis {e;} € W'P(#)(Q) and define X; := Re;.

Then the spaces Y, and Z; can be defined as in Section 2. Let us consider the
C'-functional Jy : WHP(@)(Q) — R defined by

Ia(u) = / L(\Vu|p(w>+|u|p<w>)dx—A/ F(x,u)dr := A(u)-AB(u), X€1,2].
o () Q
Then B(u) > 0, A(u) — oo as ||ully p@) — 00, and Jy(—u) = Jx(u) for all XA €
[1,2], u € WhP@)(Q).
In the view of Theorem we can get the proof of Theorem by help of the
following two lemmas.

Lemma 3.5. Under the assumptions of Theorem[3.9 there exist a sequence A\, — 1,
asmn — 0o, ¢, > b >0, and {2,}5%, C WHPE)(Q), such that

J;\(Zn) =0, Ji(zn) € [Ekaék]-
Proof. Tt is easy to prove that, for some p, > 0 large enough, we have ai(\) =
MaXyey, |ul=pe JA(¥) < 0 uniformly for A € [1,2]. Indeed, by the conditions (S1)-

(S3), for any ¢ > 0 there exists C. > 0 such that f(z,u)u > C.|ul? — elu|?" .
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Further, on the finite dimensional subspace Y3, we can find some constants ¢ > 0
such that

lulo > clluflyp@), |ulp- < cflu
By Propositions 2.1] and [2.:4] we have

1
In(u) < p—/(|Vu|p("” + |ul? z) /| |9dx+—/ |u|P dx

1,p(z)s Yu € Yy.

\C.¢? AP

< *” ||1 (@) THUHl pla) T ”u”ﬂ(r) ’
Since 6 > pT, it follows that
ak()\) = max J)\(’LL) — —00 as ||u||1,p(m) — 400

u€Yy, l|ull1,p(e)=pk
uniformly for A € [1,2] and for all u € Y.
On the other hand, by conditions (S1) and (S3), for any € > 0 there exists C; > 0
such that |f(z,u)| < eulP ~' + Cc|u|?™® 1. Let

6]6 = sup |u‘q(m)v Iy = sup |u‘p*'
uezkv”ulll,p(m)zl ueZkv”ulll,p(w)zl

Then B — 0 and ¥ — 0 as k — oo (see [I0]). Therefore, when u € Zj and
lull1,pz) > 1, we have

1 _
() > j/(|VU|W> +|u|p<r>)dx—xs/ fuf? dx—/\CE/ u[1®) d
Pt Ja Q Q
- - +
Sl ey — clulp- — elulye,
> el — e Ty — B8 Ty

where ¢ = max{2¢,2C.}. For sufficiently large k, we have 019{ < 2}%. Then, it
follows

B> ol — Bl -

If we choose 1}, = (2cq+ﬂk )P*ﬂﬁ, then for u € Zy, with |Jully ) = 7%, We
obtain

1 +._p" + + _at
gt (2 B )7 — e (2eqT B )

gt —p*
= optqt

J)\(u) >
(20q+,6’g+)1"p:q+ = by,

which implies

bi(\) == inf Ja(u) — 0o as k — oo
UEZr, |lullt, pa)y="Tk
uniformly for A\. So, by Theorem for a.e. A € [1,2], there exists a sequence
{uF (N}, such that

sup [|upy (M[1,p2) < 00, JA(up () — 0,

In(uF(N) = cx(N) > be(A) > b as n — oo.

n
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Moreover, since cix(A) < sup,ep, Ja(u) := ¢ and W) (Q) is embedded com-
pactly to L4(®)(Q), and thanks to the standard arguments, {uf(\)}°2, has a
convergent subsequence. Hence, there exists z%()\) such that J5(z¥()\)) = 0 and
Jn(z*(N\)) € [bg, ). Consequently, we can find A, — 1 and {z,} desired as the
claim. 0

Lemma 3.6. {2,}°2, is bounded in WP (Q).

Proof. We argue by contradiction. Passing to a subsequence if necessary, still de-
noted by {z,}, we may assume that [|z,|[1p@) — o0 as n — oco. Let {w,} C
WirE)(Q) and put w, =
obtain

Zn 1 —
IS Since ||wn||1,p(z) = 1, up to subsequences, we

wp —w in WHPE(Q),
wp — w  in LY®(Q),
wp(z) = w(z) ae xz €.

Then, the main concern is whether {w, } ¢ WP (Q) vanish or not. We shall
prove that none of these alternatives can occur and this contradiction will prove
that {w,} C WP (Q) is bounded.

If w = 0, we can define a sequence {t,} C R, as argued in [I6], such that

In, (tnzp) = I, (tzp). 3.3
A (bnz) i= masc Ju, (t2n) (3-3)

1

Let @, := (2p*c)?»~ w, with ¢ > 0. Then for n is large enough, we have

In, (tnzn) = T, @) = A((29F )7 wn) — A B(@y)
4
%(2p+c)A(wn) — A\ B(@y) > 2¢— \yB(@y,) > ¢, (34)

which implies that lim,, o Jx, (tn2n) = 0o by the fact ¢ > 0 can be large arbitrarily.
Noting that Jy,(0) = 0 and Jy, (2,) — ¢, then 0 < ¢,, < 1, when n is large enough.
Hence, we obtain

<J;n (tnzn)stnzn) = A (thzn) — A B (thzn) = 0. (3.5)
Thus, from (3.4) and (3.5), we can write
1 1
A(=—B'(tnzn) — B(tnzn)) = — A (tnzn) — M B(tnzn) = Ji, (tnzn) — 00

tr Py,

_ Al(tpzn)
T A(tpzn) "
Let 7., =D, = i((zz:))’ Vtnzn = Dy, then v v, ., € [p~,p*]. Thus, G'an7

as m — oo, where D,

G, ., € F. Using condition (G1) and the fact inf,, ft% > 0, we have
1 1
(?B/(Zn) — B(zp)) = f)—/QG,Yz (z, zp)dz > p—g/ oo (T, tn2n)d
= @ ;B/(tnzn) — B(tnzn)) — +o00.
pnf ptn

This contradicts the following result of Lemma
1 1 —
)‘n(TB/(Zn) — B(zn)) = Jx, (2n) — T<J§\n (2n), 2n) = I, (2n) € [br,Cr].

pn n
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If w # 0, since J} (2,) =0, we have, by Proposition [2.1}
1= o(1 / fxzn )2n 5 > f@ z)en

@ [[zallf
" ”’“ (3.6)
f(x Zn) n f T,2n)%n, 0
> = |wn|"dz,
Q ||Zn||1p(z) |2n]

where ¢(z,) = [,(|V2a [P@®) + |2, [P®))dz.
Define the set Qp = {x € Q : w(z) = 0}. Then for x € N\Qy = {z € Q: w(x) #
0}, we have |z,(x)| — 400 as n — oo. Hence, by (S1) and (S2), we have

lwn|Pdz — +o0  asn — oc.

/ M\wn\eda’ — 400 as n — oo. (3.7)
O\

On the other hand, by condition (S2), there exists ¢ > —oo such that w >c
for t € R and a.e. x € Q. Moreover, we have fQo |wn|?dz — 0 as n — oo. Thus,
there exists A > —oo such that
f (x, zn)2n

E

Combining ({3.6) and (3.8), we obtain a contradiction. Therefore, {2, }52; is
bounded, and the proof is complete. a

|wp|Pdx > c/ |lwn|?dz > A > —oc. (3.8)
Qo
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