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ASYMPTOTIC BEHAVIOUR OF BRANCHES FOR GROUND
STATES OF ELLIPTIC SYSTEMS

VLADIMIR BOBKOV, YAVDAT IL’YASOV

ABSTRACT. We consider the behaviour of solutions to a system of homoge-
neous equations with indefinite nonlinearity depending on two parameters
(A, ). Using spectral analysis a critical point (A*, u*) of the Nehari manifolds
and fibering methods is introduced. We study a branch of a ground state and
its asymptotic behaviour, including the blow-up phenomenon at (A*, u*). The
differences in the behaviour of similar branches of solutions for the prototype
scalar equations are discussed.

1. INTRODUCTION

In this article, we discuss the ground state branch to the following system of
equations of variational form

—Apu = MulP~2u + af (@) [u|]* 2 |v|Pu, =€,
Ay = plolt %0 + B, @€ 0, (L)
uloq = vlae =0,

where ) C R", n > 1 is a bounded domain with C'-boundary 09, A\, € R,
1<p<4oo,1<qg<+o0 and

a, >0, g+§>17 %+ﬁ*<1. (1.2)
p q p q
Here p* and ¢* are the standard critical Sobolev exponents. We suppose f € L ()
and that the function f may change sign on €2; i.e., the problem has indefinite
nonlinearity (cf. [I} [7]). Hereinafter we will always assume f # 0 in .
The problem is actually a generalization of the problem with a single equa-
tion
—Apw = ANwP 2w + f(2)|w]"*w, z€Q,

wloa = 0, (1.3)
where v = o+ 8 and p < v < p*. This and similar problems with indefinite
nonlinearities have received a lot of attention that is mainly due to the interesting
and complicated structure of its solutions set; see e.g. Alama, Tarantello [I], Bandle,

Pozio, Tesei [6], Berestycki, Capuzzo-Dolcetta, Nirenberg [8], Del Pino, Felmer
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[15], Drébek, Pohozaev [17], Ouyang [3I, B2]. From these investigations much
is known about the existence, nonexistence and multiplicity of solutions of .
Furthermore, the structure of the branches of positive solutions of , including
the existence of turning points and the blow up behaviour of the branches at limit
values of A has been also investigated [I], 22] 24], 27, BT, 32].

The system can also be often found in literature relating to the system of
elliptic equations; see e.g. [3} B @, 10, 11, 13, 18] and surveys [19 20]. In these
works under different assumptions, including the cases of critical exponents, the
existence, nonexistence and multiplicity of solutions to have been obtained.
However, in the case of systems of equations there are not so many works dedicated
to the systematical study of the branches of solutions and the analysis of their
behaviour. Such research is particularly difficult if the problem depends on more
than one parameter as in the case of system . The purpose of the present paper
is to shed some light in this direction.

It seems that and its simplest generalization must have a similar
properties of solutions and structure of ground states branches. Furthermore, in
the particular case p = ¢, A = u, to any solution wy of corresponds a solution
(ux,vy) of with uy = cjwy, vax = cowy for some constants c¢1,ca > 0 (see
Remark 10.1 in Section 10). However, in the present paper we show, on the example
of and (in the case p = ¢, A = ), that there is an essential distinction
in geometrical structure for the sets of positive solutions of scalar elliptic equations
and its corresponding vector generalizations. To this end we study the ground states
of and its behaviour with respect to parameter A\ = p and compare it with
known results on . The distinctions can be seen in Figs. 2 and 3 below, where
under different assumptions about the function f a level lines of the corresponding
energy functional £(\, ) = E ,(uy, vy) are shown for and (L.1), respectively.
Note that the results for p = ¢ are a corollary of our main Theorems [2.2H2.5] where
the common cases are considered.

The ground state of will be obtained using Nehari manifolds method [29] [35]
with its fibering approach [33, 34]. It should be noted that the direct application of
these methods is impossible, since sufficient conditions to this end have to be satis-
fied. To overcome these difficulties we follow [21], 23] 24], where in the investigation
of one-parameter problems it has been proposed to find critical values of parame-
ter A, which separate intervals where sufficient conditions of Nehari manifold and
fibering method are satisfied.

As in the investigation of the one-parameter problem (see [21),24]) it can be
shown that one of the critical points of is determined by the first eigenvalues
A1 and 19 of the Dirichlet operators —A, and —A, respectively. This point (Aq, f1)
divides the plane (A, ) into four quadrants I-IV (see Fig.1). Actually the existence
of ground states in the positive part of quadrant I follows from [10]. However, our
research in this quadrant provide a previously unknown properties of the solutions.
The main novelty in the present paper is the investigation of the existence and
nonexistence of ground states in quadrant IV, that is why special attention is paid
to investigation along the line (o A1, 0u1), 0 € R (see Figure [1)).

The article is organized as follows. In Section 2 we present the main results of
the paper. In Section 3 we give some preliminaries on the Nehari manifold and
fibering method of . In Section 4 we study critical values of Nehari manifold
and fibering method. In Section 5 we prove the existence of ground states of
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FIGURE 1. The plane (A, p)

in quadrant I. In Section 6 we discuss the existence of ground states in quadrant IV.
In Section 7 we explore a continuity of the ground states with respect to parameters
(A, ). In Section 8 we study the behaviour of the energy levels of ground state
branches at boundaries of domain of their definition. In Section 9 we obtain some
blow-up results for the ground state branches. Section 10 is devoted to final remarks
and open problems.

2. MAIN RESULTS
Henceforth we will use the short notation A = (X, 1) and
QFi={xeQ: f(z)>0}, Q:={zxecQ:f(z)=0}

We mean that a subset U of €2 is nonempty if the Lebesgue measure of U is nonzero.
By W,” and Wy'? we denote the standard Sobolev spaces on € with the norms

fully = ([ 19ude) ™, polly = ([ 190l7az) "

respectively. We will use the symbols (A1, 1) and (u1,11) for the first eigenpairs
of the operators —A, and —A, in Q with zero boundary conditions, respectively.
It is known that the eigenvalues A, ;1 are positive, simple and isolated, and the
corresponding eigenfunctions (1, are positive and can be normalized so that

leillp =1, ¢l =1 [4 16} 130].
Problem (|1.1) has a variational form with the energy functional
1 1
Ex(u,v) = EPA(U) + gQu(U) — F(u,v),
which is well defined on W := WO1 P x VVO1 " under assumption ([1.2), and where

Py(u) := /Q |VulP de — )\/Q |ulP dx,

Quo)i= [ [woftde = [ plta,
Flu) = [ J@lullol” do.
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We obtain solutions of ([1.1)) using the constrained minimization problem
ny, := inf{Ey(u,v) : (u,v) € Ny}, (2.1)
where N is the Nehari manifold
N5 = {(u,v) e W\ {0} : P\(u) — aF(u,v) =0, Q,(v) — BF(u,v) = 0}.
In the case N5 = () we assume nz = +00.

We say that a weak solution of (|1.1)) is a ground state if it provides minimum
in (2.1). Our definition is slightly different from the standard one (see [12]). In
particular, we allow the ground state to be zero when n; = 0.

In the article following critical value plays a crucial role:
if |VulP dx if|Vu|q dz
N JJalrde [ e[t de

The main properties of ¢* are given in the following lemma.
Lemma 2.1. Assume (1.2)) is satisfied, p,q € (1,+00) and f € L>®°(Q). Then

(I 1<o* < +oo;
(II) 1 < o* if and only if F(p1,v1) <O.

0" = Lnf [max{ } : F(u,v) > 0]. (2.2)

Let us denote A\* := 0% Ay, u* := 0"y and
Yii={A=\pu) ER*: —co < A< Ay, —00 < p< i},
Y= A=) ERP: N <A< A, up < p < pt)

In fact, X is the quadrant I, and X* is a subset of quadrant IV (see Figure [1)).
Our first main result is the following.

Theorem 2.2. Assume (1.2)) is satisfied, p,q € (1,+00) and f € L= (Q).
(1) If QT #£ 0, then possesses a ground state (ux,vy) for all X € ¥y such
that E5(ux,vs) > 0 and ux,vs > 0 in Q;
(IT) if F(p1,¢1) < 0, then possesses a ground state (uy,vy) for all X €
Y*such that E5(u3,v5) <0 and us,vx > 0 in Q;

This result can be clarified by obtaining some continuity properties of ground
states with respect to A and its asymptotic properties at the boundaries of ¥; and
3*. To this end we study levels of the energy functional E5 on the solutions of
(1.1) and consider

5(5\) = E;\(’LL;\,’U;\), X e R2
Theorem 2.3. Assume is satisfied, p,q € (1,+00) and f € L*>(Q).
(I) If Qp #0, then
(a) the function £(N) in Xy is continuous;
(b) EA) =0 as AT Ay and p 1 pua,
(c) EN) — 0 as A — (A1, o) for any po < p1, and EN) — 0 as X —
(Ao, p1) for any Ao < Aq;

() If F(p1,%1) <0, then

(a)
(b)
(c)

the function E(N\) in X* is continuous;
EN) —0as A A and pu | pi;

EN) — 0 as X — (A1, o) for any po € (p1, u*), and EA) — 0 as
A — (Ao, ) for any Xo € (A1, \*);

(II1) If f(x) <0, p,q > 2 and max{p, q} > 2, then E(\) — —o00 as A — (\*, u*).
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The statements of Theorems [2:2] 2-3]should be supplemented by the fact that in
quadrants II and III, i.e. for A < Ay, g > pg and A > Ay, g < p1, we have ny =0
(see Remark in Section 10).

Our next results deal with the blow-up behaviour of ground states (ux,vs) at
the boundaries of ¥; and X*.

Theorem 2.4. Assume (1.2)) is satisfied, p,q € (1,400), f € L>®(Q) and Q4 # 0.

(1) Let g < B. Then ||luxllp — +o0 and ||vxllq — 0 as A T A1, u — po for any
Mo < p-

(2) Let p < a. Then |juz|l, — 0 and |lvx]lq = +00 as A — Ao, p T pa for any
Ao < Aq.

(3) Let p < o, ¢ < B, F(p1,¢1) < 0 and (\,), m € N be a sequence in
such that Ay — A1 and p, — 1 as m — oo. Then up to a subsequence
one of the following convergences hold:

o |luy, [lp — o0 and ||lvs |l — 0 as m — oo, or
o sy — 0 and [lox.. g — o0 as m — oo,

Theorem 2.5. Assume (1.2) is satisfied, f € L>(Q), f(z) < 0, p,qg > 2 and
max{p, ¢} > 2. Then |uz|l, — +00 and ||vs]lq = +00 as A — (A%, p*).

It is relevant to remark that in this theorem and in statement III of Theorem 2.3]
the assumption f(z) < 0 includes the case f(z) < 0 in . Notice that for the scalar
problem in the case f(x) < 0 the corresponding ground states wy cannot blow
up at any finite value of parameter A (see Section 10).

It is interesting to consider a special case of , with p = ¢ and A = u. Note
that in this case \* = p*. From Lemma[2.1] and Theorem [2.2] we have the following
result.

Corollary 2.6. Assumep=¢q, A\=pu, p<a+p <p* and f € L>®(2). Then
(I) A < 4o0;
(II) A1 < X* if and only if F(p1,91) <05
(IIT) the problem has two sets of ground states:
(1) (ux,vy) for A € (—o0, A1) in the case Q+ # 0;
(2) (ux,vx) for A € (A1, X*) in the case F(p1, 1) <O0.

From Theorem [2:3] we have he following corollary.

Corollary 2.7. Assumep=¢q, A\=pu, p<a+ [ <p* and f € L>*(Q).
(I) If Qp # 0, then

(a) the function E(X) on (—o0, A1) is continuous;
(b) E(A) =0 as A — \q;

(II) If F(p1,91) < 0, then the function E(X) on (A1, ") is continuous and
EA)—=0as A | A

(IIT) If f(z) <0 and p > 2, then E(A) — —oc0 as A — A*.

3. NEHARI MANIFOLD AND FIBERING METHOD

According to the fibering method [33] [34] consider

s a
E5(tu, sv) = —Py(u) + iQ#(v) —t*sPF(u,v), t,5>0,
p q
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for (u,v) € W, and the system of equations

gE;\(tm sv) = tP71 Py (u) — at® " LsP F(u,v) = 0,
at (3.1)
%E;\(tu, sv) = s771Q,(v) — Bt*sP T F(u,v) = 0.
Simple analysis shows that only if (u,v) belongs to one of the following sets
A= {(u,v) e W: P\(u) >0, Qu(v) >0, F(u,v) > 0},
B :={(u,v) € W: P\(u) <0, Qu(v) <0, F(u,v) <0},
the system (3.1)) has a unique nontrivial solution s = s(u,v), t = t(u,v) and
B—q q—p3 B
tpqd — o |P)\(U)| ‘Qu(”” , (32)
Bs |[F'(u, v)|
Spqd — ﬁa_p ‘P)\(u)‘alQﬂ(v”p_a? (3.3)
a” | F(u, v) [P
where we denote
d:=2 + B_ 1.
p q
Substituting these roots to E5(tu, sv) we obtain the function
P a/(pd) B/(qd)
Tx(u,v) := E5(t(u, v)u, s(u,v)v) = C‘ A(U)|F(U’LC)2|/;EZ)| sign(F(u, v)),
(3.4)
where . pad)
pq
- (aaqﬂﬁp) d.

Observe that J5(u, v) is zero-homogeneous and weak lower semicontinuous function
on W\ {0}.
Consider the Nehari manifold corresponding to (L.1),

N5 = {(u,v) e W\ {0} : P\(u) — aF(u,v) =0, Q,(v) — BF(u,v) =0},
and the Hessian of E5(u,v),

) [ Dy E5(u,v)  DyyE5(u,v)
Fk(u’v) B (Dqu)\(va) DUUE:\(U"U) 7

where
Dy FE5(u,v) = (p— 1)Py(u) — a(a — 1)F(u,v), Dy,E5(u,v) = —afF(u,v),
Dy Ex(u,v) = (¢ = 1)Qpu(v) = B — 1) F(u,v) .
Lemma 3.1. Let A € R? and (ug,vo) be a solution of such that
det I'5 (uo, vo) # 0.
Then (ug,vo) is a critical point of E5(u,v); i.e., a weak solution of .

Proof. Let A € R? and (ug,vo) be a solution of (2.I). Then by the Lagrange
multiplier rule there exist ug, w1, pa such that |uo| + |p1] + |pe| # 0 and

toDwEx (uo, v0)(§) + p1[Du By (w0, v0)(§) + DuuE5 (o, vo)(uo, §)]

+ p12 Doy E5 (10, v0) (v0, §) = 0;

to Dy Ex (0, v0)(¢) + p2[ Do Ex (10, v0) (¢, vo) + Dy Ex (t0, v0) ()]
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+ ,UlDquS\(an Uo)(Uo, C) =0,

for all € € Wy and ¢ € W, 9.
The proof will be obtained if we show that p; = po = 0. Let £ = ug and ¢ = vp.
Then taking into account that (ug,vo) € N5 we obtain

11 Dy B (uo, vo) (o, uo) + pr2 Dyw Ex (g, o) (vo, uo) = 0,

1 Do Ex (10, v0) (vo, to) + pr2 Doy Ex (0, v0) (v0, vo) = 0.
But under the assumption det I'y(ug,v9) # 0 this is possible if and only if py =
Mo = 0. O

It is not hard to see that on N5 one has

) ~ (a(p— a)F(u,v) —afF(u,v)
x(u,v) = ( —afF(u,v) Blq — ﬁ)F(u,v))

Hence
det Ty (u,v) = aﬁpq(l _e é)Fz(u, v). (3.5)
p q
Under assumptions a, 8 > 0 and F(u,v) # 0 it can be highlighted three cases:
S NS
p q p q p q

that corresponds to the cases when detI')(u,v) is zero, positive and negative, re-
spectively. Note that in the present paper we deal only with the last case with
negative determinant det 'y (u,v) < 0 that corresponds in the case p =¢, A = p to
the super-linear problem .

4. ON CRITICAL VALUES OF NEHARI MANIFOLDS AND FIBERING METHODS

As it has been noted above we study using constrained minimization
method with Nehari manifold A5 as a constraint. However, the application of
this method is restricted by the assumption of Lemma [3.1] The critical value o*
in is introduced to separate the domains in the plane (A, ) where this as-
sumption is satisfied. A general approach of finding such kind of values has been
introduced in [23], 24] and has been developed in [25, 26, 28] with applications to
different problems. However, the direct application of this theory to the system
is complicated. Moreover, the full theoretical introduction to this approach
would lead us away from the main aims of the present paper. We leave it to our
forthcoming paper.

The proof of Lemma [2.I] will be a consequence of the next three propositions.

Proposition 4.1. 1 < o* < 4o00.

Proof. The first estimate easily follows from observation
1 [|VulPdz 1 [|Vu]|?dz H _
Mo [|ulpde o [|oleds ST

o* > inf [max{
U,v

which holds for (¢1,%1).
The second estimate is also true, since one can find u € VVO1 P\ {0} and v €

Wy'?\ {0} such that supp uNsupp v = . Then F(u,v) = 0 and

if|Vu|pdm if|Vv|qu

N JJulde un JJolvda

o*gmax{ }<+oo.
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d

Proposition 4.2. There exists a nonzero minimizer (u*,v*) € W of (2.2)) such
that u*,v* > 0 in €.

Proof. Let (uy, vg) be a minimizing sequence for . We may assume that |lux| =
1 and |lvg]| = 1 for all & € N, since is zero-homogeneous. Hence by the
Eberlein-Shmulyan theorem and the Sobolev embedding theorem there exists a
subsequence of (ug,vx) (which we denote again (ug,vy)) and (u*,v*) € W such
that

ol il
up — u* weakly in WP, v, — v* weakly in W7,
up —uin L™, r <p*, wv—v"inL", r<q.

This implies F(u*,v*) > 0. From Proposition we know that o* < ¢ < +o0 for
some ¢ > 0. Consequently

/|u*|”dsc: lim /|uk\pdﬂc>1/c>0,
Q k—+oo Jo

/|v*|qu: lim /\vk\qu>1/c>0,
Q k—too Jo

and therefore, u*,v* Z 0. By the weak lower semicontinuity we have

Vu*|P Vug|P Vu*|? Vug|?
7&2‘ | §liminff9| £l , fQ| | gliminfifQI 4 .
fQ |u*|P k—-+o0 fQ |’U,k|p fQ |v*\q k—+o00 fQ "Uqu
Now arguing by contradiction we conclude that (u*,v*) is a minimizer of (2.2]).
Since the functionals in (2.2)) are even, we may assume that u*, v* > 0. [l

Proposition 4.3. ¢* > 1 if and only if F(p1,¢1) < 0.

Proof. Assume first o* > 1. Conversely, suppose that F'(¢1,11) > 0. Then (p1, 1)
is an admissible point for minimization problem . But then ¢* = 1, which
contradicts the assumption o* > 1.

Assume now F(p1,11) < 0. Suppose, contrary to our claim, that ¢* = 1. By
Proposition there exists a nonzero minimizer (u*,v*) € W of (2.2). Then it
follows easily that

1 [|Vu*|Pde ) 1 [|Vv*|tdx

N TP 0w Jlda
These equalities are true only if u* = 1 and v* = ¥; up to multipliers, but it is
impossible, since F'(p1,11) < 0. O

Proposition 4.4. Assume F(p1,11) < 0. Let A < X\* and pu < p*. Then for any
(u,v) € W\ {0} the following implication is true:

Py(u) <0, Quv) <0= F(u,v) <O0.

Proof. Let A < X* and 1 < p*. On the contrary, suppose that Py(u) <0, Q,(v) <0
and F'(u,v) > 0. Then there exist Ag < A < A* and po < p < p* such that
Py, (u) =0 and @, (v) = 0. From here it follows

if|Vu|pdz Ao AF . if\Vdex _ Mo _ w .

N [fulpdz T N TN m

=0 =
A o [ |vlrda M1 M
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Hence we obtain

1 [|VulPdz 1 f|Vv\qdac} ot
— — o

A [lulpdz T py [ vl da ’

which contradicts the definition of o*. O

max {

For further applications of Lemma we need the next result.

Corollary 4.5. Assume (1.2) is satisfied, p,q € (1,400) and f € L>(Q). Let
A< X and p < p*. Then detT'x(u,v) # 0, for any (u,v) € N5.

Proof. By (3.5)) we know that

det T'x(u,v) = afdpgF?(u,v).
Hence, the proof will be obtained if we show that F(u,v) # 0. Suppose, contrary
to our claim, that F'(u,v) = 0 for (u,v) € N5y and A < \* and p < p*. Then the

constraints of the Nehari manifold entail Py(u) = 0 and @Q,(v) = 0. However, this
contradicts the definition of o*. O

5. SOLUTIONS OF ([L.1)) IN ¥

In this section we prove statement (I) of Theorem First we prove the fol-
lowing proposition.

Proposition 5.1. Assume that Q0 # (). Then Ny # 0 for all X € R2.

Proof. Let A € R2. Consider the first eigenpairs (A (B), ¢1(B)) and (u1(B), 1 (B))
of operators —A, and —A, in a ball B C Q, with zero boundary conditions,
respectively. Evidently, we can choose B such that A < A\ (B) and p < pi(B).
Then

PA(@1(B) >0, Qu(n(B)) >0, Flpi(B),a(B)) > 0.
Thus (p1(B),¥1(B)) € A and (te1(B), sy1(B)) € N5, where ¢, s are given by
and (3.3). O

Lemma 5.2. Let Q, # () and A € ¥,. Then problem (L.1) has a ground state
(ux,vy) such that Ex(us,vx) > 0 and ux, vy > 0.

Proof. Assume Q, # 0 and A € ¥;. Let us consider constrained minimization
problem . By Proposition we know that Ny # 0. This yields ny < +oo.
Notice that N5 C A for A € 34, since Py(u) > 0, Q,(v) > 0 for (u,v) € W\ {0} in
case A < A; and pu < p1. Then

E5(u,v) = gF(u,v) + éF(u,v) — F(u,v) = (g + 5_ l)F(u,v) >0. (5.1)
p q p q
for any (u,v) € N5. This implies that n5 > 0.
Let (uy,v,) be a minimizing sequence of . Let us verify the boundedness
of (un,v,). Suppose, contrary to our claim, that for instance ||u, ||, — +oo. Then

Py (uy,) — +00, because for A < A\; we have
P(un) = |lunllp — /\/ [un|? da > Co(A)[|un ||}, (5.2)

where Co(A) = 1 — A/A1 if XA € (0,\), and Co(A) = 1 if A < 0. Since Py(up) —
aF (up,v,) = 0, it follows F(up,v,) — +00. Thus by (5.1) we have E5(un,vy,) —
~+oo. But it is impossible, since n5 < 4+00. Thus, (uy,,v,) is bounded.
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This implies the existence of subsequence of (u,,v,) (which we denote again
(tUn,vy)) and (u,v) € W such that
u, — u weakly in Wol’p, v, — v weakly in Wol’q,
U, —muwin L"), r <p*, v, movin L", r < ¢".
Let us show that u,v #Z 0. Note first that similar to ((5.2) we have the following
estimate
Px(un) < C1(AN)||uall}, (5.3)
where C1(A) = 1if A > 0 and C1(A) = 1—A/A1 if A < 0. Further, from assumptions
(1.2)) it follows the existence of p’ € (p,p*) and ¢’ € (¢, q*) such that z% + g =1.
Hence, applying Holder’s inequality and the Sobolev embedding theorem we obtain

, a/p’ / Bld
Flun,on) < Ca [[funt?da) ™" ([ 1oal? @)™ < Callualizlallys 50

where C and C3 are some constants in (0, +00) which do not depend on n € N and
A, p. Since (un,v,) € N5, we have t,,s, = 1. Let ¢ > 3. Substituting estimates

(5.2) and (5.4) to (3.2) we obtain
_ ot P () PQu () a0 CoN) TP Co(40)? 5 ol
B Flup,va)s = 5P Cy 159 lvn I

and consequently

pa(2+2-1) a4 Co(A) 1P Co(p)?

[[tnlp > 7

B C3
for all n € N. Let ¢ < 8. Using (5.3) instead of (|5.2)), for all n € N we derive
abf—4 Cl()\)q_ﬁC’o(,u)ﬁ

>0,

pe(2+2-1)

[[wnlp > 3 ca > 0.
At the same time, we have
F(u,v) = ngrf-loo F(tn,vy)
_ 1 lim Py (up) (5.5)
o n—+00 .
Co(N)

>

lim |Ju,[[) > Cs(A, 1) >0,

(0% n—-+00
for some constant Cy(\, u) which does not depend on n. But this is possible if and
only if u,v # 0.

From here and using , we can find s,t > 0 such that (tu,sv) € N5.
Since J5(u,v) is a weak lower semicontinuous and zero-homogeneous functional,
we have

E5(tu, sv) = J5(u,v) < Bﬁl}rﬂf T3 (U, vp,) = liminf E5 (up, vy,) = nj.

n—-+4oo

By the definition of nx here is only equality possible. Thus (tu, sv) is a solution of
. Applying Lemm and Corollary we deduce that (uj := tu, vy 1= sv)
is a weak solution of (1.1)). Furthermore, (u3,vs) is a ground state, since it is a
minimizer of (2.I). Notice that E5(us,vs) is even function with respect to both
variables. Therefore, we may assume that uy, vy > 0. Applying the arguments of
[I7] we obtain that uy,vsy > 0 in Q. Finally, and entail E5(us,vy) >
0. O
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6. SOLUTIONS OF (L.1) IN X*

In this section we prove statement (II) of Theorem Below we always suppose
that F'(¢1,1¢1) < 0.

Proposition 6.1. Let A > A\ and p > p1. Then N5 # 0. Moreover, there is
(u,v) € N such that Ex(u,v) < 0.

Proof. Consider (y1,11). Since A > A1 and p > u1, we have Py(p1) <0, Qr(v1) <
0, and by the assumption F(p1,11) < 0. Thus (¢1,%1) € B and (te1, s11) € N5,
where t, s are given by and . Furthermore by we have F5 (tp1, s11) =
Tx(p1,1) <0. U

Lemma 6.2. Let A € ©*. Then problem (L.1) has a ground state (ux,vy) such
that E5(ux,vs) <0 and ux,v5 > 0.

Proof. Let A € ©*. As above in the proof of Lemma we will obtain the ground
state by the finding of a minimizer of . By Proposition we know that
N; # 0 and ny < 0. Let (up,v,) € N5 be a minimizing sequence for (2.I). Then
E5 (tn, vy,) < 0 and by (3.1)), it easy follows that

P\(un) <0, Quvn) <0, F(up,v,) <O.

Let us consider u,, = t,, and v, = s,0,, where ||4,||, =1 and ||9, ||, = 1. Then
the boundedness of (4y,) and (0,,) in W implies the existence of (#,0) € W and a
subsequence of (4, 0,) (which we denote again (i, 9,,)) such that

Gy, — 0 weakly in Wy, 6, — 0 weakly in W9,
Up — Gin L") r <p*, 0, = 0in L",r < ¢*.
Observe that
F(ty,0,) < Co <0, (6.1)

where Cjy does not depend on n € N. Indeed, suppose conversely that F(d,9) =
limy, 4 oo F'(tp, 0) = 0. Note that by the weak lower semicontinuity we have

n—-+oo n—-—4oo

Hence applying Proposition 4.4 we obtain a contradiction.
Let us show that ny > —oco. By (3.4) we have

|PA(@n)|aq|Qu(ﬁn)|B’))”“’qd)
| F (i, D) [P '
Taking into account that ||G,||, = 1 and ||0,|q = 1 we see that Ex(t,ln, Snln) —
—oo if and only if F(&y,0,) — 0. By the last is impossible and therefore,
ny > —oo.

Let us prove the boundedness of (¢,,s,). Assume for example that ¢, — +oc.
In view of (3.2) and by it is possible only in case ¢ <  when Py(t,) — 0.
However by this implies that E5(tn0n, $ntn) — 0, which contradicts ny < 0.
By the similar arguments it can be shown that s,,t, /4 0.

Thus, (4, vy) is bounded and up to subsequence we have

(6.2)

B (tnin, $nin) = —C(

ol |
uy, — u weakly in Wy*, v, — v weakly in W9,

Up —uin L™, r <p*, v, —ovin L', r < ¢*.
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Since u,v # 0, by (3.2) and (3.3)), we can find s, > 0 such that (tu,sv) € N5.
Since J5(u,v) is a weak lower semicontinuous and zero-homogeneous functional,
we have

E5(tu, sv) = J5(u,v) < liminf J5 (un, v,) = n3.

n—-+oo
But by the definition of ny here is only equality possible. Thus (uj := tu, vy := sv)
is a solution of and by Lemma and Corollary it follows that (uy,vs)
is a weak solution of . Arguing as in the proof of Lemma we derive that
uy, v5 > 0 and (ux,vs) is a ground state. Obviously Ej5(u3,vy) < 0. O

7. CONTINUITY OF THE SET OF GROUND STATES

In this section we prove statements (I):(a) and (II):(a) of Theorem Observe
first that by the construction of (u3,vs) we have

ny = Ex(ux,vx) = Jx(ux, vx),
for A € ¥y and X*. Therefore to confirm (I):(a) and (II):(a) in Theorem it is
sufficient to establish the following result.

Lemma 7.1. The function J5(ux,vs) is continuous in Xy and X*.

Proof. Fix o in ¥; or ¥* and the ball B correspondingly in ¥; or ¥* with the
center A\g. Let A € B. Denote AX := A— \g, Ap := p— pg. The proof of the lemma
will follows from the next proposition. (Il

Proposition 7.2. For sufficiently small |\ — Xo| the following inequalities are sat-
isfied

1 1
- A)\EGP(u;\) - Auqu(U;\) + (AN Ap)
< Tx(ux, vx) = T, (Uz,, v5,) (7.1)
1 1
< _A/\iGP(US\O) - A/’LQGQ(’US\O) + TQ(A/\7 AM)?

where (AN, Ap) = o(|A — Xol), i = 1,2; i.e., il(XAj)‘)ljl—m — 0 as|A—X| — 0

uniformly on B, and

Gp(u) :z/ﬂ\u|pdx, Gy (v) :=/§2|U|qu, (u,v) € W.

Proof. Note first that
Tx(uszg,v5,) = Talus; v3), (7.2)
since J5(u3, v5) = ny. Furthermore, by (3.4)
(Pro (u3,) = AAG (3, ) PV (Qpuy (v3,) — AuGy(vy,))/ @
F(uy,,vs,) '

Tx(uxy,vs,) =C

(7.3)
Using Taylor’s theorem with Lagrange form of the remainder we obtain
(Quo (v3,) — ApGy(v5,))? (4P
B B
= QNO (Uj\o)ﬁ/(qd) - AM@Q#O (,US\O) ad 1Gq (US\()) (7.4)

(Ap)? ﬁ( g

BL_
2l qd'qd 1)(Quo(vs,) = ApfGy(vy,)) 7 ~*Gy(vy,)?,
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where 6 € (0,1). Slmllar formula is true for (P, (uy,) — AXGp (uy ))“/(pd). Substi-
tuting these in and using , with t5,s5 =1 we obtam

Tx(uy,vx) — Ty, (U, v3,) < —AA];Gp(uxo) - A%Gq(vxo) + ra(AX, Ap),

where ro(AX, Ap) is a sum of the reminder terms which orders with respect to
|A — Xo| are great or equal two. Thus we obtain the second inequality in . The
first one is obtained by the same way.

To complete the proof of the proposition it remains to show that r; (AN, Au) =
o(|]A=Xo|), @ = 1,2 uniformly on B. To this end (see (7.3) and (7.4)) it is sufficient
to show that |Jux||p, ||vsllq are uniformly bounded on B and

[F(ux,vx)| = co >0, [Pa(us)| =2 co >0, [Qulvs)|=co>0,  (7.5)

with constant ¢y which does not depend on \ € B.

First consider the case B C ;. Let us show the boundedness of |luj||, and
[vsllg- Suppose, contrary to our claim, that there is a sequence A, such that
||u)\ |p — 400 as Ay — A for some A € B. Arguing as in the proof of Theorem
(see (5.2))) we obtain that in this case Py, (uy, ) — +oc and E5 (uy ) — +00
as m — 4oo. But the last is impossible, since E5(uj,vs) is uniformly bounded
in B. Indeed, consider the first eigenfunctions ¢1(U) and 11 (U) of operators —A,,
and —A, with zero boundary conditions on a smooth subset U C Q.. Then for all
A € B we have

I/\
y\

V(2

1(U
where 03 does not depend on \ € B.
By (5.5) we have

ns ); 1 (U)) < ez < +oo,

F(us,vy) > Cs(A\,pp) >0, M€ B,

where by the construction Cy(\, i) is continuous nonzero function on the compact
set B. This implies the first estimate in . At the same time we have the Nehari
constraints Py(uy) = aF(ux,vy) and Qu(vs) = BF(us,vs), which imply the last
two estimates in .

Now consider the case B C ¥*. Arguing as in we obtain the first inequality
in (7.5). Then again using Nehari constraints we obtain the last two estimates in
he boundedness of ||ux ||, and ||vx || is shown similar to the proof of Lemma
[6.2] using Proposition [£.4} O

Corollary 7.3. Assume (1.2) is satisfied and p,q € (1,+00), f € L>*(Q ) Let
(us,vs) be a ground state in Xy and X*. Then the function E(X) = Ex(us,vy) is
differentiable at any point A € 1 and X*. Furthermore

0 1 0
— FE5(uy,vy) = —— 5|P d —F 9d
I x(ux, vx) p/Q\u,\\ €Ly EN ux,vy) = /|U,\| €.

Proof. Let A\ € ¥, or ¥*. Consider the sequence \; — A. From the continuity
of Ex(uy,vy) it follows that (E5, (uy,,vs,)) is uniformly bounded. Using this and
the fact that (ujy,,vy,) are weak solutions of it easily follows that there is a
strong convergence in W subsequence of (uy,,vy,) with limit point (uy,vy). This
and yield the required. (I
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8. ASYMPTOTIC BEHAVIOUR OF THE ENERGY LEVEL OF GROUND STATES OF
D)

In this section we prove statements (I): (b), (c), (II): (b), (c) and (III) of Theorem
The proofs will follow from three lemmas below.

Lemma 8.1. Let QT # (. Then
e EN)—0as AT A and pu T g,

e E(A) =0 as A — (A1, o) for any po < i1,
o E(A) =0 as A — (Ao, 1) for any Ag < A1.

Proof. All statements are proved in a similar way. We give the proof only for the
first statement. Since ny = &3, it is sufficient to show that ny — 0 as A — A1 and

[ fir.
Consider the first eigenfunction ;. Using the assumption Q% # 0 it is not hard
to find w € Wy'? such that

Qu(w) >0, F(p1,w) >0,
for all u € (—o0, 1]. This and the fact that Py(p1) > 0 for A < A; yield (¢1,w) € A
and (tp1, sw) € Ny, where t, s are given by (3.2 and (3.3). At the same time

PA(Sﬁl):(M—)\)/ |p1|P — 0, as A — Aj.
Q

From here it follows that

Py (1) D Q,, (w)PB/(ad)
F(Qplv w)l/d

as A — A1 and p — pp. This completes the proof. ]

ny < Jalpr,w) =C

— 0,

The proof of the next lemma can be obtained in the standard way using statement
IT: (a) of Theorem [2.3

Lemma 8.2. Let F(p1,11) <0. Then
° S(E\)—>O as AL A1 and p | g, B B
e E(A) = 0 as A — (A1, o) for any po € (p1, 1*) and EA) — 0 as A —
(/\07u1) fO?” any )‘0 S (Ala)‘*)
Lemma 8.3. If f(z) < 0, p,¢ > 2 and max{p,q} > 2, then EN) — —oc as
A= (A", p").
Proof. Let (u*,v*) be a minimizer of (2.2) such that u*,v* > 0. Observe that
F(u*,v*) =0, since by the assumption f(x) < 0. This implies that
Q # suppu® Nsuppv™ C Qo ={z € Q: f(x) = 0}. (8.1)
Assume first that for every minimizer (u*,v*) of (2.2)) it holds
_ LV 1 o Vet
A1 fQ |u* [P 231 fQ |v*[4
Since f(z) < 0, by Proposition we know that o* > 1 and therefore, \* > X\
and p* > pq. This fact, as well as u*,v* > 0 and (8.1) imply that the equations
D, Py+(u*) = 0 and D,Q,~(v*) = 0 cannot be satisfied on 2. Hence there exist
01,02 € C§°(Q) such that

(DyPr=(u”),01) <0, (DyQu~(v"),b2) <0.

*_
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Consider the functions
Up = u + 701, vy =" 4 1°0s,

for » > 0 and some constant 6 > 0 which will be defined below. Then by Taylor’s
theorem we obtain

Py (uy) = Py (u) + 7(Dy Py« (u™), 01) + Ry (r), (8.2)
Qu- (vr) = Qs (v°) + 1 (DyQpu- (v*), b2) + Ra(r), (8:3)

for sufficiently small r > 0, where R;(r) and Ra(r) are reminders, for instance, in
the Lagrange form; i.e.,

-1
Ri(r) = 7«”7@2, )(/ IV (u* + ri6)) P2V, [2da
: Q

- )\/ (4 ) P20, ).
Q

for some k € (0, 1), and similar equality for Ro(r). Since p,q > 2 by assumption, we
guarantee that Ry (r) = o(r) and Ra(r) = o(r®). Using this fact and the observation

that Py« (u*) =0, Qu-(v*) =0, from and we obtain
Py« (uy) = 1(Dy P+ (u*),01) + o(r) <0, (8.4)
Que (vr) = (Do Qs (1), 62) + 0(r®) <0,
for sufficiently small » > 0. On the other hand, we have
F(uy,v,) =P F +r°F,

= 7«55/ f|u*+r91|a|92|ﬁdm+7~a/ £161]%|v* + 12058 da
Qux\Qo Q% \Qo
<0.

Here it holds a strong inequality. Indeed, if one suppose F; = 0 and Fy = 0, then

(ur,v) would be an admissible point for (2.2) but by (8.4), (8.5) Px«(u,) < 0,
Q@+ (vr) < 0 that contradicts the definition of o*.

Let ¢, and s, are given by (3.2) and (3.3). Then (t,u,,s,v,) € Nix» ,+) and
Tae ey (Ur, vr)
[P () [/, ()P40

=-C
|F(ur,v,) V4
TPy (), 61) + 0(r) 1]/ P (D Qe (v7), 8) + o) /1| @
B |POBFy + roFy|t/d ’
(8.6)
We will prove the theorem, if we find é > 0, for which the system
0
s5-2- 2y
p q
a—2- %8 >0,
p q

will be consistent. Expressing § from the first and second inequalities, we obtain

aqg 1 aq
— o< —=(p—-1).
Bplg-1 " 6p(p b
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From the assumptions p,q > 2 and max{p, ¢} > 2 we conclude that such § exists
and therefore,
Exe yoy (trtiy, $p07) = Tre oy (U, vp) — =00 as 7 — 0, (8.7)

Hence n(y ;) = —o0.

Assume now that there exists a minimizer (u*,v*) of (2.2]) such that

1 Jo [Vu*|? 1 [ [Vu*|
S R P L

In this case the proof is actually the same as in the previous case except that now
we have to take into account that Q- (v*) < 0 and therefore will be changed.

Let us indicate the proof briefly. Since A* > A;, we can find 6 such that
(Dy P (u*),0) < 0. Consider the function u, := u* + 76, for » > 0. Then, in
view of assumption p > 2, we have

Py (uy) = Py« (u") + 17(Dy Py~ (1), 0) + o(r) = r(Dy Py« (u*),0) 4+ o(r) < 0,
for sufficiently small » > 0. Furthermore, we have
F(ur,v*) =r"F3 := ro‘/ £10]%|v*|? dx < 0.
Q\Qo
Thus, we obtain
T () — 1@ @D Py ) o/
oy (U, v¥) =
(A*,p1*) | F (., v*)[1/4
B 7o/ ®D| (D, Py (u*),0) + o(r) /r|*/ PD|Qx- (v*)|#/ (4D
- ,roc/d|F3|l/d :

Hence we again get . Note that in this case we have not used the assumption
max{a, 5} > 2.

To conclude the proof, we observe that for any fixed (u,v) € W the function
Jx(u,v) is a continuous map with respect to A. Furthermore & < J;(u,.,v,) for
any A € ¥*. These and imply that &5 — —oo as A — \*, p — p*. O

9. BLOW-UP RESULTS

In this Section we prove Theorems [2.4] and

Proof of Theorem 2] The proofs of statements (1) and (2) are similar; so we give
the proofs of (1) and (3) only.

Proof of statement (1). Let (u5,v5) be a solution of and A\ — (A1, f10), where
o < p1. Let

where |45l = 1, |05]lq = 1 and t5 = |Jusllgs s5x = ||lvsllg- From (3.4) and Lemma
B3l we know that
Py(a3)"/ Q)71

Ti(ux,v5) = Jx(us,05) = C Fliy, 0y)1/4 ,

(9.1)
as A — (A1, po). At the same time, since pg < p1, we have

Quio) =1 [ [ixf1do>1- L >0
Q H1
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uniformly by . Therefore from it follows that
Py (a5)2/ ) Py(i5)® \V/(0d)
F(iy, o3)4 <F(ﬁx»@x)”)
Hence, from we obtain that sy — 0 and consequently |jvs|, — 0 as A —
(A1, o).

From it follows that Py(d5) — 0, since F(uyx,05) is bounded. This, (3.2)
and the assumption ¢ < 3 imply that t5 — +oco and consequently ||uy|, — +oo as
A— (>‘17 /LO)

Proof of statement (3). Suppose (\,,), m € Nis a sequence in ¥ such that \,,, — \;
and i, — p1 as m — oo. As above, consider uy =ty 4y and vy = s3 05 ,
m=1,2,....

Since ||iy, [, = 1 and [|05, |l = 1 for m € N, we can apply the Eberlein-
Shmulyan theorem and the Sobolev embedding theorem. Thus, there exist (g, 0g) €
W and a subsequence, which we denote again (Ay,), such that (a5, 95, ) — (fo, o)
as m — oo weakly in W and strongly in L.(Q) x Ls(Q) as r € (1,p*), s € (1,¢%).

For (uy, vy, )€ N5, we have

d d
E;\m (u;\mm;\m) = ti—)\map)\m (ﬁ;\m) = SquBQ)\m (@j\m) — 0 asm — o0o. (93)

— 0. (9.2)

Suppose, for instance, that 99 = 0. Then Q, (05 ) — 1. This allows us to apply
the arguments from the proof of statement (1). Indeed, (9.3) implies that sy — 0
as m — o0o. Furthermore, similar to (9.2) it is deduced that

Py, (a5,,)"
F(as,,, 05, )
Then Py, (5, ) — 0 and due to and the assumption ¢ < § we have t5 — +oo.
Thus in this case statement (3) is true.

Consider now the case 49 # 0 and 99 # 0. Suppose that simultaneously
Py, (ux, ) — 0 and @, (05, ) — 0 as m — oo. Then by the weak lower semi-
continuity of Py(u), @x(v) it follows that Py, (4p) < 0 and Q,, (%) < 0. This
is possible only if 4y = 1 and 99 = ;1 up to nonzero multiplier. Hence we have
0 < F(tp,9) = F(¢1,%1). However this contradicts the assumption F(¢1,%1) < 0.
Thus we can assume without loss of generality that Qx,, (95, ) — ¢1 > 0asm — oo.
However we are again in the position to apply the arguments from the proof of
statement (1) and therefore we obtain anew the desired s5 ~— 0, t5 ~— 400 as
m — 00. (]

Proof of Theorem[2.5. Note that for (uj,vy) € Ny we have

1
Ex(ux,vy) = (% + g - l)aPA(UX)-

— 0.

From here it follows that
E5(ux,v5) — —00 <= Py\(u3) — —o0, (9.4)
as A — (A*, u*). On the other hand

A
Pan) = sl = A [ fusl? do > = sl

From here and (9.4)) we obtain ||ux||, — +00. By the same arguments it also follows
that ||vx|lq — +oc. O
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10. FINAL REMARKS

Let us compare the obtained results for (1.1) in the special case p = ¢, A = p

with known results for (1.3)) when v = a + .
In [23] 24] to study (1.3)) the following critical value is introduced

f |VulP do

sing

F(u) := /f|u|”Y dr >0, u€ WI}(Q)},

and under the same assumptions of Corollary the following is proven:
(I) A%, < +oo if and only if Q0 U QT £ ();

(I1) A\ <g Niing if and only if F\(¢1) < 0;

(III) problem has two sets of positive solutions:
(1) wy for A € (=00, AL;,,) in the case QF # 0, such that Ex(wy) > 0;
(2) wy for A € (A1, A%;,,) in the case F(¢1) < 0, such that Ex(w}) < 0;

(IV) the solutions w} on (=00, A1) and w3 on (A1, A%;,,) are the ground states of
and the functions E1(\) := Ej(w}), £2()\) := E\(w3) are continuous
in the intervals of their determination.

To compare and it is necessary also to take into consideration that
the critical values A* and Aj;,, are essentially the same objects but for different
problems. For instance, both of them define a threshold of the applicability of
Nehari manifold method (see Section 4, and [21} 23] 24]). Moreover, they can be
obtained as a consequence of a general approach (see [23] [24]).

First, we see that in contrast to we always have \* < 400 for . The
next distinction is that in the case F(¢1) < 0, QT # 0 the ground state level of
has a discontinuity at the point A;. Furthermore, in the interval (A1, A3;,,)
one has a multiplicity of solutions to ; i.e., there are two branches positive
solutions w}\ and w?\, whereas this property is not observed for (see Figure .

—1&W EN)
T (1.3) (1.1)

)\1 ‘)\:’ing )\] : A

FIGURE 2. p=q, A= p, F(1,01) <0, Qy #0

For (1.3) similar results like in Theorem are known [24]. In particular,
EYAN) — 0as A T A5, and E2(A) — 0 as A | A;. Additionally, £2(\) — —oo

sing
as A — A%, if and only if @ = 0, where A%, < +oo if and only if Q° # (.

sing
Thus, we see that in case f(z) < 0 and p > 2 ground states of the system (1.1)
blow up at the finite value \*, whereas this phenomenon for the scalar equation

(1.3) is impossible (see Figure [3)).
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EN) &N
(1.3) (1.1)

)\1 +00 )\1 A\*

FIGURE 3. p=¢,p>2, A=p, f(z) <0

Remark 10.1. Consider the positive solutions w} and w3 of (L.3)) for A € (—oo, A*)
and A € (A1, \*), respectively. Then it easy to verify that the following pairs of

functions ui = clw}\, v)l\ = CQU];\ and u%\ = clwi, vf\ = CQ'LU?\, where

a(8-p)/(p*d) Bla=p)/(p*d)
36/ 2T T e/

satisfy the system with p = ¢, A\ = pu, o + 8 = 7 in the intervals (—oo, \*)
and (A1, \*), respectively. It is interesting to compare these solutions with those
obtained in Corollary[2.6] The properties of the corresponding energy functionals £y
(see Corollary and Figures and show that these solutions are different. The
differences can be seen also from the blow-up behaviour of the ground state branches
of obtained in Theorem [2.42.5) which, as it is easy to see, is impossible for
the ground state branches of ([1.3]) under the same assumptions.

C1 —

Remark 10.2. Observe that ny = 0 when A belongs to quadrant IT or III (see
Figure |1)). This can be seen from the following. First of all, note that the set B
is empty when A lies in quadrants IT and III. Further, if we consider, for example,
quadrant IIT; i.e., A > A, u < w1, then one can find a sequence of functions
(&k,Ck) € W osuch that Py(&) > 0, Q. (Ck) > 0, F(&,Cx) > co > 0 uniformly by
k € N and P\(&) — 0.

Remark 10.3. As it was noted above, the scalar problem in case F(¢1) <0
has multiple positive solutions wi, w3 for A € (Ay, )\:ing). On the other hand it
is known (see [27), B2]) that this problem possesses a turning point (Ao, wp), where
Ao > Ang and wo is a positive solution of (L3). Thus we can assume up to
the uniqueness of positive branches (w3 ), (w?) that they are linked at the point
(Mo, wp). However, we did not find for the second branch of solutions which
could be considered as a contender to link with the branch of ground states (uy,v))
found in Theorems In view of this, we conjecture that there are only two
scenarios of the behaviour of the ground state branch of : it continues on the
whole quadrant IV or there is a threshold in IV where it blows up.

Remark 10.4. It is known that for the scalar problem , the assumption
F(¢1) < 0 is necessary and sufficient for the existence of positive solutions for
A > A;. We cannot prove the similar statement for . In particular it is an
open question whether has positive solutions outside of the quadrant I, if

F(p1,¢1) > 0.
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Remark 10.5. In this paper we consider only the case d = % + % — 1 > 0 which
corresponds to the case when Hessian I's(u, v) is indefinite. The cases d = 0 and
d < 0 for have been investigated in the literature (see e.g. [0} 18, [19] 20]).
However, in these cases, to our knowledge, there are no investigations similar to
those obtained in the present paper.
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