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MULTIPLE SOLUTIONS FOR A QUASILINEAR
(p,¢)-ELLIPTIC SYSTEM

SEYYED MOHSEN KHALKHALI, ABDOLRAHMAN RAZANI

ABSTRACT. We prove the existence of three weak solutions of a quasilinear
elliptic system involving a general (p, ¢)-elliptic operator in divergence form,
with 1 < p <n, 1 < g <n. Our main tool is an adaptation of a three critical
points theorem due to Ricceri.

1. INTRODUCTION

Let Q2 be a bounded open subset of R” with smooth boundary 92 and 1 < p < n,
1 < g < n. In this article, we show the existence of multiple solutions for system of
elliptic differential equations

—div(ai(z, Vu)) = Agi(z,u) + pFy(z,u,v) in Q
—div(az(x, Vv)) = Aga(z,v) + pFy(x,u,v) in Q (1.1)
u=0, v=0 ondQ

where 1 < p,q < n.

Many publication, such as [3] [7, 0], discuss quasilinear elliptic systems involving
p-Laplacian operators and show the existence and multiplicity of solutions. Boc-
cardo and Figueiredo [3] studied the existence of solutions for

—Apu = Fy(z,u,v) inQ
—Agu=F,(z,u,v) inQ
u=0, v=0 ond

where p, g are real numbers larger than 1.

Using the fibering method introduced by Pohozaev, Bozhkov and Mitidieri [7]
proved the existence of multiple solutions for a quasilinear system involving a pair of
(p,q)-Laplacian operators. In [9] the existence of three solutions for the eigenvalue
problem

—Apu = AFy(z,u,v) inQ
—Agu = AFy(z,u,v) inQ (1.2)
u=0, v=0 on J
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where p > n,q > n is ensured for suitable F'.
Some other works [8] 12} [IT] [I0] studied mainly problems involving p-Laplacian
type elliptic operators in divergence form and related eigenvalue problems

—div(a(z, Vu)) = Af(z,u) in
u=0 on N

These operators have p-Laplacian operator as a simple case; i.e., if a(x, s) = |s[P~2s
then for p > 2 we have Apu = div(a(z, Vu)) and moreover they have other impor-
tant cases, such as the generalized mean curvature operator div ((1+ |Vu|2)p772 Vu)
which is generated by a(z,s) = (1+ \5\2)%25 and is used in studying the geometric
properties of manifolds especially minimal surfaces.

The existence of multiple solutions for this type of nonlinear differential equations
was studied in [5, [12]. Many of these results are based on some three critical points
theorems of Ricceri and Bonanno established in [I3], [4]. In [15], Ricceri developed
one of his results, [I3] Theorem 1] by means of an abstract result, [I4, Theorem 4].

In this article, we shall give a variant of Ricceri’s three critical points theorem [I5]
which it seems its verification for some type of elliptic operators like div (a(x, Vu))
is easier. As an application, we study the existence of at least three weak solutions
for . Our approach in dealing with is very close to Ricceri’s one in [I5]
but employs some calculations of [I0] to adjust it to our problem.

2. PRELIMINARIES

In the sequel, for any £ = (&1, &2, ..., &) € R™ by €| we mean the usual Euclidean
norm of &; that is, || = \/ff + &2 + -+ + £2 which is produced by the inner product
&-n=>",&n; in which £&,n € R™. Also for every 1 < p < oo and open 2 C R"
and measurable u :  — R we define

1/p
ey = ( [ 7o)

and for p > 1 we assume the reflexive separable Sobolev space WO1 P(Q) is endowed

with the norm
» 1/p
Jully = ([ IVupdz)
Q

which is equivalent with its usual norm

p P l/p
— /Q up + [Vudz)

By setting p; = p, p2 = ¢, and inspired by De Népoli and Mariani [10] and Deng
and Pi [5], we assume that the a; : @ x R® — R", for i = 1,2, satisfy the following
conditions:

(H1) There exists continuous function A4; : @ x R™ — R such that A;(z,¢) has
a;(z,€) as its continuous derivative with respect to ¢ at every (z, &) € QxR
with the following additional properties:

(a) Ai(z,0)=0, Vzel
(b) There exists some constant C; > 0 such that a; satisfies the growth
condition

jai(z, )l < CL1 + [¢[7Y), VEER™ (2.1)
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(c) A; is strictly convex: For every t € [0, 1]

and this inequality is strict if ¢ € (0,1).
(d) A; satisfies the ellipticity condition: There exists a constant Cy > 0
such that

Ai(z,€) > Colé|P, Va €Q, VE R (2.3)

Assumption (H1) has some consequences that will be helpful in this article. From
the strict convexity and differentiability of A4;(x, &) with respect to &, and assump-
tion (H1)(c), we have

Ai(z,m) = Az, §) + ai(z, §)(n — £),

from which it follows that

(ai(@,8) —ai(x,m)) - (€ —n) >0, (2.4)
for every z €  and &, € R™. Also, from (2.4]) we obtain

ai(x, & +1tn)n = a;(z,§)n (2.5)

for every t > 0 and &, n € R".

We say the mapping F': X — X* satisfies the S condition, if every sequence
{zp}%, in X such that z, — z and limsup,,_, . (F(x,),2, — 2t) < 0 has a
convergent subsequence {x,, }7°, such that z,, — =z.

Proposition 2.1. Let X be a reflexive Banach space and F,J : X — R two
C' functionals on X. If the mapping F' : X — X* satisfies S, condition and
J X — X* is compact and F+ J : X — R is coercive then F + J satisfies the
Palais-Smale condition.

Proof. If {x,}22, is a sequence in X such that |F(x,) + J(x,)| < M for some
M > 0 and any n € N and ||F'(z,) + J'(zy)|| — 0 then coercivity of F + J
implies boundedness of {z,,}52 ; and since X is reflexive, there exists a subsequence
{n, 152, of {z,}22, and z € X such that z,, — z. Now compactness of J' : X —
X* implies there exists * € X* such that J(z,,) — =* up to a subsequence. Then
since

<Jl(xnk)7xnk - LL’) = <Jl(xnk) - x*7xnk - £L'> + <m*?wﬂk - SL')
and {z,, }7°, is bounded and z,,, — z, we have (J'(zy, ), zn, —x) — 0. Therefore,

limsup(F'(zp, ), Tn, — T)

n—oo

< limsup(F'(zn,) + J (Tny,), Tn, — ) — lim (J' (T, ), Tn,, — )

n—00 n—0o0
<limsup [ (@n, ) + T (@n,) || |20, — 2 = 0.
n— oo

Hence, by S; condition of F’, for a subsequence of {z,, }?2, without relabeling
Ty, — . t
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3. MAIN RESULTS
First we give a theorem that is a variant of [I5, Theorem 1].

Theorem 3.1. Let X be a separable and reflexive real Banach space; I C R an
interval; ® : X — R a weakly sequentially lower semicontinuous C functional,
bounded on each bounded subset of X and has unique global minimum at xo € X
and further the mapping ® : X — X* satisfies Sy condition and for every bounded
E C X there exist constants C > 0 and v > 0 such that for every x € E

P(z) — ®(x0) = Cllz — 0"
Also suppose J : X — R be a C' functional with compact derivative such that
for each \ € I, the functional ® — AJ is coercive and has a strict local not global
minimum at xq.

Then for each compact interval [a,b] C I, there exists r > 0 with the following
property: for every X\ € [a,b] and every C* functional ¥ : X — R with compact
derivative, there exists 6 > 0 such that, for each p € [0, 4], the equation

o' (x) = \J'(z) + p¥'(x)
has at least three solutions whose norms are less than r.

To prove the above theorem, we need the following lemma which is a variant of
[15, Theorem C]J.

Lemma 3.2. Let X be a separable and reflexive real Banach space, ® : X — R a
functional that has unique global minimum at xo € X and furthermore for every
bounded E C X there exist constants C' > 0 and v > 0 such that for every x € £

O(x) — (zg) = Cllx — zo||”. (3.1)

Let J: X — R be a weakly sequentially lower semicontinuous functional. Assume
that ® + J has a local strict minimum at xqg in the strong topology of X and

lim (®(z) + J(z)) = oo.

lzl|—o0
Then xg is a strict local minimum of ® + J in the weak topology of X .
Proof. The main part of the proof is the same as that of [I5] Theorem C]. We show

xp must be a strict local minimum in the weak topology of X. If not, by assumption
there exists p > 0 such that

D(zg) + J(20) < (z) + J(x)
for every x € X satisfying ||z| > p. Set
B={zeX : o <p}.

Since X is separable and reflexive, the set B is metrizable in its weak topology
which we denote its metric by ¢. Since we suppose g is not a strict local minimum
in weak topology of X, there exists a sequence {x, } in X such that for every n € N,

o0, 2n) < % B(an) + J(n) < B(wo) + J (o). (3.2)

So, z, € B and z, — x9. Then weakly sequentially lower semicontinuity of J
implies
liminf ®(x,,) + J(z¢) < liminf ®(z,) + lim inf J(z,,)

n—oo n—00 n— o0
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< liminf (®(zy,) + J(z,)) < ®(20) + J(20).

and therefore,
lim inf ®(z,) < P(x).

n—oo
But ®(xg) is the global minimum of ®(z) so, for a suitable convergent subsequence
of ®(x,) we have
lim ®(x,) = ®(x0)

then by (3.1]) we have x,, — x¢ which contradicts strict local minimality of ®(xg) +
J(zp) in the strong topology of X by (3.2)). |

Proof of Theorem[3.1] Following the arguments in [I5, Theorem 1], since any C*
functional with compact derivative on X is weakly sequentially continuous [I7,
Corollary 41.9], and in particular, it is bounded on each bounded subset of X, so
for any compact [a,b] C I and o > supy¢(q (®(z0) — A (20)),

Uxela,p] 17 € X : ®(z) — AJ(z) < o}

C{reX :®(x)—alJ(z)<otU{zeX:®(x)—->bJ(x) <o}
By the coercivity assumption, the set on the right is bounded and there exists n > 0
such that

Uxelap] 17 € X : @(z) — AJ(z) <o} C By (3.3)
where B, = {x € X : ||z|| < n}. Now, set
¢* = sup ® + max{|al, |b|} sup | J|
BW BTI

and choose r > 7 so that
Uxelap] 17 € X 1 @(z) = AJ(z) <" +2} C B,. (3.4)

Now, for any C! functional ¥ : X — R with compact derivative, choose a bounded
C! function g : R — R with bounded derivative such that g(t) = t for every
—supp, |V| <t < supg |[¥]. Then U : X — R defined by ¥(z) = go ¥(z) is a
O functional on X such that ¥(z) = ¥(x) for all z € B,. On the other hand, for
every E C X
V'(B) C ¢ (V(E))V(E)

and therefore ¥/ : X — X* is compact. In addition, by Lemma the functional
®—\J has a strict local minimum at 2 in the weak topology of X, for any A € [a, b].
So, by applying [14] Theorem 4] to the functionals —¥ and & — \J by taking 7 as
the weak topology of X and considering and the fact that the topology 7¢_»s
is weaker than the strong one, the existence of some v > 0 is deduced such that for
each p1 € [0,~] the functional ® — A\J — ¥ has at least two local minimum in B,
say x1,xs. Now, If

1
—}
supg |g|
then for every u € [0, 4] the functional ® — A\J — p¥ is coercive by assumption and
satisfies Palais-Smale condition, by Proposition 2.1} Set

S= {u € C([Oa 1]7X) : U(O) = 1, u(l) = xQ}v

exu = inf sup (D(u(t)) = AJ (u(t)) — p(u(t)))
uec te[0,1]

0 = min{~,
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then by the Mountain Pass Theorem [1, Theorem 8.2]), there exists z3 € X distinct
from x1 and x9 such that

D' (x3) — A (23) — p¥' (23) =0, ®(z3) — A\ (23) — p¥(z3) = Ca -
Now since

e < Sl[lp] O(x1 +t(za — 1)) — AJ (21 + t(T2 — 1)) — ,u\i/(acl + t(zg — 1))
tefo,1

< sup ® 4+ max{|al, |b|} sup J + dsup|g| < " + 1,
B, B, R

we have ®(x3) — \J(x3) < ¢* 42 and therefore z3 € B, by (3.4). Since ¥(z) = ¥(xz)
for every x € B, so W' (x;) = U'(x;) for i = 1,2,3. Thus z1, 22, x3 are three solutions
of () = AJ'(x) + p¥’'(x) in B, O

Our main tool in studying (|1.1) is the following Theorem, which in fact is a
restatement of [I5] Theorem 2]. It adopts it to our situation and its proof is the

same as that of [I5, Theorem 2], except that we use Theorem instead of [I5]
Theorem 1], and remove the phrase & = 2. Therefore we omit its proof.

Theorem 3.3. Let X be a separable and reflexive real Banach space; I C R an
interval; ® : X — R a weakly sequentially lower semicontinuous C! functional that
has unique global minimum at xqg € X and for every bounded E C X there exist
some constants C > 0 and v > 0 such that for every x €

B(x) — B(w0) > Cllx — ao”.
Let J: X — R be a C' functional with compact derivative. Finally, setting

J(x) (w) J(x) -1
— li lim = : P
a = max {0, i sup Gy msup o) }7 3 sup{q)(x) z € ®(]0,00])},
assume that a < 5 Then, for each compact interval [a, b } LT (with the con-
ventions % = 00, 5 = 0) there exists r > 0 with the followmg property: for every

A € [a,b] and every C* functional ¥ : X — R with compact derivative, there exists
0 > 0 such that, for each p € [a,b], the equation

' (z) = \J'(x) + p¥' ()
has at least three solutions whose norms are less than r.

Hereafter we denote by X the product real Banach space W, () x W;4(Q) in
which p,q > 1 and equip it with the norm

o)1 = [fally + [[0llg = ( / VulPdz)/? + ( / Voltdz)? .
At every (u,v) € X, define

D (u,v) /A1 (x, Vu) dm—i—/ Asy(z, Vv)dz, ¥(u,v) = /F(%u(x)m(m)) dz,

u(x)
J(u,v) // xsdsdx+// o(z, 8) ds dx

in which g1, g2 satisfy the following inequalities for some constant C' > 0,

91(2, ) S CA+[E77Y),  lga(z, &)l < C(L+ [T, (3.5)
forae. x € Qwhere l <7 <pand 1<k <gq.
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Before stating and proving our main result for (|1.1)), i.e., Theorem (3.8, we estab-
lish some lemmas which are useful in proving this theorem. In fact, we gathered
needed hypotheses of Theorem [3.8]in these lemmas.

Lemma 3.4. Let ® : X — R be defined as above. If the functions A; for i = 1,2
satisfy (H1), then ® € CY(X;R). In particular ® : X — X* is continuous.

Proof. At (u,v) € X for every (£,u) € X and 0 < |t| < 1, by applying the Mean
Value Theorem for A;’s we obtain

(®"(u,v), (&, 1))
Bt v )~ B(u,0)
t—0 t

= lim (/ a1(xz, Vu + tb, (2)VE) - VEdx —l—/ as(z, Vo + th2(x)Vu) - Vi dx)
Q Q

t—

in which 0 < 61(x),02(x) < 1 for every x € Q. Now by the Cauchy-Schwarz

inequality and (2.1)),
la1(z, Vu + 10, (z)VE) - VE| (14 |Vu + 01 () VEP) |V¢]

<C
S CA+2P7H(|VuP~t + [VEP1)) |V,

and since
p—1 p—1 p—1 P P v
(L 27 (Va4 (V€ ) Vel de < © (m(6) + ully + 1) el

where C' denotes a constant and m(2) is the Lebesgue measure of 2 and p’ = ;£

is the Holder conjugate of p, then the Dominated Convergence Theorem implies

}iné a1 (z, Vu + 101 (x)VE) - VEdx = / ai(z,Vu) - VEdz.
—0Ja Q

Similarly,

}irr(l) az(z, Vo +th2(x)Vu) - Vidr = / az(z, Vv) - Vydr,
—0Jo Q

and the functional ® is Gateaux differentiable at every (u,v) € X and
(D' (u,v), (& p)) = / ay(z,Vu) - V€ + as(x, Vo) - Vudr. V(En) € X
Q

Now we prove ® : X — X* is continuous. Suppose (uy,,v,) — (u,v) in X then by
the Holder inequality for every (£,17) € X we have

|<(I)/(’U;n,’0n) - (I)/(’LL,U)7 (ga H)>|

< , Vu,) — ,Vu) |-V ,Vup) — ,Vu))-Vu|d
</Q (al(x Up) — a1 (x u)) f‘—l—‘(ag(a: V) — ag(x v)) ,u‘ x
< lax (@, Vun) = ar(z, V)| o o [€llp + llaz(z, Von) — az(x, Vo)l o )l ullq
< (”al(xavun) - a’l(xvvu)”LP'(Q) + ||a2(z,an) - a2(I7vv)HL‘1'(Q)) ”(E’:u‘)”:

where ¢/ = q%’l is the Holder conjugate of q. Hence, it is sufficient to show that

Jim_ a1 (2, Vun) = a1 (2, V)| o ) + llaz(z, Von) = az(@, Vo)l o ) = 0.
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If not, we have

limsup [la1 (2, Vuy) — a1 (z, VU)o ) + llaz(z, Von) — az(z, Vo) 1o ) > 0,

n—oo

then there exists a subsequence of {(u,,v,)} which we denote it by the same nota-
tion {(un,v,)} for which

T Jax (2, Vitn) — a1, V)| )+ a2, V) — (V) | oy > 0. (36)
Since (un,v,) — (u,v) in X, we have u,, — u and v, — v in Wy ?(Q) and Wy*(2)
respectively. So there exist subsequences {uy, } and {v,, } of {u,} and {v,} respec-
tively and some functions g € LP(2) and h € L9(f2) such that |Vu,, (z)| < g(x)

and Vu,, — Vu a.e. and |Vu,, (z)| < h(z) and Vv, — Vv a.e. as well. Thus for
some constant C' and a.e. x € {2 we have

lay (z, Vi, ) — a1 (z, Vu)| < C(2 + |V, [P~ + |[VuP) <201 4+ g7
and by a similar argument
lag(x, Vop, ) — a1 (x, Vo)| < 20(1 + hP71),
Now by the Dominated Convergence Theorem
klglolo lai(z, Vun,) — ar(z, VU)HLP/(Q) + llaz(z, Von,) — az(z, V'U)”LQ’(Q) =0,

which contradicts . Therefore &' : X — X* is continuous and a priori ® €
Cl(X;R). |
Lemma 3.5. Let ® : X — R be defined as previously. Then ® : X — X* satisfies
Sy condition
Proof. I (un,v,) = (u,v) in X and

lim sup(®’ (un, vn), (Un — w, v, —v)) <0 (3.7)

n—oo
then since u, — u and v, — v in W, ?(Q) and W, %(Q) respectively

lim sup(®’ (wn, v, (Up — u, v, — v))

n—oo

= limsup(/Q (a1(z, Vuy,) — a1 (z, Vu)) (Vu, — Vu) dz

n—oo

+ / (az2(z, Vo) — az(z, Vv)) (Vu, — Vo) dz)
Q

and by and (3.7),

lim (' (un, vn), (Un — u, vy —v)) =0,

and obviously
lim [ (ai(z, Vuy,) — ai(z, Vu))(Vu, — Vu)dz =0, (3.8)
lim (az(z, Vo) — az(z, Vo)) (Vo, — Vo) dz = 0. (3.9)

n—oo 9]

We shall prove u,, — u as a consequence of (3.8]), and in a similar way (3.9]) implies
v, — v. By imitating the proof of [5, Lemma 2.3], put

Po(z) = (a1(z, Vup) — a1(z, Vu)) - (Vu, — Vu).
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Then (2.4) implies P, (z) > 0 and because (3.8]), there exists a subsequence of {u,, }
still denoted by {w,} for which lim,,_,o P,(z) = 0 a.e. in 2. Let

E=Npen{z € Q: nler;o P,(x) =0, [Vuy(x)] < 00, |Vu(x)] < co}.

Then m(2 — E) =0, lim,, oo Py(z) =0in E.

If x¢y € F then by the Mean Value Theorem and inequality ,
[V (z0)?
< C{lAl (xo, Vun(xo)) = C{lal (a:o,thun(xo)) - Vun(zp) for some t, € (0,1)
C{lal (mo,Vun(aco)) -Vup(zg) by
Cy [P (o) + a1 (w0, Vun (20)) Vu(zo) + a1 (zo, Vu(ro)) - (Van (o) — Vu(zo))]
Cy H[Pa(0) + Ci (1 + [V (20) [P~ 1) V(o) + Cr(L + [Vu(ao) [P~) [ Vun (w0))|
+ a1(zo, Vu(zo)) - Vu(xo)] by

which implies |Vuy,(z9)| < C for some constant C' > 0. Because by our assumption
lim,, 00 Py (20) = 0, for any polynomial g(t) = ¥ + ktP~! + mt + ¢ with p > 1,

/

N CININ

tlim q(t) = oo.

Now, if Vu,(zo) » Vu(zg), then {Vu,(x0)} has a convergent subsequence which
is denoted by the same notation {Vu, (o)} and converges to a vector vy # Vu(xo).
Hence

Jim P,(z0) = (ax(wo, vo) — ar (z0, Vu(wo))) - (vo = Vu(zo)) >0,

which contradicts the assumption zg € E. Therefore, Vu,(z) — Vu(z) for every
z e E.
As a consequence, P, (z) — 0 a.e. in Q and if

9n(x) = Po(2)+ (a1 (z, Vuy)—ai (2, Vu))-Vutar (z, Vu)-(Vu, —Vu)+ai (z, Vu)-Vu
then above calculations show that

|V, (2)|P < Cy tgn(z); (3.10)
furthermore,

gn(z) — a1(z,Vu) - Vu (3.11)
a.e. in €. By Lemma [3.4] the hypothesis (un, v,) = (u,v) implies
lim [ (a1(z, Vu,) — a1(z, Vu)) - Vudz = lim (9 (uy,v,) — ' (u,v), (u,0)) =0,

n—oo Q n—oo

lim [ ai(x,Vu) - (Vu, — Vu)dr = lim (®'(u,v), (u, —u,0)) = 0.

n—00 Q n—oo

On the other hand, (3.8)) gives

lim | P,(x)dz =0,

and hence
lim [ gn(z) = / a1 (z, Vu) - Vu. (3.12)
Q Q

n—oo

By (3.10), we obtain
Vun(2) = Vu(@) P < 207 (|Vun (@) + [Vu(@)[P) < 277105 gn(x) + [Vu(@))
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and since Vu, (x) — Vu(z) a.e. in Q, so (3.11)) implies
lim Cy g, (x) + |Vu(z)P = Cytai (2, Vu) - Vu + [Vu(z)?,

a.e. in Q. By (3.12)) we find
lim [ Cy'gn(z) + |Vu(z)P de = / Cy tay (z, Vu) - Vu + [Vu(z)|P da
Q Q

n—oo
< Oy Hlaa (2, V)l o o llullp + -

by the Holder inequality in which p’ = 1%. Therefore, the Dominated Convergence
Theorem implies

lim [ |Vu,(z) — Vu(x)|P dx =0,

n—oo Q

and therefore u,, — u in Wy ?(Q). Similarly we have v, — v in W,*?(2) and finally
(un,vn) — (u,v) in X. O

Lemma 3.6. The functional ® : X — R is weakly sequentially lower semicontin-
uous and the functional J : X — R is O with compact derivative and ® — \J is
weakly sequentially lower semicontinuous and coercive for each \ € R.

Proof. If (un,v,) — (u,v) in X and liminf,, o ®(un,v,) < ®(u,v) then there
exists a subsequence of {(uy,vy,)} denote it by {(un,, vn, )} such that {®(uy,,vn, )}
converges and lim,, oo ®(un,, Vs, ) < P(u,v).

Since ® € C1(X;R) by Lemma the Mean Value Theorem implies the exis-
tence of ¢, € (0,1) for every n € N such that

D (un, vy) — P(u,v) = (B (u+ ty(up — w), v+ tn(vy — v)), (up — u, v, — v)).
On the other hand, implies
(@' (u,0), (§,m) < (®'(u+t& v +1n), (& n)) (3.13)
for any t > 0 and (§,n) € X. Therefore,
(D' (u,v), (n, — u, vy, — v)) < <<I>’(u + tn(up —u), v+ ty (v, — v)), (up, — u, v, — v))
and as a consequence,

lim sup(®’(u, v), (upn, — U, vy, —v))
k—oo

< klim ((b’(u + tny (U, — u), v + ty, (Un, — v)), (Un, — U, Uy, —0)) <0
— 00

which contradicts (un,v,) — (u,v) since ®'(u,v) € X* by Lemma Thus
liminf, co ®(tun,vy) = ®(u,v) and ¢ : X — R is weakly sequentially lower semi-
continuous.

It can be shown easily that J is a C! functional [2, Theorem 2.9] and

(J'(u,v), (&n)) = /{291($»u)€+gz(w7v)nd9@.

If {(un,vs)} is a bounded sequence in X then it has a weakly convergent sub-
sequence by reflexivity of X which we also denote it by {(un,v,)} and assume
(Un,vn) — (u,v). Since 1 < p,q¢ < n, the embedding X — LP(Q2) x LI() is
compact, up to a subsequence (u,,v,) — (u,v) and by [16, Proposition 26.6], the
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Nemytski operators g1 : LP(Q) — LP () and go : L9(Q) — L9 (Q) are continuous

and bounded where p’ = ﬁ and ¢’ = #. Then

}<J/(un’7}n) - J/(U7U)7 (g,u)>|
< ‘ /Q (g1(z,un) — g1(z,u))€ + (g2(m,v,) — 92($,U))ud1“

< lga (e, un) — g1(@, W)l Lo (o €Ml e ) + l92(2, vn) — g2(, V)| Lo (@) |1l La (o)
< max {{lg1(z, un) = g1(2, ) o (), l92(2, v0) = g2(, )| Lor ) IS, 1)
hence
1t vn) = T, 0)|
< max {||g1 (2, un) = g1(2,u)ll 1 (), l92(2, v0) = g2(2,0) | L (0 }

for any n € N and (¢, ) € X. Therefore, J' : X — X* is compact and J : X — R
is weakly sequentially continuous by Corollary 41.9 [I7]. Hence ® — A\.J are weakly
sequentially lower semicontinuous functionals on X for every A € R.

By we obtain
D(u,v) = /Q A(, V) + Ag(z, Vo) da > Cs([lull + [lo]]9)
and since according to ,
J(u,v) < /Q ’ /Ou g1(z, s) ds‘ + ’ /ngg(:c,s) ds’ dz

< c/(\u|+|uv+ ol + [o]") do (3.14)
Q

< C(flully +1vlIg),

we have

D(u,v) = A (u,0) = Co([lullf + vl|2) = CIAI([[ully + [[oly)-

Then for every A € R,
H(lim)ﬁnf O (u,v) — AJ(u,v) = 00

and hence £, = ® — \J is coercive. O

Now we consider the properties of ¥ that we need in this article.

Lemma 3.7. Let F : Q x R? — R be a Carathédory function such that F(x,0,0) €
LY () and F(x,u,v) has continuous partial derivatives with respect to u and v in
every x € Q0 and for some constant C' > 0

q—

[P, u,0)| < COU+ [P+ [0 77, [y (,u,0)] < C(1L+ [uf”T + Jo]71)

for every x € Q and u,v € R. Then ¥ € C1(X;R) and its derivative ¥’ : X — X*
is compact.

Proof. Since F(x,u,v) is C* with respect to u,v, then for every z €  there exist
~v(x),0(x) in (0,1) such that

|F(z,u,v) — F(x,0,0)| < |F(z,u,v) — F(z,u,0)| + |F(z,u,0) — F(z,0,0)]
< | Fu(@, y(@)u, 0)|[u] + [ Fy (2, u, 0(z)v)|[v]
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qg—1

CA+ P~ Hlul + CA+ [ul” = + [T )[v]
CA+ |ul” +[v])
hence U (u,v) € R. Also for every (u,v), (&, 1) in X and ¢t € R — {0}, by the Mean

Value Theorem,

\I/(’LL + té-ﬂ) + tﬂ) - \Ij(u7v)

<
<

lim

t—0 t

= t]g%% F(z,u(z) + t&(z),v(z) + tp(z)) — F (2, u(z),v(z)) dz
Q

= }f% { /Q Fy(z,u(z) + t0(x)é(z), v(z) + tu(z))é(z) do

+ /Q F, (x,u(x), v(x) + tv(m)u(m))u(m) dac}7
in which 0 < 8(z),v(x) < 1 for any x € Q. But F, is continuous and
Fy(z,u(z) + t0(x)é(z), v(z) + tu(z)) — Fu(z,u(z),v(z)) ast—0
and for || < 1,
|Fu (2, u(@) +t0()€(x), v(z) + tp())€(x))|
< 01+ (@) + €@ + (o(@)] + @) ) @)

therefore, the Dominated Convergence Theorem implies

Pi% Fy(z,u(z) + t0(x)E (), v(z) + tu(x))E(z) do = / Fy(z,u(z),v(z))&(x) da
Q Q

and similarly

lim A F, (m, u(x),v(z) + t'y(;v)u(;v)),u(x) dzx = /Q F, (% u(x), v(:r))u(x) dz.

t—0

Therefore,

v —
(W' (u,0), (€, p)) = lim (ut i€, +ttu> (u,v)

= Fu(w,u,v)erFv(x,u,v),udx
Q

and U is Gateaux differentiable at any (u,v) € X and for every ({,u) € X

(W (), (€, ) = /Q Fo (&, 0, 0)E + Fy (2, u, v)pda,

The continuity and compactness of ¥’ can be proved like the continuity of ® and
the compactness of J’ respectively. O

Now we are ready to prove our next main result which deals with the existence
of three weak solutions for ([L.1]), by introducing some controls on the behaviour of
antiderivatives of g; and g2 at zero.

Theorem 3.8. Let g1, g2 satisfy (3.5)) and suppose

G G
max { hm sup w7 hm sup w

<0, 3.15
£—0 1IP £—0 13K J (3.15)
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where
3

3
Gy (. €) = /0 gi(2,8)ds, Gala,€) = / g2z, 8) ds

0

for any (x,€) € Q x R. Also, suppose the function F : Q x R? — R satisfies all
hypotheses of Lemma and in addition

sup {J(u,v) : (u,v) € X} > 0.
Then, if we set
D(u,v)
J(u,v)
for each compact interval [a,b] C]vy, 00| there exists r > 0 such that for every \ €

[a,b], there exists § > 0 such that for every u € [0, 6], the problem (1.1)) has at least
three weak solutions whose norms in X are less than r.

'y:inf{ s (u,v) € X, J(u,v) >0, <I>(u,v)>0}

Proof. First note that if p < ¢ then for every bounded E C X there exists some
constant C' > 0 such that

®(u,v) = ©(0,0) = Co([lullh + [[0]|2) = C(lull, + llvllg)” = Cli(u, v)[I”
for every (u,v) € E, and if p > ¢ then
®(u,v) = 2(0,0) = C|(u,v)*.
Furthermore every weak solution of (1.1 is a solution of ®'(x) = AJ'(z) + p¥’'(z).
Sincel<7<p, 1 <kK<q
C(||lul|F + [|v]|%
lim sup J(u,v) < limsu —(” |,|,p | |l|1q)
) l—oo P V) 7 (uw)—oo Il + [v]lg

and (3.5) in conjunction with (3.15)) implies, there exist p1, p2 so that 0 < p; < pa
and

=0

Gi(2,8) + Ga(x,n) < e([E]” + )
for every z € Q, every &,n in R — ([—p2, —p1] U [p1, p2]). Since Gi(z,§), Ga(z,n)
are bounded on € x ([—pz, —p1] U [p1, p2]), we can choose C" > 0 and p <m < ;2
and ¢ < { < % such that

Gi(@,€) + Ga(a,n) < e(|€” + [n|?) + C'(|€]™ + [nl)
for all (z,£) € Q x R. Now the continuity of the Sobolev embedding implies for
some constant C', independent of €
I (u,0) < C(e([ullf + [loll) + C"(lully + [lollg)

for every (u,v) € X. On the other hand, (2.3|) implies ®(u,v) > Ca(|[ul/} + [[v||?)
and since p < m, g < £

lim sup J(u,v) < g

(u,v)—(0,0) (D(U,U) Cy

(3.16)

Since € > 0 is arbitrary
lim sup J(u,v) =
(u,v)—(0,0) (I)(u7 ’U)
Hence, by (3.16) we have o = 0 in Theorem and since all other hypotheses
of Theoremﬂfor the functionals ® and J and the point g = (0,0) € X are
established in Lemmas [3.4] [3-5 and [3.6] and the functional ¥ has needed properties
by Lemma therefore the result is proved. (I
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