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HOMOGENIZATION OF A SYSTEM OF SEMILINEAR
DIFFUSION-REACTION EQUATIONS IN AN H'? SETTING

HARI SHANKAR MAHATO, MICHAEL BOHM

ABSTRACT. In this article, homogenization of a system of semilinear multi-
species diffusion-reaction equations is shown. The presence of highly nonlinear
reaction rate terms on the right-hand side of the equations make the model
difficult to analyze. We obtain some a-priori estimates of the solution which
give the strong and two-scale convergences of the solution. We homogenize this
system of diffusion-reaction equations by passing to the limit using two-scale
convergence.

1. INTRODUCTION

The existence of a unique global positive weak solution u that belongs the space
[HYP((0,T); H»4(Q)*)NLP((0,T); H*?(Q))]! is shown in [15] (by taking ¢ = 0) for
a system of semilinear diffusion-reaction equations

% —V(DVu—qu)=SR(u) in (0,T) x Q, (1.1)
—DVu-i=0 on (0,T) x 09Q, (1.2)
u(0,2) = up(z) in Q (1.3)

under the assumptions:
(i) p>n+2;
(ii) wp >0, ie., ug, >0 fori=1,2,...,1;
(iii) o, € (Hlv’l(Q)*,Hl’P(Q))l_%,p fori=1,2,...,1,
(iv) all reactions are linearly independent such that the stoichiometric matrix
S = (8i5)1<j<J, 1<i<r has maximal column rank; i.e., rank(S) = J,

where I € Z+,  + % =1, Q C R" a bounded domain with sufficiently smooth

P
boundary, D > 0 a constant (see remark [1.1) and SR(u) the reaction rate vector
(see (1.5)). Here u := (u1,us,...,ur) is the concentration vector of I chemical

species involved in J reactions given by

7'1jX1 + TQjXQ + - +TIjXI — I/1jX1 + l/ngQ +- 4 ll]j)([7 fOI‘ 1 S _] S J, (14)
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where X;, 1 <14 < I, denotes the chemical species and the stoichiometric coefficients
—Tiy; € Zy and v;; € ZS‘ respectively. Set s;; = v;; — 7;;. The reaction rate for the
i-th species is given by

J I I
(SR())i =Y sij (kjf I v =% ] u,,;w) fori=1,2,...,I, (L5)
7j=1 m=1 m=1
Smj<0 Smji>0

where kjf (> 0) and k? (> 0) are the forward and backward reaction rate factors
respectively. cf. [T}, 14} [15].

Remark 1.1. The modeling of transport processes in a porous medium very often
lead to the equations of type —. In some situations the advective flux
dominates diffusion and even though diffusion coefficients actually vary from species
to species, we can consider the same value of the diffusion coefficients for all the
species. However in this paper (also in [I5], [I1]), due to mathematical technicality
we have considered the same diffusion coefficients for all the species.

In this article, we consider —, assuming ¢ = 0, in the context of a porous
medium and upscale the model via periodic homogenization in an appropriate func-
tion space setting (see section . The global existence of the solution of —
for ¢ = 0 considered at the micro scale follows by the techniques used in [I5] (see
theorem (3.1J).

To fix the ideas, let Y := (0,1)” C R™ be a unit representative cell which
is composed of a solid part Y*® with boundary I' and a pore part Y? such that
Y =Y°UYP, Y*CY and Y*NYP? =T. Suppose that Q is a porous medium
with pore space (2P and solid parts €2° such that Q2 := QP U Q°. The boundary of
Q* is denoted by I'* and the outer boundary of €2 is denoted by 92. I', I'* and 0f2
are assumed to be sufficiently smooth. Assume further that € is periodic (the solid
parts in Q are periodically distributed) and covered by a finite union of the cell Y.
To avoid technical difficulties, we postulate:

e solid parts do not touch the boundary 02,
e solid parts do not touch each other,
e solid parts do not touch the boundary of Y.

We use the standard notation (cf. [I6] 20], e.g.). Let € > 0 be the scale parameter

and € be covered by a finite union of translated versions of €Y} cells such that
eY, C Q for k € Z™. We also define

O = Upezn {eY! : eYP C Q}, (1.6)
QF = Ugezn {eY)) 1 €Y C Q}, (1.7)
T. := Ugegn{ely : el'y, C O}, (1.8)

N =90 UT,. (1.9)

We denote by dz and dy the volume elements in 2 and Y, and by doy, and do, the
surface elements on I' and I'. respectively. The characteristic (indicator) function
of 22 in 2 denoted by

) (1.10)

is defined as

(1.11)

1 f 974
Xe(m)z{ or xr € 8,

0 forzeQ—Q2
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For T > 0, [0,T) denotes the time interval. Following the above notation, the
system of diffusion-reaction equations in the pore space at the micro scale is given
by

0
5;5 — V. DVu. = SR(u.) in (0,T) x 2, (1.12)
ue(0,2) = up(x) in QF, (1.13)
—DVu.-i=0 on (0,T) x 09, (1.14)
—DVu.-i=0 on (0,T)xT.. (1.15)
We denote the problem (1.12)-(L.15) by (P-). The derivation of ( P.) at the micro
scale is motivated from the nondlmensmnahzatlon of 1- , for details see
[27, 20]. Before we begin with the analysis of - 1.15]), we make the following
assumptions:
p>n+2; (1.16)
ug >0, ie., up, >0foralli=1,2,...,I; (1.17)
ug, € (H9(Q2)*, H"P(QP)), 1, fori=1,2,... 1. (1.18)
5
all reactions are linearly independent such that the stoichiometric matrix
S = (8i5)1<j<J, 1<i<r has maximal column rank, i.e., rank(S) = J; (1.19)
Sup||/u/0i||(Hl,q(Qg)*,Hl,p(Qg))17L <oofori=1,2,...,1I (120)
e>0 p?

2. MATHEMATICAL PRELIMINARIES
2.1. Function Spaces.

2.1.1. Function Spaces on ). Let 1 < r,s < oo be such that % + % = 1. Assume
that Q@ C R™ (n > 2) is a bounded domain with sufficiently smooth boundary 9€2.
As usual, L"(€) is the set of all equivalence classes of real-valued functions u(.) such
that u(z) is defined for almost every x € Q, is measurable and |u(-)|" is Lebesgue
integrable. L"(12) is a Banach space with the norm

1/r

u(z)|" dx for 1 <r < oo,

lullr @) = La @I’ da] (2.1)
esssup,eq |u(z)|  for r = oo.

The space H"(Q) is the usual Sobolev space with the norm
r r ir
lull ey = 4 e +IVEIE @] Hor L <o,y )
esssup,cqllu(z)| + |Vu(z)|] for r = oo.
For a Banach space X, X* denotes its dual and the duality pairing is denoted by
(-, Yx+xx. Let 1 < p,q < oo be such that p > n + 2 and % + % = 1. We define the
continuous embedding LP(2) — HY9(Q)* as

(f,0) rrraysxaa) = (f, V) o@)xna) for f € LP(Q), ve HY(Q). (2.3)

The symbols — and << will denote the continuous and compact embeddings
respectively. The Sobolev-Bochner space is

F = {ue LP((0,T); H""(Q)) - % € LP((0,T); H(Q)")}

= H"((0,T); H"(Q)*) N LP((0,T); H"*(2))

(2.4)
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and for any u € F,

du
lull 7 := [|ull Lo 0,7y 10 (02)) + Ul Lo (0,7 m1 0 (02)+) + HEHM((O,T);HM(Q)*), (2.5)
where % is the distributional time derivative of u. For 0 < 6 < 1, let
(H™9(Q)*, H*?(Q2))s,, be the real-interpolation space between
HY(Q)* and H'?(Q),
[HY1(Q)*, H'P ()] , be the complex-interpolation space between
HY(Q)* and H'P(Q)

(2.6)

(2.7)

endowed with one of the usual norms (cf. [4] 26] 13, @]). Now we introduce the
norms on the vector-valued function spaces. Let 7 € N and u : © — RY. We define

[LP(Q)])! := LP(Q) x LP(Q) x --- x LP(Q) (2.8)

I—times

and for u € [LP(2)]! the corresponding norm is

! 1/p
ellwoyr = | 3 Nuilltgy] - (2.9)
=1
Similarly,
ulllzo @y = fg%XIHUiHLOC(Q), (2.10)
I
ullle @y = D il )7 (2.11)
i=1
ez o=y = pax f[uall . o), (2.12)
I
el ooy = [ Metill By, (2.13)
=1

We also define
FT o= [H'P((0,T); HM(92)") N LP((0,T); H'P () (2.14)
and for v € F',

I
llllpr o= [Y sl )7 (2.15)
Similarly, -
X} = [(H(Q) HYP(Q), ) (216)
and for u € XI{
I
lallx = (2 1oy oy, (2.17)

Theorem 2.1. Let p > n+ 2, then F —<— L*((0,T) x ).
For a proof of the above theorem, see [I5, Theorem 2.2].

Theorem 2.2. Let p >n+2. Then (H"9(Q)*, H'?(Q)); 1, —— L>(Q).
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For a proof of the above theorem, see [15, Theorem 2.3]. Let V, H and V* be a
Gelfand triple, where V' a Banach space, H a Hilbert space and V* is the dual of V.

d d
Let H be identified with its own dual (H = H*) and V C H, then H C V*. Denote
E={ueL?((0,T);V): 9 e L1((0,T); V*)}. We have the following theorem.

Theorem 2.3. Let V, H and V* be as above. Then = C C([0,T]; H) and the
following rule of integration holds for any u, v € Z and any 0 <ty <ty <T:

| o= [ G [, P e 219

For a proof of the above theorem, see [24] lemma 7.3].

2.1.2. Function Spaces on 2. The function spaces on the domain Q? are defined
in an analogous way as in section we replace {2 by QF in the definitions of the
function spaces. The spaces on 22 are endowed with their usual norms as given in

2.1-@1D.

From section [I} we notice that the surface area of I'; increases proportionally to
1/e; ie., |Te] — 00 as € — 0. Keeping this in mind, the L? — L? duality on I'. can
be defined as

(U, V) pe(ryxLa(r.) = 5/ u(z)v(z)do, for u e LP(T.) and v € L4(T.), (2.19)
I
and the space LP(T;) is furnished with the norm
Ve = [ 1 1doe and ey =esssupl | (220
I, xel'c

The vector-valued functions and their respective norms on 22 can be defined in
the similar way as in (2.8))-(2.17). For the sake of simplicity, we use the following
notation:

FL = [HYP((0,T); HY(Q2)7) 0 LP((0,T); H»(Q2)], (2.21)
Xy o= [(HY(Q0) HY2(Q0), 1 ,] (2.22)

C and C; are generic nonnegative constants which may be different at different
steps of the inequalities to come.

2.2. Weak formulation of (F;).

Definition 2.4. A function u. € F! is said to be a weak solution of the problem
(1.12)-(L.15) if it satisfies

Oug(t
< 8t( )a¢>[H1~Q(Qg)*]1X[Hl,q(Qg)]I -‘r/QP<DVUE(t,$),V¢($)>I dx

2.23

= <SR(UE(t))7 ¢>[Hl,q(szg)*]lX[Hl,q(gllg’)][ ( )
for every ¢ € [H"9(QP)]! and for a.e. t,

ue(0,2) = ug(x) in QL. (2.24)

2.3. Some theorems and lemmas.
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2.3.1. Trace theorems.

Lemma 2.5. Let T'. be as in (1.8)). Then
1]
T =1=- 2.25
The proof of the above lemma can be found in [2] section 2].

Theorem 2.6. Let 1 < p < co. Let QF and I'. be defined as in section , Then
there exists a bounded linear operator T¢ : HVP(QP) — LP(T'.) such that

Tu =ulpr, foruec H'P(QP)NC(QP) (2.26)
. / Teu@)? do, < O / ()P da + 2 / Vou()rdr),  (227)
T, Qr QP

where the constant C' is independent of € and u.

For a proof of the above theorem, see [10, Lemma 5.3 (b)], and [19, Lemma
2.7.2].

2.3.2. Eaxtension theorems.

Theorem 2.7. Let 1 < p < oco. Suppose that QF and 2 are defined as in section .
For uw € HY(QP), there exists a bounded linear operator Q° : H*?(QP) — HYP(Q)
such that

Qu:=u in QY (2.28)
||QE“||Z;11,1>(Q) < C”“H%l,p(gg)v (2-29)
where the constant C' is independent of € and u but depends on p.

For a proof of the above theorem see [10, Theorem 5.2], also [25].

Now we prove a theorem similar to theorem 2.7 for the functions depending on
both ¢t and x. Let 1 < p < oo. For u € LP((0,T); HYP(QP)), we define an operator
R : LP((0,T); HYP(QP)) — LP((0,T); H?(Q)) such that

Reu(t,z) := [Q%u(t,.)](z) for u € LP((0,T); H'P(QP)), (2.30)
where Q¢ is the extension operator from theorem Then

0 e 0. e Ou e, 0u
5 ult,2)] = 5 [Q%u(t, )](2) = [Q°(5, (¢, ))](2) = B (50)(E, ).

Based on the above definition we have the following extension theorem for the
functions depending on ¢ and z.

Theorem 2.8. Let Q and QP be defined as in section[]] and 1 < p,q < co. Then
there exists a bounded linear operator

R®: LI((0,T); HVP(Q2)) N HY((0,T); LP(QF))

— L((0,T); H"P(2)) N HY1((0,T); LP(€2))

such that for all w € LI((0,T); HY?(QP)) N HY9((0,T); LP(QP)),
1R ul| Lao,7):m10(2)) < Cllullpago,r);m02)), (2.31)

where the constant C' is independent of € and u.
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Proof. Here we only show the measurability of R°u. The inequality follows
by scaling. Since we know that every continuous function is measurable, we show
Rfu is continuous. But by theorem it can be shown Q°u(t) is continuous on €.
The continuity of R°u on [0, 7] x € follows from the definition (2.30). O

Theorem 2.9. Let 1 < p,q < oo such that % + % =1 and
u e (HH(Q2), HHP(QF))

1—3.p°
P
Then there exists an extension @ of u such that u € (H9(Q)*, H"P(Q)); _1 .
1,

Proof. Let 8 = 1 — 1%. We use the K-functional definition for real interpolation
space (HM(QP)*, HYP(QF))g ». To begin with, let v € HH9(QP), then by theorem
there exists an extension ()°v of v such that
Qv =wvin Q2 (2.32)
Qv 1.0y < Cllvl[g1.a¢arys (2.33)
where C is independent of € and v. Let ag € HV9(QF)*, then we define an extension
ag of ag as
<(_1,0, QE’U>H1,L](Q)* xHla(Q) = <a0, /U>H1,q(QIE7)* x H1.4(QP)- (2.34)
Therefore,
llaoll zr1.a(y = sup [{@0, Q°V) Fr1.a()= x HY.0 ()|
HQE””Hl,q(Q)Sl

= sup  [{ao,v)grany-xmraz)| by (2.33) and (2.34)

loll 1, (@py <1
< [laoll g1.a(ar)-
which implies
aoll 1.0y < llaoll grraarys- (2.35)
Again assume that by € HYP(QP). Let by € HYP(Q2) denote the extension of by
such that
||BOHH1,:D(Q) < CHbOHHl,p(QLg) for by € Hl’p(Qg), (2.36)
where C is independent of € and by. Let ¢ > 0. Then

G0l rv.a () + thbollmrr @) < llaollgraazy + Ctllboll rrear)
< max(1, C)(llaoll grr.a(azy- + tlboll g r)) -

Taking the infimum on both sides, we get successively

inf uUu=a l_) ( a i . t E ’ )
aoel}rll»q(n)*u ao + bo  ll@ol () + tllboll e (o)
boeH1:P(2)

< max(1,C) inf
u=ag+bo
ageHL:9(Q)*
boge HL:P (QF)

(HGOHHUI(QE)* + tHboHHmmg)) 7

7% inf_ (||a0HH1=4(Q)* JFtHbOHHl’P(Q))
u=ao+bo
ageHL:a(Q)*
boeHLP(Q)

positive
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< max(1,C)¢~"inf u = ag + b (HGOHHUI(Q?)* + tHb0HH1~P(Q§)) ;
ap€EHL1(QE)*
boe HLP(QP)

positive

— p
£ it (laollmay + bl
a=ao+bo
ageHLa(Q)*
boeHL,P(Q)

p
< max(LOP|?inf  (llaolmaazy: + bollmnen)| -
u=ao+bg
ageHLA(QP)*
boeHL:P(QF)

Thus
oo . _ . pdt
Lol it (s + il
ageHLA(Q)*
boeHLP(Q)
o [T pdt
< max(L,C)" [ |0 inf - (Jlaoll ez + bollmnecen)| 5
0 u=ao+bo t
ageHL:A(QP)*
boeHL:P(QP)
o —0 — 1 * 1 Pdt
[t~ K (t,u, H-9(Q)*, H"?(Q))| "
0
e dt
< fmax(L, O [ [t~ K (e ) @)
0
[l (mra@y vy, 1, < max(L O)lullgraeymir@ey, 4
where the constant max(1,C) is independent of ¢ and u. O

2.3.3. Embedding Theorems.

Theorem 2.10. Let Q and QP be as in section [] Assume that 1 < p < n and
u € HYP(QP). Then u € LP" (Q) and there is a constant C

l[ull o= @2y < Cllull g1z, (2.37)

where p* = np/(n—p) and C is independent of € and u. In other words, HVP(QP) —
LP"(QP) with embedding constant independent of e.

Proof. Let uw € H"?(QP). Then from theorem there exists an extension Q°u of
u from HYP(QP) to HLP(Q) such that

1Q%ul| zr1r () < Cllull e (qry- (2.38)

Let v := Q°u. By assumption 2 is a bounded domain with sufficiently smooth
boundary, then from [8, Theorem 2 of section 5.6.1] we obtain

]l o () < Cllvl|zro ) for v e H'P(Q), (2.39)

where p* = £ and C depends only on p, n and  but is independent of v.

n—p
Therefore by (2.38)) and (2.39)) we obtain
[ull o zy < vl (@) < Cllvllarr ) < Cllull vz,

where C is independent of € and u. (]
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Theorem 2.11. Let 1 < p,q < oo be such that p > n+2 and % —|—é = 1. Assume
that u € (Hl’q(QZg)*, Hl’p(Qg))l_; p such that SUP.~o ||U||(H1,q(QP)* H1.p(QP)) <
p7 = 9 €

1-1 5
00. Then u € L*(2) and

sup ||ul| oo (r) < 0. (2.40)
e>0

Proof. From theorem we know that for v € (HY9(Q)*, HY?(Q));_1 ,, u €
L>(Q) and
, (2.41)

2P

lullLe @) < Cllull vy mrr@), o
where the constant C' is independent of u. Let u € (H“9(Q2)*, H'"P(QF)); 1 .,
1,

then

[ull oo () < llullzoe @)
S CHU’H(HL‘I(Q)*,Hl”’(ﬂ))lfl_p by2.41
L
< CHUH(Hl,q(ﬂlg)*’Hl,p(Qg))l_l i by theorem@
1
< C'sup ||u||(Hl,q(Qg)*’Hl,p(Qg))l , <o Ve > 0,
e>0 “r

where the constant C' is independent of ¢ and u. Therefore sup,.q [|ul| g @r) <
00.

From this theorem we notice that for 1 < p < oo,

[l 0ry = [ 1@ di < 9211l ) < I3 [ gy < 00 Ve
QP e>0

’ (2.42)

2.4. Two-scale Convergence.

Definition 2.12. A sequence of functions (uc)eso in LP((0,T) x ) is said to
two-scale convergent to a limit u € LP((0,T) x  x Y) if

. r x B T
lim /O /Q ue(t, 2)o(t, @, =) du dt = /0 /Q /Y u(t, v, y)¢(t, v,y) dvdydt (2.43)

e—0
for all ¢ € LI((0,T) x Q; Cper(Y)).
We quote the following theorems whose proofs can be found in [3] 19} [6].

Theorem 2.13. For every bounded sequence, (ue)eso0, in LP((0,T) x Q) there exist
a subsequence and a u € LP((0,T) x Q X Y') such that the subsequence two-scale
converges to u.

Theorem 2.14. Let (u:)e>0 be strongly convergent to u € LP((0,T) x Q), then
(te)eso 18 two-scale convergent to uy(t, x,y) = u(t, ).

Theorem 2.15. Let (u.)c~o be a sequence in LP((0,T); HYP(Q)) such that u. — u
weakly in LP((0,T); HYP(Q)). Then (uc)eso two-scale converges to u and there exist
a subsequence ¢, still denoted by same symbol, and a u; € LP((0,T) x ; HLP(Y))

per
such that V zue 2 Vu+ Vyu;.
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3. GLOBAL EXISTENCE AND UNIQUENESS OF SOLUTION TO (P:)

The main result of this section is the following existence theorem:

Theorem 3.1. Suppose that the assumptions (1.16))-(1.20) are satisfied. Then
there exists a unique positive global weak solution u. € F! of the problem (P:).

Theorem [3.1]is proved in [I5, heorem 2.4] or [14, Theorem 4.1.1.1]. The ingredi-
ents of the proof are a Lyapunov functional, Schaefer’s fixed point theorem and [22]
Theorem 2.5] which is based on the maximal regularity of differential operators.
In [TI5] it is also shown that with the help of a Lyapunov functional we can obtain
global in time a-priori estimates of the type

[[uc (@)

oy < Cp <oo forall r > 2 and for a.e. ¢, (3.1)
llue ()| oo (ryr < C2 <00 for ace. t, (3.2)
where C and Cy are independent of 4, ¢, € and u.,. The constant C; depends only

onr €N (cf. [I5], see also [14]).
PAGE 10

4. HOMOGENIZATION OF PROBLEM (P.)

4.1. A-priori estimates. In this section, we obtain e-independent a-priori esti-
mates for the solution u. of (P.) and extend these estimates to all of (0,7 x €.
The major theorem of this section reads as follows.

Theorem 4.1. Let r € N (r > 2). There exists a constant C' > 0 independent of
e such that the extension of u. (denoted by the same symbol) to all of (0,T) x Q
satisfies

sup (|||Ue|||Lr((o,T);Lr(Q))I + |||u6|||L°°((O,T);L°°(Q))I
e>0 (4.1)

1V o 2y:22007 ) < € < oo
We start with the following lemma.

Lemma 4.2. Let r € N (r > 2). There exists a constant C' > 0 independent of e
such that the solution u. of (P:) satisfies

sup <|||ueH|Lr((o,T);Lr(Qig))f + ”|u€|||L°°((O,T);L°°(Q§))I
e>0 (42)

+ ||‘VUEH|L2((07T);L2(Qg))1) S O < 00.

Proof. By (3.1]) we obtain

1 T 1 T
Nuelllzr 0,7y L2y = Z/ l[ue; (DI zy dt < Ca Z/ dt 4
=170 i=1 /0 ( 3)
=CIT =C3 <00 Ve

Equation (3.2)) gives

[uelll oo (0,7); 2o (a2)yr = esssupye o 1) ll[ue ()|l Lo 2y

4.4
< essSsupy¢ (o, 7) Cy=Cy Ve. (4.4)
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Testing the i-th PDE of ([.12) with u.,, we obtain]

T
Ou,. (t
/0 < gt( )’uai(t»Hl"’(Q’S)*levq(Qg) dx dt
T
_ / <V . DVU& (t)ausi (t)>H1,q(Qg)*><H1,q(ng) dx dt
0

T
- / (SR(ue(t))ir e, (8)) rvoagarye gy s
0

ie.,
1 (T4 ) T )
5 o a”“el(t)HLZ(Qg)dt"' o D||Vu5l(t)\|L2(Q€)dt
T
- / (SR(ue(t))irte, (8)) oy oy
<1TSRt” dtlT |14 dt;
_]; o [ SR (ue( ))iHLp(Qg) +6 o e, ( )HLq(Qg) ;
ie.,

1 T
e oy + [ DI 01 oy

X (4.5)

T T
1
Taon T / ISR (O)il )+ / Jote, ()]0 0 .

Therefore the right-hand side of (4.5) is bounded by a constant independent of &,

¢ and t. Let us call this constant by C. This gives

U,
= M0

T
/ D||Vug, (t)||2L2(Q;;) dt <C for all g, i and for a.e. t
0

which implies

I T I (—7
Z/O Ve, (8)[172 ey dt < 5 =Ci<oo Ve (4.6)
i=1 i=1

Note that D > 0 is constant in (4.6). Adding (4.3)), (4.4) and (4.6) yields

|||us|||Lr((o,T);Lr(Qg))1 + |||u€H|L°°((O,T);L°°(Q§))I + ||\Vus|||L2((o,T);L2(Q§))I
§C§/T+Cg +Ci/2:C<oo for all e.
This completes the proof. ([

Proof of theorem[{.1 The estimate (4.2) from lemma and theorem accom-
plish the proof. (]

From (B.1), we have llue, D)l Lr ey < C1 for all i and for a.e. t, where C is independent
of e. This gives sup,~q |SR(ue)ill p(qry < C. Since LP(QF) — HLH9(QP)*, from the definition
(2.3) we get (SR(ue)i, ¢i>Hl,q(Qg)*XHl,q<Qg) = <SR(u€)i7¢i>LP(QIE’)XLq(Qg> for ¢, € Hl’q(ﬂg).
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4.2. Convergence of u.. In this section, we show the weak, strong and two-scale
convergences of the solution of (P;).

Theorem 4.3. There exists a constant C' independent of € such that the solution
us of the problem (P.) satisfies the estimate

sup (el ozt + oo 2oy
g

(4.7)
. Oue
+ |||X ot ((O)T);Hl,Q(Q)*)I) <(C< o0,
where the function x¢ is defined in (1.11]).
Proof. From (4.1)), we have
e 12 (0,7 22 (52))
< |QUuelllfoe 0,1y 200y < |Q|Sg%|Hu€|||%°°((O,T);L°°(Q))I (4.8)
g
=:C5 < oo Ve
Again,
e 172 0.7y: 11,2 02y
I
_ 2
=D luellZeorym 2@
i=1
I
= Z (HVUei H%Q((O,T);L%Q)) + e, ||2L2((0,T);L2(Q))>
i=1
< SUPZ HVuEl L2((0,7);L2() T (T|Q\) ||Uei 2L7'((O,T);L"(Q))) < 00,
i=1
by (1) ie.,
|||u5|||L2((O,T);H1,2(Q))1 <Cg <o Ve (49)

Now, let ¢ € Hy*(0,T) and ¢ € H2(€2). Then the weak formulation of the i-th

PDE of the problem (|1.12)-(|1.15) is

due
/0 (x* ualt( ),¢( DY) 120y x HY2 () dt+/ /<Z5 x)Vu, (t,2)Vi(x) dz dt

T
= /0 (XESR(ue(t))i, p(E)0) 120y x 1.2 () dt dt;

ie.,

‘/ aU& , (t>/l/}>H1’2(Q)*XH1:2(Q) dt
: /0 /Q'X (@)]|Vue, (t,2)||[Veb(2)||6(1)| dx dt

+1/T[IXESR(U )il 720 + 1o 72 dt
2/, (0))illz2 () L2()
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Note that |x*(z)] < 1. From (4.1)) the terms sup.., ||Vugi||%2((07T);L2(Q)) and
Sups>0 ||SR(UE)1||%2 0 T)‘Lz(gl)) are ﬁnite. ThlS gives

augl
| / L B(E))) 1.2 () x 112 (0) di

<C+ 5||¢(t)HL2(O,T)[||V1/}||2L2(Q) + 191172 0)]
= C + lI¢ll720,1) 1¥170 2 () -
Note that ¢ € Hy?(0,T) implies ol 20,y < C||¢||Hé’2(O,T); ie., ||%||L2(O,T) <

||¢||H1 2(0,1) where C' > 0 is the embedding constant. Taking the supremum, over

all [[P[131200) < 1, HCHL2(0 n < 1,9 € HY(Q), % € L?(0,T), on both sides of
the above inequality yields

aue t
Csup ' / Z s %dﬁ[{l,‘z(ﬂ)* x H1:2(Q) dtl

A ¢
< C+C?sup ||"/)H%ILQ(Q)Hé“%?(O,T)'

This implies

£ U 1
I e, mymz@)) < Cr

which implies
I

Eausl
> T

i=1

L2((O TYHD2(Q)) = 1C3

which implies

8u8

11X H|L (O.yEL2(@) ) < (T CHY? Ve, (4.10)
Adding (4.8)), (4.9) and -, we obtain

Uu,
||Ua||Loo((o T):L2(Q)T T ||u8||L2((O,T);H1~2(Q))I + ”Xs87:||L2((0,T);H1v2(9)*)1
<Cs+Cs+ T CHY?=C<oo Ve
Hence the proof is complete. (Il

The next statement is crucial. It gives the strong convergence of the subsequence
of the sequence (ug,)s>0. This is the main result of Meirmanov & Zimin in [18].

Lemma 4.4 ([I8, Theorem 2.1]). Let (cc)eso be a bounded sequence in the space
L*°((0,T); L*())NL2((0,T); HY2(Q)) and weakly convergent in L2((0,T); L?(2))N
L2((0,T); H*2(Q)) to a function c. Suppose further that the sequence (X6%85)€>0
is bounded in L2((0,T); HY2(Q)*). Then the sequence (c:)eo is strongly convergent
to the function c in L2((0,T); L*()).

Theorem 4.5. Let (u).>0 satisfy the estimates (4.1)) and (4.7). Then there exists
a function w € L*((0,T); H*2(Q))" and a function u* € L*((0,T)xQ; HL2(Y)/R)!
such that up to a subsequence, still denoted by same subscript, the following con-
vergence results hold:

(ue)eso is weakly convergent to u in L*((0,T); H>*(Q))!. (4.11)

(ue)eso is strongly convergent to u in L*((0,T); L*(Q))". (4.12)
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(ue)eso and (Vyue)eso are two-scale convergent to u and Vu + Vyul

in the sense of (2.43) respectively. (4.13)

Proof. Statement follows from estimate , we note that the sequence
(ue)eso is bounded in L2((0,T); H?(Q))!. This implies that, up to a subsequnce,
still indexed by the same subscript, (ue).>0 is weakly convergent to a function u in
L2((0,T); HY(Q).

For statement , from , it follows that, up to a subsequence, still
denoted by the same subscript, (uc)eso is weakly convergent to u in the space
L2((0,T); L2(Q))! n L2((0,T); H»%(Q))! and is bounded in L>((0,7T); L?(2))! N
L2((0,T); HY%(Q))!. Also note that from the function (%Xsus)oo is bounded

in L2((0,7); H-2(2)*)!. Therefore the subsequence (u.)cso, still denoted by the
same subscript, is strongly convergent to u in L2((0,T); L?(Q2))!.
Statement (4.12)follows from estimate (4.7) and theorem [2.15] O

Theorem 4.6. The limit function u belongs to L>=((0,T) x Q x Y)I. (Note that
the function u is independent of the variable y.)

Proof. Since (ug)e~g is strongly convergent to u in L?((0,T); L?(£2))?, there exists
a subsequence (uer)e >0 which is pointwise convergent [28, Corollary on page 53] to
u almost everywhere in (0,7) x Q; i.e.,

lim0 uer(t,x) = ult,z) ae. (t,z) € (0,T) x Q.
e'—
By theorem we have [|ue, || Lo ((0,7);L(q)) < C for all 4, therefore

1 1
) < 32 o) = i, 3 o 0.0
1= 1=

I

< E lim sup ess sup;¢ (o 1) €88 SUpeq [ue: (¢ z)|?
’
i=1 0

I
< Zlim sup C?=C?I forae. tandz

i=1 &0

which implies
€8S SUPy¢ (0,7 €8S SUP,eq Uit z)? < C?I < oo for all 4.
This gives
2 2
|||u|||L°°((O,T)><Q><Y)I < fgz?lgxl €SS SUP, cy €SSSUPy¢c (o, 1) €SS SUPzeq lu;(t, x)]
< esssup, ey C?I < 0.
O

Corollary 4.7. For all 1 < p < oo, the sequence (ug)e>0 is strongly convergent to
w in LP((0,T) x Q).

Proof. This follows from the straightforward application of Lyapunov’s interpola-
tion inequality (cf. lemma and L°-estimates of u. and u (cf. Lemma and
Theorem |4.6)). ([

Theorem 4.8. The sequence (SR(ug))e>o is strongly convergent to SR(u) in space
L2((0,T) x Q) ase — 0.
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Proof. Note that
I

IS R(ue) = SR G20, ryxsyr = D IISR(ue)i = SR()illZ2(oryxey  (4:14)

i=1

From (1.5, we have
J I I
~Y sy (@” I wom — 1 I um) (4.15)
=1

j=1 m=1 =
5mj<0 Smj >0
J I
SR(u); = > sij (kf H um =k T u,;;) (4.16)
=1 =1
I s,—,,]<0 Smj >0

From (ET5) and (IT0)

S R(uc)i — SR(w)illL2((0,1)x)

J I I
f —Sm I —Sm,
=X (6] T we =4 TT v
7j=1 m=1 m=1
bmj<0 Smj<0
J I
-3 T1 vtz T i)
= L2((0,T)xQ)
st>O st>O (417)
J I
S| [l 11 e
m L2 T)xQ
= o ((0,7)x)
smj<0 st<0
I
Smj __ usmj
sk} H (AR | R :
el L2((0,T)xQ)
0 Sy >0

By using the strong convergence of u. and L -estimates of u. and wu, it follows that

I I I I
T wesm = 1wl leecomyey and | T wim = T widllzacomxe)
=1 =1 =1

S'rn;<0 S'rn;<0 smj7>0 S'rnj:>0
are convergent to 0 as ¢ — 0. Therefore |[SR(uc); — SR(u)illz2((0,1)x0) — 0 as
¢ — 0. From (4.14)), the theorem follows.

Remark 4.9. The strong convergence of (SR(us))e>o implies that it is two-scale
convergent to SR(u) in the sense of (2.43)).

4.3. Passage to the limit as ¢ — 0. Let us consider the two functions ¢g €
Ce((0,T) x Q) and ¢; € C(((0,T) x Q); C;;’T( ))! such that o(t,x, 2) =

do(t,x) +epr(t,z, £) € C°(((0,T) x Q2); Cp2,.(Y))!. Using ¢ as test function in the
weak formulation of (1.12)) one obtains

T ou(t
/ ( 8t( )7¢(t)>[H1’2(Q§)*]I><[H1'2(Q§)]1 dt
0
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T
- / (V- DVuL(t), 6(8)) )7 sy dE

T
/0 (SR(uc (1)), d(1)) (rr1.2 ey x (112 (2))1 s

ie.,

T du,, (t
Z/ { 8;5( )a¢1(t)>H1 2(0)- xg1.2(0r) dt
i=1 70

I

T
—Z/ (V- DVue, (1), ¢i(t)) mr1.2 0z« x 2 (oz) dt
i=170
I

T
= Z/O (SR(uc(t))is ¢i(t)) mr2pyx m12(0p) dt;
=1

ie.,

aug
Z/ ,¢z ) H12(ar)s 12 (op) dt
+Z / DVUE (t,2)Vi(t,x )dxdt (4.18)

= Z A <SR(’UJE(t))“ ¢i(t)>H1~2(Q§)* X HL2(QP) dx dt.
i=1

Now we pass to the two-scale limit in (4.18]) term by term.

) Oue
lim /0 ( (t )v¢l( ) 122y x H12(02) di
8¢0i (t7 .’L‘) 6(2517 (t’ Z, %)
ehi%z/ /mug o e

:_iii%Z/ /X(E)ual(t z) go’d dt

—Jo Ja
1 T
. z 99,
_gl—%g;_l/o /Qx(g)usi(tm) dx dt

__Z/ // uzmad’oa(t ) g dy dt
:_Z/ //Yu 8¢>ot ) o dydt, since x(y) =1in Y?

8ul
|YP|Z/ 7¢0 ) i1z ) x 12 (02) dE
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T
Ou(t
= |YP|A <%7¢O(t)>[H1,2(QIE’)*]IX[HI,Q(QTE’)]I dt. (4.19)

Again,

hmZ/ DV ue, (t, )V, ¢i(t, z, f)dxdt
QP

e—0

- limz / . DVmuEi(t,x)Vz(%i(t,x)+5¢1i(t,9:,g))d:rdt

e—0 4

= lim Z/ / =)DV u., (t,2)(Vado,(t,x) + Vyor,(t, x, f))dmdt

s—>0

—l—sZ/ /ﬂ DDV yue, (t,2)Voby, (8, 2 g)dardt

e—0

_ limZ/ / Dt (42) (Tt (02) + Ty, (62, D) dwdt (4 o0,

e—0

+1ing/ / S)DV pue, (t, )V 11, (ta:f)dxdt

=0

- Z/ / / D(Vau;(t, ) + Vyuy, (t,2,9))(Vedo, (t, )
+ Vy¢1i(t»$7y)) dx dy dt
I T
= Z/O /Q - D(Vyu;i(t,z) + Vyua, (¢, z,y))(Vado, (t, x)

By (3.1), sup.sq llue; (t)|lorzy < Ci for all i and for a.e. ¢. Then we have
SR (uc)ill 12y < C. Since L*(Q2) — HZ(QL)*, from (2.3),

(SR(ue)i, &i) iz ary- sz ary = (SR(ue)i, &i) p2aryxrz2aey, @i € HY2(QF).
Thus

hmZ/ SR UE ))z;d)z( )>H1 2(QR)* x H1» 2(Qp)dt

e—0

= llmZ/ (SR(uc(t))is 9i(t)) L2 (ar)x L2(qp) dt

e—0

- limz / o SR(uc(t,x))ips(t, x) da dt

2313%2/ / 2)SR(ue)ido, (t, ) de dt
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+il_r,%52/ / =)SR(ue)id, (tmf)da?dt

_Z/ // ,))ido, (t, x) de dy dt
:Z/o | [, st (t.2) dedyar
=1 .
_ ‘Ypl/o (SR(u(t)), $o0(t)) (1112 (@17 a2y - (4.21)

Combining (4.19)-(4.21)), we obtain
|Yp|/ ,¢0 >H12sz)]1x[H12sz)Idt+Z/ / D(Vau(t, x)

+ Vyu,(t,x y))(V oo, (t,x) + Vyor1,(t, z,y)) dedy dt

|Yp|/ SR ( )>[H1,2(Q)*]IX[H1,2(Q)]I dt.

(4.22)
Now choosing ¢o(t,z) = 0, i.e., ¢o,(t,x) =0 for all i = 1,2,...,1, then ¢(t,z) =
$1(t, 2, Z) and the equation (4.22)) reduces to

1 T
S D(Fauittn) + b, 0) Vb () dedyde =0, (423)
—Jo JalJyr

=1
where c¢(z) is any arbitrary function of x. The equation (4.23)) is satisfied by each
uy, if a;, for j = 1,2,...,n, is the solution of the Cell-Problem

Let us choose uy, (t,z,y) = .- 8“5(;"'”) a;(t,z,y) + ¢;(z), for all ¢ = 1,2,...,1,
J

~V, - (D(Vya;(t,z,y) +e;)) =0 for (t,z,y) € (0,T) x A x Y7, (4.24)
D(Vya;(t,z,y) +e;)-i=0 for (t,z,y) € (0,T) x A x T, (4.25)
y +— a;(y) is Y — periodic. (4.26)

On the other hand, if a; is the solution of the cell-problem (4.24])-(4.26)), the
equation ([4.23) is satisfied if w1, (t,2,y) = X7, aué;i’m) aj(t,z,y) + ci(x). Set-
ting ¢1(t, 2, Z) = 0; i.e., ¢1,(t, 2, Z) = 0 for all 5. Then the equation (4.22)) reduces
to

au
|Yp\/ 7¢0 D L2 ()17 x [H 12 ()] dt+Z/ / D(Vu;(t, z)

+ Vyu, (t, x y))(V b0, (t,x) + Vb, (t,x,y)) dedy dt

Yp|/ SR ( )>[H1,2(Q)*]IX[H1,2(Q)]I dt;
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ie

3u1
Z/ ,9250 ) 12y x 12 () dt
+Z/ // i(v (t, @) 4+ Vyu, (t,2,y)) Vedo, (t, ) dedy dt (4.27)
< J, oJyr |Yp| 2 Ui (L, T yU1, (L, T, Y z @0, \Uy Y .

I T
= Z/ <SR(’U,( za¢0 ( )>H1 2(Q)* x HL2(Q) dt.
i=170

Substituting uy, (¢, z,y) = @(t, z,y) - Vyui(t, ©) + c(2); ie., Vyur, = 337 Vya;5s 8“1
in (4.27)), then we obtain

8uz
Z/ 7¢0 (1)) Hr2 () x H12(0) di
(9uZ Y)
+Z/ /Q/Yp'm Vuztx—i-zvyj S ) () da dy dt

= Z/o (SR(u(t))is do, (1) zrr2(Q)* x 12(02) dt,

i.e.,

5uz
Z/ ,¢0 1) 12y x H1.2(0) dt

8aj Ou;(t, x) Do, (t, x)
+Z/ /Q P 1{|w|/ et o) W e o,

= Z/ <SR(u(t))“ d)()i (t)>H1v2(Q)* x H1:2(Q) dt;
i=170

*)

I

Z/O 3Uz ,(250 )>H1 2(Q)* x H1:2(Q) dt-I—Z/ /T \Y Uz(t x)v¢o (t x) dx dt

N RO —
=10

(4.28)
where T is a second order tensor whose components are given as
D da
pjk:/ypw(éjk—l—a Ydy forall j,k=1,2,...,n, (4.29)

where a; is the solution of the cell-problem (4.24)-(4.26). Similarly the boundary
condition simplifies to

YTVu-i=0 on (0,T) x 0. (4.30)
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Therefore the strong form of the complete homogenized problem is

% —VYVu=SR(u) in (0,T) x Q, (4.31)

—YVu-@7=0 on (0,T) x 09, (4.32)
u(0,2) = up(x) in Q. (4.33)

Let us denote this problem by (P).

Proposition 4.10 ([10]). The tensor T = (pjr)i<j<n i a second-order positive
1<k<n

definite symmetric tensor.
Theorem 4.11. There exists a unique solution u € FI N L>((0,T); L>=(Q)! of
the homogenized problem (4.31)—(4.33)).
Proof. From (4.1) and , it follows that the two-scale limit u belongs to the
space [HY2((0,T); HY2(Q)*) N L2((0,T); HY2(Q)) N L*((0,T) x Q)]!. It remains
to prove

e Uniqueness of the solution of (4.31)—(4.33) and

e ucFL

Given the positive definiteness of T and the L*°-estimate of u, the uniqueness
follows by a straightforward application of Gronwall’s inequality. Now, the refor-

mulation of problem (4.31))-(4.33)) is given by

dzgf) + Au(t) = (1), (4.34)
U(O, x) = uO(x)v (435)

where f(t) = SR(u(t)) +ru(t), & > 0 and the operator A : H*?(Q)! — [HL9(Q)*]!
is defined as Au. := (Ajue,, Aote,, ..., Arue,) such that for 1 <i < I,

(Asug, w;) == | Vu(x)YVw;(z) de + n/ ui(x)w;(x) de
Q Q

for u; € HYP(Q) and w; € HY(Q). Operator A has maximal parabolic regu-
larity on [H14(Q)*]! by section Since u € L*>®((0,T) x )1, SR(u) + ru €
LP((0,T); LP(2))!. The embedding LP(Q)) — H“(Q)* implies SR(u) + ku €
LP((0,T); H-4(Q)*)!. Furthermore, theorem shows that ug is in X!. There-
fore, by [22, Theorem 2.5], there exists a unique solution u in F! of the problem

(E39)-(£35) such that
luller < € (luolllxg + I lzeqo oy ) (4:36)

where C' > 0 depends only on p but independent of u, ug and f. In other words,
the problem (P) has a unique positive global weak solution u in F. O

5. APPENDIX

5.1. Maximal regularity.

Definition 5.1. Let 1 < p < 0o, X be a Banach space and A : X — X be a closed,
not necessarily bounded, operator, where the domain D(A) of A is dense in X. A
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is said to have the maximal LP-regularity if for every f € LP((0,T); X) there exists
a unique solution u € LP((0,T); D(A)) N H*?((0,T); X) of the problem

du(t)
dt

+ Au(t) = f(t) fort >0, (5.1)

which satisfies
llull Lo 0,7);x) + lluelle o0, 1):x) + ullzeo,r);pcay) < Cllfllror)x),  (5:3)
where C' > 0 is a constant independent of f.

For a detailed overview on maximal regularity, we refer to [Il, 17, 2], 23] [12]
and references therein. Now we set D(A) := HY?(Q) and X := HY4(Q)*. Clearly,

d d
D(A) C X. (A C B means that A is dense in B.) Let u = (1ij)1<j<n, 1<i<n be a
positive definite symmetric matrix-field, where u;; € C(Q2) and there is a constant
C>0

Z i ()¢ > C|¢[2 for all ¢ € R™ and z € Q. (5.4)
i,5=1
We define a sesquilinear form a(u,v) : HV?(Q) x HY9(Q) — R by

a(u,v) = /Q/LV’U, -Vudz + H/Q’LLU dx for u € H'P(Q) and v € H"1(Q), (5.5)

where k > 0. We further define an operator A : H'?(Q2) — HY9(Q)* associated
with the form a(u,v) by

(Au,v) := a(u,v) for u € H*P(Q) and v € H>(Q). (5.6)
In [5] and [23], it is shown that: (i) [|A%||1x) < Kefl*l for some 0 < 0 < Z, s 6 R,
where K > 0, and (ii) (—o00,0] C p(A) (resolvent of A) and ||[(A+A)~ 1||L(X) < jEs | |

for every A € [0,00), where C' > 0. By a theorem of Dore and Venni (cf. [7]), A
has maximal LP-regularity on H9(Q)*.

5.2. Some Inequalities.

Lemma 5.2 (Lyapunov’s interpolation inequality). Let 1 < p < ¢ < r < 0o and
0 < 0 <1 be such that % = % + 1%0. Assume also that u € LP(Q) N L"(2). Then
u € LY(Q) and satisfies

lullzagay < lullfo o lull () - (5.7)

The prof of the above lemma can be found in [8, Inequality B.2.h].
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