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GENERAL BOUNDARY CONDITIONS FOR THE KAWAHARA
EQUATION ON BOUNDED INTERVALS

NIKOLAI A. LARKIN, MARCIO H. SIMOES

ABSTRACT. This article is concerned with initial boundary value problems for
the Kawahara equation on bounded intervals. For general linear boundary
conditions and small initial data, we prove the existence and uniqueness of a
global regular solution and exponential decay as t — oo.

1. INTRODUCTION

This work concerns the existence and uniqueness of global solutions for the Kawa-
hara equation posed on a bounded interval with general linear boundary conditions.
Initial value problems for the Kawahara equation have been considered in [7, [T}, 23]
due to various applications of those results in mechanics and physics such as dy-
namics of long small-amplitude waves in various media. On the other hand, last
years appeared publications on solvability of initial boundary value problems for
dispersive equations (which included KdV and Kawahara equations) in bounded
domains [T, 2 [3, @, 6, [0 10, 12} 13, 15, 16 17, 18, 19, 20, 24, 25, 26]. In spite of the
fact that there is not any clear physical interpretation for the problems in bounded
intervals, their study is motivated by numerics.

Dispersive equations such as KdV and Kawahara equations have been developed
for unbounded regions of wave propagations. However, if one is interested in imple-
menting numerical schemes to calculate solutions in these regions, there arises the
issue of cutting off a spatial domain approximating unbounded domains by bounded
ones. In this occasion, some boundary conditions are needed to specify the solution.
Therefore, precise mathematical analysis of mixed problems in bounded domains
for dispersive equations is welcome and attracts attention of specialists in this area
2 13, @, 15, 6, [ (10, 12} (13, (17, 18, 19, 20, 24] 26].

As a rule, simple boundary conditions at x = 0 and z = 1 such as u = u, =
0lz=0, U = Uy = gy = 0|z=1 for the Kawahara equation were imposed. Different
kind of boundary conditions was considered in [0, 24} 25]. On the other hand,
general initial boundary value problems for odd-order evolution equations attracted
little attention. We must mention [I4] where general mixed problems for linear
(2b41)-hyperbolic equations were studied by means of functional analysis methods.
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It is difficult to apply their method directly to nonlinear dispersive equations due to
complexity of this theory. General mixed problems for the KdV equation posed on
bounded intervals, [3| [4] [15] [T8] [24], and on unbounded one, [19], were considered.

The main difficulty in studying of boundary value problems with general linear
boundary conditions is that for nonlinear equations such as the KdV and Kawahara
equations there is no the first global in ¢ estimate which is crucial in proving global
solvability [2]. Because of that, only local in t solvability of corresponding initial
boundary value problems was proved in [3, [I5]. In order to prove global solvability,
nonlinear boundary conditions were considered in [4} [T9] [25] which allowed to prove
the first global estimate without smallness of initial data. Global solvability and
exponential decay of small solutions to an initial boundary value problem with
general linear boundary conditions for the KdV equation have been proved in [I§].

Here we study mixed problems for the Kawahara equation on bounded intervals
with general linear homogeneous boundary conditions and prove the existence and
uniqueness of global regular solutions as well as exponential decay while ¢t — oo for
small initial data.

It has been shown in [I3] [I7] that for simple boundary conditions the KdV and
Kawahara equations are implicitly dissipative. This means that for small initial
data and simple boundary conditions, the energy decays exponentially as t — 400
without any additional damping terms in equations. In the present paper, we prove
that for the Kawahara equation this phenomenon also takes place for general linear
dissipative boundary conditions as well as the effect of smoothing of initial data.

The paper has the following structure. Section 1 is Introduction. Section 2
contains formulation of the problem, notations and definitions. The main results
on well-posedness of the considered problem are also formulated in this section.
In Section 3, we study a corresponding boundary value problem for a stationary
part of equation. Section 4 is devoted to a mixed problem for a complete linear
evolution equation. In Section 5, local well-posedness of the original problem is
established. Section 6 contains a global existence result and decay of small solutions
while ¢ — 400. To prove our results, we use the semigroup theory in order to
solve the linear problem, the Banach fixed point theorem for local in ¢ existence
and uniqueness results and, finally, a priori estimates, independent of ¢, for the
nonlinear problem.

2. FORMULATION OF THE PROBLEM AND MAIN RESULTS

Let T and L be finite positive numbers and @7 be a bounded domain: Qr =
{(z,t) e R?: z € (0,L),t € (0,T)}. Consider in Q7 the Kawahara equation

ug +uDu 4+ D3u — D%u =0 (2.1)
subject to the initial and boundary conditions:
u(e,0) = ug(x), @€ (0,L), (2.2)
D3u(0,t) = aza D*u(0,t) + a31Du(0, t) + asou(0,t),
D*u(0,t) = asoaD*u(0,t) + ag Du(0,t) + agou(0, 1),
D*u(L,t) = byy Du(L,t) + bagu(L, 1), (2.3)
D3u(L,t) = b3y Du(L,t) + bsou(L, t),
D*u(L,t) = byy Du(L,t) + byou(L,t), >0,



EJDE-2013/159 GENERAL BOUNDARY CONDITIONS 3

where the coefficients a;;, ¢ = 3,4, j = 0,1,2, and b;;, ¢ = 2,3,4, j = 0,1 are such
that ) ) )
By = bag — by — b3g — =|ba1| — =ba1 — =|bso| > 0
1 20 — 040 — 039 2| 21] 504 2| 30| )

1 1 1 1
By = b3 — 5~ b3, — §|521\ - 5541 - §|b30\ > 0,
1 1 1
Al =aq0 — 1 — Z|aa1| — =|aaz| — z|aso| >0,
2 2 2
1 1 1 1 (24)
Ap = 5 s §|CL41| - §|a30\ - §\a32| >0,
1 1 1
As = 1 §|a42| - §|a32\ > 0;
;0 1
D= D=D' ieN.
ox*

Remark 2.1. We call (2.3]) general boundary conditions because they follow nat-
urally from a more general form. At x = 0:

k41D4U(O, t) + ]C31D3U(O, t) + kngzu(O, t) + kllDu(O, t) + kmu(O, t) = 0,
k:42D4u(0, t) + k:32D3u(0, t) + ]{722D2’U,(0, t) + k‘lzDu(O, t) + I{JQQU(O, t) =0.

k41 k31
k42 k32

Du(0,t) = azz D*u(0,t) + a5 Du(0, ) + azou(0, t),
D*u(0,t) = asoD*u(0,t) + as Du(0,t) + asou(0,t).

(2.5)

Whenever the determinant Ay = det ( ) = 0, we arrive to the system

Similarly, at z = L :
]941D4‘u(L7 t) + p31D3u(L, t) + p21D2u(L, t) + pr1Du(L,t) + poru(L,t)
paeD*u(L,t) + psoD3u(L, t) + paoD*u(L,t) + proDu(L,t) + poou(L,t)
pasD*u(L,t) + p3zD3u(L,t) + pazD*u(L, t) + p13Du(L, t) + posu(L,t)

)

0
0, (2.6)
0

P41 P31 P21
If Ap =det | paa p32 pa2 | #0, then

P43 P33 P23

D?*u(L,t) = boy Du(L, t) + bogu(L, 1),

D3u(L,t) = b3y Du(L,t) + bsou(L,t),

D*u(L,t) = byy Du(L, t) + byou(L, t).

Note that, according to , must be byg < 0, bg; > 1/2, agp > 1 and az; < 1/2.

The remaining coefficients should be sufficiently small or zero. For simplicity, we
consider these coefficients equal to zero and get the following boundary conditions:

D3u(0,t) = az; Du(0,1),
D*u(0,t) = asou(0,t),
D?u(L,t) =0, (2.7)
D3u(L,t) = b3y Du(L, 1),
D*u(L,t) = byou(L,t), t>0.
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Assumptions (2.4)) become

1
Blz—b4o>0, B2:b31_*>07

2
1
Ay =a4—1>0, A2:§—ai’>1>07 (2.8)
1
Az =-.
Ty
Throughout this article, we adopt the usual notation || - || and (-, ) for the norm

and the inner product in L?(0,1) respectively. Our main result is the following
theorem.

Theorem 2.2. Let ug € H(0,L) satisfy [2.7). Then for all finite real L > 0 and

2

T > 0 there exists a positive real number v (Ly < 1) such that if (1+~x,ud) < 35,
then (2.1)~(2.3) has a unique regular solution u = u(x,t):

ue L>(0,T;H°(0,L)) N L*(0,T; H'(0, L)),

uy € L>(0,T;L*(0,L)) N L*(0,T; H*(0, L))

and the inequality holds
[ull®(£) < 2juoll*e™",

_ y(aL?+1)

where X m .

3. STATIONARY PROBLEM

In this section, we solve the stationary boundary problem
Ayv=X v+ D3 — D% = f in (0,L); (3.1)

2 1
D'w(0) = a;;Dv(0), i=3,4; D'w(L)=>» b;D'v(L), i=234, (32)
=0 =0

where A >0, f € H*(0,L), s € N, a;; and b;; satisfy (2.7)), (2.8). Denote

D*v(0)
D3v(0)
2
010 —az 0O 000 0 0 %:((00))
1 0 0 0 —ag 0 0 O 0 0 v(0)
Ve)=|0 00 0 0 001 0 0 Din(L)
0 0 0 0 0 0 1 0 —by 0 ng(L)
0 0 O 0 0 1 0 0 0 —byo D2u(L)
Dv(L)
v(L)
Suppose initially that f € C*([0, L]). Consider the problem
A)\’sz, (33)
Vw)=0
and the associated homogeneous problem
A)\’U:O, (35)

V(v) =0.
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It is known [8, 21], problem (3.3])-(3.4) has a unique classical solution if and only

if problem (3.5))-(3.6)) has only the trivial solution.
Let v1, vy be nontrivial solutions of (3.5)-(3.6) and w = v; — ve. Then

Ayw =0, (3.7
V(w) =0.
Multiplying by w and integrating over (0, L), we obtain
Mw|* + (D*w — D*w,w) = 0. (3.9

Integrating by parts and using (2.8)), we find

2

(D*w,w) = —w(0)D?*w(0) — %[Dw(L)] + %[Dw(o)] (3.10)
and
—(D%w,w) = —bsgw?(L) + asow?(0) + sy [Dw(L)]* + agi [Dw(0)]*
1 5 (3.11)
It follows from and that
(D*w — D°w,w) > —bsgow?(L) + [b31 — %] [Dw(L)]2 + [as0 — 1]w?(0)
1 2 1 2 (3.12)
+ [5 - 031] [Dw(O)] + Z [DQ'LU(O)] .
According to ,
(D*w — DPw,w) > K, (w2(L) + [Dw(L)]? + w?(0)
(3.13)
+ [Dw(O) + [D*w(0)?) = 0,
where
K :miH{Al,AQ,Ag,Bl,BQ} > 0. (314)
From and ,

Mw|* + (D*w — D*w,w) =0
and (3.13)) implies A|w||? < 0. Since A > 0, then w = 0 and v; = v,. Hence,
(3.3)-(3.4) has a unique classical solution.

Theorem 3.1. Let f € H*(0,L), s € N. Then for all A > 0, problem (3.1])-(3.2)
admits a unique solution u(x) such that

lullzrs+s0,2) < Cllfllms 0,1 (3.15)
where C' is a positive constant independent of u and f.

Proof. To prove this theorem, we need some estimates. First, multiplying (3.1)) by
u and integrating over (0, L), we obtain

Mul|? + (D3u — Dou,u) = (f,u). (3.16)
Since
(D3u — D°u,u) >0,
it follows that
ol < 51711 (317)
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Using (3-13), B-17), from (3.16), we obtain

Nl + 2K (u?(L) + [Du(L)]* + u(0) + [Du(0)]” + [D?u(0)]?)
< SIAIP o

Next, multiply by (—Du) and integrate over (0, L) to obtain
—)\(u, Du) _ (D%, Du> n (D%, Du) - —( 7, Du).
By (3.13),
I = =X(u, Du) > —C1||f|I?,
I, = —(D*u, Du) = —D*(L)Du(L) + D*u(0)Du(0) + || D*u||
> || D?ulf® — Cel|fII?
Iy =(D°u, Du) = D4u(1;)Du(x)|;iOL - Dgu(a:)DQu(x)’iig + || D3u?
> || D?ul® — G fII*.
Summing I + I + I3, we have
ID*ul® + [ D*u)]* < CullFII* + %||Du||2- (3.19)

On the other hand, using , we calculate

| Dul|* = —(u, D*u) + u(L)Du(L) — u(0)Du(0)

< S ID%ul? + [|ull* + [u(L) Du(L)[ + [u(0) Du(0)]

1

2
1

< SID%ull® + G5l 1P

This and (3.19)) give
lull 20,y < Kol f]l- (3.20)

Now, directly from
ID>ul| < [lullas o,y + [LF]l < K|l £]]- (3.21)

Multiplying by D3u, we obtain

)\(u,D3u) + (D%,D%) - (D%,D%) — ( 1 D3u). (3.22)
Integrating by parts, we calculate

L= /\<u,D3u> < Mull|D?ull, Is = (D%,D%) — | D32,
I = —(D5u7 D3u) = —D*u(L)D*u(L) + D3u(0)D*u(0) + ||D*ul)?.

Hence

|D*ul? < [DPulll|D*ull + Cr (w3(E) + [Du(L)? + u(0) + |Du(0)* + [D*u(0) ).

Taking into account (3.18)), (3.20)) and (3.21)), we find

[ulls 0,y < C I (3.23)

where the constant C'(\) depends only on A > 0. This means that v € H5(0, L).
Moreover, differentiating sequentially s times equation (3.1)), we obtain D*™%uy =
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AD®u + D¥3y — D* f which implies v € H*T?(0, L) provided that f € H*(0,L).
The proof is complete. ([

4. LINEAR EVOLUTION PROBLEM

Consider the linear problem

u + D3u—D%u=f inQr, (4.1)
u(z,0) = uo(z), =z € (0,L), (4.2)
V(v)=0

and define in L?(0, L) the linear operator A by
Au = D*u— D%u, D(A):={ue H*0,L); V(u) =0}. (4.4)
Theorem 4.1. Let ug € D(A) and f € H*(0,T,L*(0,L)). Then for every T > 0,
problem 7 has a unique solution u = u(x,t);
ue C([O,T],D(A)) N 01([0,T],L2(0,L)).

Proof. To solve (4.1))—(4.3)), we use the semigroup theory. According to Theorem
for all A > 0 and f € L?(0, L) there exists u(x) such that Ayu = f, hence,

R(A + X)) = L*(0,L). Moreover, by (3.13)), (Amu) > 0Vu € D(A). Its means

that A is a m-acretive operator. By the Lumer-Phillips theorem, [22] 27], A is a
infinitesimal generator of a semigroup of contractions of class Cy. Therefore the
following abstract Cauchy problem:

ug + Au = f, (4.5)
u(0) = ug (4.6)

has a unique solution

ue C([O,T]; D(A)) not ([O,T]; L2(0, L))

for all f € LQ([O,T]; L2(0,L)) such that f; € L2([0,T];L2(0,L)) and uo € D(A).
O

Remark 4.2. If uy € D(A2), f € H2(0,T; L*(0, L)), then u € C([0,T]; D(A?)),
u € C([0,T]; D(A)) n CH([0,T]; L*(0, L)).

5. NONLINEAR EVOLUTION PROBLEM. LOCAL SOLUTIONS
In this section we prove the existence and uniqueness of local regular solutions
of @1)-23).

Theorem 5.1. Let ug € H°(0,L) satisfy [2.7). Then there exists a real Ty > 0
such that (2.1)—(2.3) has a unique regular solution u(x,t) in Qg,;

we L>(0,T; H(0, L)) N L*(0,T; H'(0, L)),
ug € L(0,T; L*(0, L)) N L*(0,T; H*(0, L)).
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Proof. We prove this theorem using the Banach Fixed Point Theorem. Define the

spaces:
X = L>(0,T; H*(0, L));
Y = L>®(0,T; L*(0, L)) N L*(0,T; H(0, L));

V= {v :[0,L] x[0,T] - Ryv e X, vy €Y, v(x,0) zuo(x)}

with the norm

T 2
Iolfy = sup {IIP + o0} + / i_Zl(nDZv2<t>+||D1vt||2<t>)dt. (5.1)

The space V equipped with the norm (5.1f) is a Banach space. Define the ball

Br = {v e V;|o|ly < VIOR},

where R > 1 is such that
5

(1+ D[S 1D | + |luo Duol?] < B2
i=0
For any v € Bg consider the linear problem
u; + D3u — D%u = —vDv, in Qp;
u(z,0) = uo(z), =z € (0,L);

2
Diu(0,t) =Y a;D'u(0,t), i=3,4, t>0;
j=0

1
D'u(L,t) = bi;DIu(L,t), =234, t>0
§=0

with Qjj, bij defined by ‘) " .

It will be shown that f(z,t) = —vDv satisfies
fofr € L*(0,T; L*(0, L)).
We will need the following lemma.
Lemma 5.2. For allu € H'(0, L) we have:
(1) If u(er) = 0 for some « € [0, L], then

sup [u(@)| < V2wl Dul|?.
z€(0,L)

(2) If u(z) # 0,V € [0, L] then

sup |u(x)| < 2[lullg1(0,1)-
z€(0,L)

Proof. (1) Let « € [0, L] be such that u(a) = 0. Then for any x € (0, L)

x xr
uQ(gc) = / Dsug(s)ds < 2/ |u(s)Dsu(s)|ds < 2|ul|r2(0,1) ()| Dull £2(0,L)-
(6% [e3

Therefore,

sup [u(z)| < V2| ()|| Dul*>.
z€(0,L)
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(2) If u(z) #0Vx € [0, L], L > 1, consider the extension

i(z) = (14 2)u(-z), forz e [-1,0]
) u(), for x € [0, L].

Obviously, u € H'(—1, L) and u(—1) = 0. By part 1 of this Lemma,
sup [a(,t)]* < 2|[al| g2 1,0y (O D] 21,1, (t)

ze(—1,L)
<20 (1,1 () + 1DEl[22( .1 (D) (5.6)
) ().
‘We have
0 L
1221y (1) = / (142 (a)da + / u? () da
1 L
< / o (2)dz + / W (@)dz < 2ful2a 1) (0).
0 0
Similarly,

||Da||%2(71,L) (t) < 2HUHQH(O,L) (t) + 3||DU||%2(0,L)(t)-
Returning to (5.6]), we obtain

sup [u(x)]* < 4llullF o,y (1)

ze(—1,L)
or
sup [lu(@)[| = sup [u(z)] < sup [|u(z)| < 2||ullgio,z)(t)-
z€(0,L) z€(0,L) ze(—1,L)

In the case L < 1, we use the extension
() = (L + z)u(—=x), forxze[—L,0
u(z), for x € [0, L],
and repeating calculations of the case L > 1, come to the same result. ([l
Proposition 5.3. If v € Bg, then for allt € (0,T)
| Dv||?(t) < 11R%.

Proof.

t b L

1ol = Do)+ [ 5 ([ IDolPaz)as

0o 9s\Jo

T
< | Dul? + / [1Dv]2 + || Doy 2] de

< || Duo|l* + ||vll} < 11R*.

Using Lemma we obtain
sup  |v(,1)|* < 84R?,
(z,t)€QT

sup |vy(z,1)[* < 4ol F1 0,2 (t) < 4(10R? + || Doy |*(1)).
(z,t)eEQT
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For f = —vDw it follows that
fa ft S L2(07 Ta L2(O7 L))
Indeed,

//\f|2dxdt //|UDU\ dxdt

< / sup [o(®)] / |Dvf2de] dt
0 z€(0,L)
T

< [ 4l g @1DelP e
T T

=4 [ JolP@IDolP e+ 4 [ Dol o)
0 0

T
<4 sup {||v|*( )}/O | Dol (t)dt + 4(11)*R*T

t€(0,T)
< 528R'T < +oc.
On the other hand, f; = —(vDwv);. Hence

/ / (vDv),|*dxdt = / / |ve Dv + vDuy|*dxdt
L
< 2[/ / |vtDv|2dxdt+/ / |vDvy [*dxdt].
o Jo o Jo

By Lemma [5.2 and Proposition [5.3}

T L
11=/ / |ve Dv|?dxdt

0 0
T L

S/ sup |vt(1:,t)\2[/ |Dv|2d$}dt
0 z€(0,L) 0
T

< [ Bl 1ol 0]
T

= / (40erl32(0.) () + IDw O] DvI(E) ) dt < +o0

T L
I, = / / |vDv,|*dxdt
o Jo
T L
S/ sup \U(x,t)|2[/ |Duv,|*dz]dt
0 2€(0,L) 0

T
< / A0l 0.0 (DI Do (1)t

and

T T
—4 / loll2(6)]| Do 2(£)dt + 4 / | Dol ()| Do |2 (£)dt
0 0
T T
<4 sup {o](®)} / | Doy |2(t)dt + 4 / (11)2R2|| Doy |2 (1)t
te(0,T) 0 0
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< 4|v||3 + 4(11)2R?|jv||? < 488R* < +oo.

/ / | fe? dadt = / / | — (vDv)¢|*dadt < 400

and f, f; € LQ(O T; L%(0,L)).
By Theorem we may define an operator P, related to . E, such that
u = Po.

Hence

Lemma 5.4. There are a real Ty : 0 < Ty < T < 1 and v > 0 such that the
operator P maps Br into Bpg.

Proof. To prove this lemma, we will need the following estimates:
Estimate 1. Multiplying by 2u and integrating over (0, L), we have
(ut, u) (t) + (Dgu,u) (t) — (Dsu,u) (t) = (— va,u) (t)
or
%HUHQ(t) + Ky (uQ(L, t) + [Du(L, t)]* +u?(0,2) + [Du(0,1)]* + [D*u(0, t)]z)
< |Jul(t) + 484R*.

(5.7)
By the Gronwall lemma,
lul2(t) < eT R (1 + 484R2T). (5.8)
Taking 0 < 77 < T such that e < 2 and 484R?T; < 1, we obtain
lul®(t) < 4R?, € [0, T1].
Returning to , we obtain
lul®(t) + £y / + [Du(L, 5)]2 + w3(0, 5) + [Du(0, )} + [D2u(0, )] ) ds

<[4+ 484R*| R*T + ||uo ||2

Taking 0 < Tp < T < 1 such that [4 + 484 R?|R?*T, < R?, we obtain
t

[ull®(t) + K i (u2(L, s) + [Du(L, s)]* +u*(0, s) + [Du(0, 5)] + [D?u(0, 3)]2>ds
<2R%.
Estimate 2. Multiply by (1 4 vx)u to obtain
(e (14 7)) () + (DPu, (14 9@)u) (1) = (DPu, (1 -+ 5)u) (1)
—(UDU, (1+ 'ym)u) (t).
We estimate:
I = ( — D, (1 + 'yﬂ:)u) () < 882(1 + vL)R + %(1 + e, u2) (t).

Substituting I into (5.9) gives
(K1 —~Cr) [uQ(L,t) + [Du(L, t)]? + u?*(0,t) 4+ [Du(0,t)]* + [DQu(O,t)]Z]

(5.9)
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d
+ g (L) ()4 3 Dul(6) + 51Dl (1)
< (1+~L) (2 + 1764R2)R2 ,

where C, is a positive constant Which depends on the coefficients a;;,b;; and L.
Choosing v > 0 such that vCp = 5+, we obtain

Kirer,n + [Du(L,t>12+u2<o,t>+[Du(O,t>12+[D2u(o,t>F]

l\D

&
~

+ = (147,02 () + 31 Dul(t) + 5] Dl (1)
< (1 +4L)(2 + 1764R*)R?
and for 0 < T3 < T < 1 such that (1 +~L)(2 + 17642 R?

/0 [1Dul*(s) + 1D*ulf*(s)]ds <

Estimate 3. Differentiating (5.3)) with respect to ¢, multiplying the result by uy,
we have

RT3 < R?, we obtain

~—

R?. (5.10)

[SCAR )

(utt, ut) (t) + (D?’ut, ut) (t) — (DSut, ut> (t)
- (vtDv, ut) (t) — (vat, ut) (t).

Using Proposition [5.3] we calculate

(5.11)

1 e
I = (= vDv,ue ) (8) < 55 lludl2(0) + 5 o Dol (2

1
< e ludlP (@) + 220 R+ 228 R | D (1)
and
1 9 €2 ,
I, = (— UDUt,Ut> (t) < @”Ut” (t) + EHUDWH (t)

< oglluel®(8) + 4262 R?|| Doy |*(2),

22
where € is an arbitrary positive number. Substituting I; — I into (5.11)), we find

d 2
£||ut||2(t) < 6—QHUtH?(t) + 128R%€2|| Dug||(t) + 44062 R*. (5.12)
By the Gronwall lemma,
t
l[we]|2(t) < edo = <||utH2(O) + 128R262/ | Dvs||?(s)ds + 44062R4t).
0
Taking € > 0 such that 1280R?¢% = 1, we obtain

2p4 ¥ 3
440e*R 128R

204 < ot 2 Rp2y
lul(t) < e (J1usl|2(0) / D2 (s)ds + o 7).

Since

[uel*(0) < 3[luoDuo|* + | D*uo||* + | D°uo|1*] < 3R?,
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and using Proposition [5.3] we obtain

luel2(t) < e%* (3882 + /t 1D |2(s)ds + ﬁR%)
- 0 128
3 44
< €—2t 2 T p2 .
<e (4R + R T)

Taking 0 < Ty <T < 1 such that ee%T“ <2 and %R2T4 < R?, we obtain

llue||?(t) < 10R2.
Returning to (5.11]), we obtain
t
K / (43, ) + [Dua(L, ) +42(0,5) + [Dus(0, )2
0
+ (D2, (0, 5)]2) ds + [l [2(2)
20, a4, )
<= — .
< SRT+ o R*T+4R
For 0 < T5 < T < 1 sufficiently small, we obtain
t
Kl/ (ug(L,s) + [Dug(L, 5)]* + u2(0, s)
0

+ [Dus (0, )2 + (D, (0,5))% ) ds + e (1)
<5R%.

Estimate 4: Differentiating (5.3 with respect to ¢, multiplying the result by (1 +
~vx)u; and integrating over (0,t), we have

(s (14 7)) (0) + (DPue, (L4 92)ue ) () = (DPus, (1 + ) ) (1)

(5.13)
= ( — Do, (1 + ’ym)ut) (t) + ( —vDuv, (14 Wx)ut) (t).
We estimate
I = ( —uDv, (1+ 'yz)ut) (t)
< (1+~L)[220°R* + 226> R?|| Dvy ||*(t) + %HWHZ(?&)],
Iy = (= wDu, (14 3wy ) () < (1+1) 42 B2 Dul2(0) + 5 5 P (0)],

where € is an arbitrary positive number. Substituting I1 — I into ([5.13)) and using
previous estimates, we find

(K1 = 1C0) (w3 (L,6) + [Dur (L, O + w30, 8) + [Dua 0, 1)

+ D200 + 5 (1 32,0)(0) + 3 DualP(0) + 51Dl (1)

5.14)
9 (
< (1+~L) [6—2||ut||2(t) + 128R2€®|| Duy||%(t) + 4406 R*]

1
< (1+9L) [?232 + 128R%€*|| Dy || (t) + 440€° R*].
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Integrating over (0,t), we find
t
3 [ 11D + 102 (9] ds
10 5 2o [ 2 2 pd 2
< (1+9L)[5 R°T + 128R%¢ | Dvs||?(s)ds + 440e* R*T| + 3R>
€ 0
Taking € > 0 such that 1280(1 + yL)R?¢? = 1 for a fixed v > 0, we obtain

t 10
3 [ 10w + D70 P ()]ds < G4 DRPT + AR 4 oRPT
0 6

and choosing 0 < Tg < T < 1 such that (1 + 7L)i—9R2T6 < R; for fixed ~, €? and

1‘248}%2 < R , we obtain

t
/ [[Dus*(s) + 1 D?us || (s) ] ds < §R2.
0

Putting Ty = miny<;<¢{7;}, we find

28
ull < *RQ

therefore |lul|y < v/10R. The proof is complete. O

Lemma 5.5. For Ty > 0 sufficiently small, the operator P is a contraction mapping
m BR.

Proof. For vi,vs € B denote
u; = Pv;, i=1,2, w=wv;—vy and z=1u; — us
which satisfies the initial boundary problem

1 1
2+ D32 — D%z = —5(111 + vg)Dw — §U/D(v1 +v2) in Qr, (5.15)
A(2,00=0, ze(0,L), (5.16)

2
t)=> a;;Dz(0,t), i=3,4, te0,Ty,

1
t)=> byD'z(L,t), i=2,3,4, te[0,Ty.

Define the metric
p2(v1,v2) = Pz(w)
= sup {JlwlP@) + wdl )}

t€[0,To)

Ty 2
/ S IDwlP() + [1DPw 2 ()]

i=1
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Multiplying by z, we obtain
%Hz”?(t) + K (ZQ(L, t) + [Dz(L,t)]> + 2*(0,1)
+[D2(0,1)? + [D2z(0,t)}2) (5.18)
< - ((vl + vg)Dw, z) (t) — (wD(v1 + vg), z) (t).
We estimate
1=~ (o1 +v2)Dw, 2) (1) < 84 B Dwl(1) + 5121 (0),
I, =~ (wD(or +v2),2) (1) < 4B (Jwl2(0) + | Dwl?(1)) + 5 1=17(0)
where € is an arbitrary positive number. Substituting I; — I3 in , we obtain

LI < 2P0 + 18Rl + [IDw (1)

Choosing €2 = 128 R?/8 and using the Gronwall Lemma,

1 =2 To
2120 < 3™ (10 sup (PO} + [ [Dwl0r).
te(O,To) 0
Taking 0 < Ty < 1 such that exTo < 2, we have
1
I#l26) < 2o2(w). ¢ 0.70)
Returning to (5.18) and integrating over (0,t), we obtain
t
K / ((L.) + D=L ) + 22(0.5) + [D=(0. )]
0
+ (D220, 5))ds + |1(1) (5.19)
1
< [QTO +128R%*€*| p*(w), Vt € [0, Ty).
Multiplying (5.15]) by (1 + vz)z and integrating over (0, L), we obtain
(20 (1 +92)2) (1) + (D%, (1 + 92)2 ) () = (D2, (1 +72)2) (1
1 1
=-3 ((v1 + v9)Dw, (1 + ’yx)z) (t) — 3 (wD(vl +v9), (14 'yx)z) (t).

We estimate

(5.20)

I3 = _%<(Ul + v2) Dw, (1 + VfU)Z) (t)
< (1+4L) (RERIDI() + 55121
and

I, = —%(wD(vl +v2), (1+ vx)z) (t)

< (1+70) (2826 (ol (1) + 1 DwlP(0)) + 55 10(0)]:
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Substituting I3 — I in ((5.20) and integrating over (0,t), we obtain

t
(K — ’YCL)/ (22(L, )+ [Dz(L, s)]* 4+ 22(0, s) + [Dz(0, 5)]* 4 [D*2(0, s)}Q)ds
0
t
+ 0%(t) + 3 / (ID212(s) + 102212 (s) ) s
t t
< 128(1 +WL)R262/ | Dwl|?(s)ds + 44(1 +7L)R262/ lw||?(s)ds
0 0
2 1 2 2 2
+ 50 +7L)<262T0 + 128R2e )p (w)t.
Taking € > 0 such that for a fixed v > 0
1
128(1 + yL)R%*¢* = T
we have

=170+ [ (192126 + 10%1106) ) s

2 1
< —p*(w) + 6—2(1 + VL)(ﬁTo + 128R262)T0p2(w).

| =

Taking 0 < Ty < 1 such that F%(1 +~L) (ﬁTg + 128R2€2>T0 < i, we obtain

20 + [ (1D=07(6) + D221 (s))ds < 502 (5.21)
Then

This completes the proof. ([l

Remark 5.6. The estimate (5.21)) partially implies that the data-solution map is
continuous. More precisely, let ug, Tg satisfy the conditions of Theorem [2.2]and let
u, T be corresponding solutions of (2.1)-(2.3). Then Ve 36 = d(e, T, maz{uo,uo})
such that

luo — ol <6 = |lu—7u|(t) <e forall 0<t<T.

Lemmas [5.4] and [5.5] imply that P is a contraction mapping in Bg. By the
Banach fixed-point theorem, there exists a unique generalized solution u = u(z,t)

of the problem f such that
u,uy € L0, Tp; L2(0, L)) N L*(0, Tp; H*(0, L)).
Consequently, Du € L>(0,Ty; L2(0, L)).
Rewriting in the form
D3u — DPu+u = u — uy — uDu = G(x,1t),

it is easy to see that G(x,t) € L>(0,7Tp; L*(0,L)). By Theorem we have
that u € L*(0,Tp; H5(0,L)). Hence, G € L?(0,Ty; H*(0, L)) which implies u €
L>(0,Ty; H5(0, L)) N L2(0,Ty; H(0, L)). Theorem is proved. |
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6. GLOBAL SOLUTIONS. EXPONENTIAL DECAY

In this section we prove global solvability and decay of small solutions for the
nonlinear problem

u; +uDu+ D3u — D3u =0, x€(0,L), t>0; (6.1)
u(z,0) = uo(z), =z € (0,L);

2
D'u(0,t) =Y a; D'u(0,t), i=3,4, t>0,
=0

1
Diu(L,t) = bi;DIu(L,t), =234, t>0,
j=0

where the coefficients a;; and b;; are real constants satisfying (2.8]).

Proof of Theorem[2.3. The existence of local regular solutions follows from Theo-
rem [5.1] Hence, we need global in ¢ a priori estimates of these solutions in order to
prolong them for all £ > 0.

Estimate 1. Multiplying (6.1) by 2(1 + vx)u, integrating the result by parts and
taking into account (6.3]), one gets
d
7 (1 + vz, u2> )+ 2((1 + ya)u?, Du) )+ (K1 —~CL) (uz(L, t)
2,2 2 2 2 2 (6.4)
+ [Du(L, t)]” + u?(0,t) + [Du(0,t)]” + [D*u(0,t)]") + 37| Dul*(t)
+ 57| D?ul*(¢) < 0.
Taking v such that 0 < Ly < 1, we estimate,
4
2(1+ye,u?Du) (1) < 26[u(0,6)? + (261 + 3 |lul*(®)) | Dul* (1),
where ¢ is an arbitrary positive number. Then (6.4)) reads

%(1 t oz, u2) (t) - [20L + §||u||2(t)] [Dul|?(t) + (K1 — ~Cr, — 26) (uZ(L, £)

+ [Du(L,1)]* +w2(0,8) + [Du(0, )] + [D?u(0,6)]*) + 34/ Dul*(¢)
+59[[D%ul*(t) < 0.
Since

1 1
IDul(t) = Sl () — 7 u(0, B2,
1

>

— 2L2
1 1 1

2,112 > 2 _ 2 _ = 2

1D2ull*(8) 2 7z lull*(0) = 55 |u(0, ) = £ 1Du(0. 0,

1
ID?ul*(2) 1Dul*(t) = £1Du(0, )],

it follows that

& (14 7,02) (1) + 217 (14 25) = 5L~ 2P0 1Dul(6) + 5| DulP (1)

Al D2ul2(E) + (Ky — 4C, — 26 — 4%) (WL t) + [Du(L, )] + (0, 1)

+ [Du(0,6)]* + [D*u(0,)]%] < 0.



18 N. A. LARKIN, M. H. SIMOES EJDE-2013/159
Taking § = 2/L3, we obtain

& (14 5w2) 1) +2(7 - Lj(l +ye,u?) () 1DulP(t) + 1 Dul (0

+ || D?ul?(t) + <K1 —~Cy, — % — 4%) [u?(L,t) + [Du(L,t)]2 +u2(0,1)

+ [Du(0,0)]* + [D*u(0,1)]°] < 0.
Choosing ~ > 0 sufficiently small, we obtain

G (1+92.02) 0 +21 = = (L) O)1DulP(©) + 2 DulP0)

+ || D?ul?(t) + % [uQ(L,t) + [Du(L, )] + u2(0,t)
+ [Du(0,5)]” + [D2u(o,t>ﬂ <o.

Since (14 yz,ud) < 2L3, then (1 + vz, u?)(t) < 2L3 for all ¢ > 0 [13]. Hence, for
~ > 0 sufficiently small

L)+ () () (w0 <0

By the Gronwall lemma,
(14 vz, w?)(t) < e X (1+yz,ud),

_ (4L%+1)y
where X = m

Returning to (6.4)), using assumption (2.8)) and choosing v > 0 sufficiently small,
we obtain

/ llu(L, )2 + | Du(L, 5)|? + [u(0, 8)[2 + [ Du(0, ) + |D?u(0, )] ds
0 (6.5)

t
+ (1ma®) (0 + JulP©) + [ [1DuP(s) + [IDulP(s)]ds < Clual
0
where C' is a positive number.

Estimate 2. Differentiate ([6.1))—(6.2) with respect to ¢, multiply the result by
2(1 + yz)us to obtain

c(lit (1 + vz, ut> (t) + 2((1 + yx)uuy, Dut) ( (1 + yx)u?, Du) (t)
+ (K1 —~vCp) [uf(L,t) + [Duy(L, t)] +uf(0,t) + [Duy(0,t ]
+ [D?ur(0,))"] + 371 Duel (1) + 57| D*wi]*(¢) < 0.
For 6 € (0,1) and 0 < Ly < 1, we estimate
2((1 —|—7m)uut,Dut) (t)
2 4 2 2 2
< 2Dudl*(0) + = (Jul0, 0 + LIDulP(®)) (1472 1)

and

2((1 +yz)ul, Du) (t) < (1 + 2[Du(0, 1)) + 2LHD2u||2(t)) (1 + w,uf) (t).
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This implies
(K1 = 7Cr)(uf (L, 1) + [Dug (L, 1)]” + u (0,2) + [Dug(0,6)]* + [D?us (0, 1)]%)

d 2 4 2 2
+ g (1wt ) 0 < (S0, + LIDulP ()] (6.6)
+ [1+2[Du(0, O] + 2L D2ul*(1)] ) (1 + 7o, uf ) (1),
Taking 2C1y € (0, K1) and remembering that due to (6.5) u2(0,t) + || Dul|*(t) €
L1(0,t), by the Gronwall lemma,
(1+92,1) @) < Clluoleo.n)- (6.7)

Returning to , we obtain

/0 (w3(L.5) + [Dug(L, )] + u2(0,5) + [Dug(0, )] + [D?u, (0, )] ) ds

t
(14w, ud) (1) + / [1Dus2(s5) + [ Dus |2 (5)] ds
0
< Clluollzrso,1-
It remains to prove that
u € L*°(0,T; H>(0,L)) N L*(0,T; H' (0, L)).
We estimate

lubul(t) < sup {Ju(z,t)|}IDult)

z€(0,L)

< (Ju(0,6)| + VZIDull(t) )| Dull 1)
< (Ju(0,0)| + / [, 0, 5)|ds + VI[| Dull (1) )| D] ()
T
< 2[Ju(0,0)]* + L/ e (0, 1)|dt]
0
T
+ L+ D[IDwl + [ {IDul*(e)+ 1Dwl(0)} ar

T
< Cllwln + [ (0.0+1DuP® + IDulP(®) d] <-+ox.

Hence ||uDul|(t) € L>(0,T) and uDu € L*(0,T; L*(0,L)). Rewriting (6.1) as
u+ D3u — D% = u — uy — uDu,

we have u—u;—uDu € L=(0,T; L*(0, L)). By Theorem[3.1} u € L>(0,T; H*(0, L)).
In turn, this implies v — uy — uDu € L*(0,T; H?(0,L)). And again by Theorem
u € L=(0,T; H*(0,L)) N L2(0,T; H (0, L)).

Finally, a unique solution of — is from the class

u € L®(0,T; H>(0,L)) N L*(0,T; H'(0, L))
uy € L(0,T; L*(0, L)) N L*(0,T; H*(0, L)).
The proof of Theorem [2.2]is complete. O
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