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ASYMPTOTIC BEHAVIOR OF POSITIVE SOLUTIONS OF THE
NONLINEAR DIFFERENTIAL EQUATION #%y/ = u"

MENG-RONG LI, HSIN-YU YAO, YU-TSO LI

ABSTRACT. In this article we study properties of positive solutions of the or-
dinary differential equation t2u’’ = u” for 1 < n € N, we obtain conditions for
their blow-up in finite time, and some properties for global solutions. Equa-
tions containing more general nonlinear terms are also considered.

1. INTRODUCTION

Some interesting results on the blow-up, blow-up rates, and estimates for the life-
span of solutions of the Emden-Fowler equation and the semi-linear wave equation
Ou + f(u) = 0 have been obtained, as shown in the references.

Here we wish to study the Emden-Fowler type wave equation, i.e. solutions,
independent of the space variable z, of the equation t?us — Au = u™ for n > 1.

The existence and uniqueness of local solutions of the initial-value problem

20" =u", l<neN,

u(l) = ug, u'(1)=uy, (L.1)

follow by standard arguments. Considering the transformation ¢ = e°, u(t) = v(s),
we have t2u (t) = —v,(s) + vs5(8), v(5)" = —v4(8) + vss(s) and v(0) = u(1) = uo;
vs(0) = u/(1) = uy, the problem (1.1]) can be transformed into

Vss(8) — vs(s) = v"™(s),
v(0) = ug, vs(0) = u;.

Thus, the existence of local solutions u for in (1,7 is equivalent to the
existence of local solutions v for in (0,In7). In this article, we give estimates
for the life-span T of positive solutions u of in three different cases. The
main results are as follows:

(a) up =0, ug > 0: T* < ek ky :=s0 + 2(;4.63) n21v(30)17Tn, e €(0,1);
(b) up > 0, ug > 0:

1-n
(i) E(0) >0, T* < b2, ky = 25\ /Ly 7

(ii) E(0) <0, T* < ks, ky := 2. 4o,

n—1 uy’

(c) uy <0, ug € (0, (—uy)w): w(t) < (up —uy —ult) + (uy +uf)t — ull Int.

(1.2)
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where E(0) is defined in the next section and sg is given by (3.3).
In Section 6, we replace the nonlinear term v™ by a more general increasing
function f(v).

2. NOTATION AND SOME LEMMAS

For a given function v, we use the following functions
2
2 2 n+1 -
a(s) :=wv(s)*, FE0):=uj— ——uy ", J(s):=a(s)” %,
()= 0, B(0)i=ud = ——uf*, J(s) = als)
where ug and u; are the given initial conditions.
By an easy calculation we can obtain the following two Lemmas; we shall omit
the proof of the first lemma.

Lemma 2.1. Suppose that v € C?[0,T) is the solution of (1.2), then

E(s) = vs(s)* =2 /OS v, (r)2dr — iv(s)"Jrl = E(0), (2.1)

n+1

(n+3)vs(s)* = (n+1)E(0) +a”"(s) —a'(s) +2(n +1) /OS v, (r)dr, (2.2)

2 _ n / s
J"(s) =" L) (B(0) - zf)l +2 /0 vy (r)2dr), (2.3)
N9 s (m—1)2 2(n+1) 2(n+1)

J'(5)" = J(0)" + ———EB(0)(J(s) = —J(0) =)

_1)2 s (24)
+ u(](s)% / ve(r)dr.
2 0
Lemma 2.2. For uy > 0, the positive solution v of (1.2]) satisfies:

(i) If uy >0, then vs(s) >0 for all s >0 (2.5)
(i) If uy < 0, ug € (0, (—u1) ™), then vy(s) < 0 for all s > 0. (2.6)

Proof. (i) Since vy5(0) = ug + uf > 0, we know that vss(s) > 0in [0, 1) and vs(s)
is increasing in [0, s;) for some s; > 0. Moreover, since v and vs are increasing
in [0,81), vss(s1) = vs(s1) + v(s1)™ > vs(0) + v(0)™ > 0 for all s € [0,s1) and
vs(s1) > vs(s) > 0 for all s € [0,s1), we know that there exists a positive number
s2 > 0, such that vs(s) > 0 for all s € [0,s1 + s2). Continuing this process, we
obtain vs(s) > 0 for all s > 0, for which the solution exists.

(ii) Since v45(0) = v5(0) + v(0)™ = w1 + uf < 0, there exists a positive number
s1 > 0 such that ves(s) < 0 in [0,51),vs(s) is decreasing in [0, s1); therefore,
vs(8) < vs(0) =uy <0 for all s € [0,s1) and v(s) is decreasing in [0, s1). Moreover,
since v and v, are decreasing in [0, s1), vss(s) = vs(s) + v(s)™ < v5(0) +v(0)" < 0
for all s € [0,s1) and vs(s1) < vs(s) < 0 for all s € [0, 51), we know that there exists
a positive number sy > 0, such that vs(s) < 0 for all s € [0,s1 + s2). Continuing
this process, we obtain v(s) < 0 for all s > 0 in the interval of existence. O

3. LIFE-SPAN OF POSITIVE SOLUTIONS OF (|1.1) WHEN w1 = 0, ug >0

In this section we want to estimate the life-span of a positive solution u of
if uy = 0, ug > 0. Here the life-span T* of u means that u is the solution of
equation and u exists only in [0,7*) so that the problem possesses a
positive solution u € C2[0,T*).
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Theorem 3.1. For uy = 0, ug > 0, the positive solution u of (1.1 blows up in
finite time; that is, there exists T* < co so that

ut) ™t =0 ast—T*.

Proof. By (2.5), we know that vs(s) > 0, a’(s) > 0 for all s > 0 provided that
up =0, up > 0. By Lemma [2.1]

a’(s) — a'(s) = 2(vs(s)* +v(s)" ™),
(a'(s)e™) = e~*(a"(s) — d/(s)) = 2e7*(vs(5)* + v(s)" ™),

a'(s)e™® =2 /OS e " (vs(r)? +u(r) " H)dr > 4/03 e "vs(r)v(r) 2 dr,

and a/(0) = 0, hence we have

8 S
1 -5 > (n+3)/2 ,—r s / (n+3)/2 -rd
a'(s)e™ 2 ——(u(r) e [0+ ; v(r) e "dr)
8 8 s
= T (0s) I e () D /O o(r) 267 gy,

Since a'(s) > 0 for all s > 0, v is increasing on (0, 00) and

8

o (s)e=* > m(v(s)(ms)/ze_s — u(0)m/2) 4 m/o 0(0)"+8) /2= gy
_ - i 3(U(s)(n+3)/2efs _ ,U(O)(nJr?))/Q) + %H,U(O)(nJr?))/Q(l . 675),
8 n
a'(s) > m(v(s)mmm _ U(o)(n+3)/2) _ m(v(s)(mrg)/z _ u(() +3)/2).
(3.1)
Using u; = 0 and integrating (1.2]), we obtain
vs(8) = v(s) —ug —I—/ v(r)™dr,
0
vs(s) > v(s) —ug + / v(0)"dr = v(s) — ug + uys,
0 (3.2)

(e7"v(s))s = e (vs(s) —v(s)) = € *(ugs — uo),
8 8 s
@/(8) 2 =g (0(s) "2 = 0(O) ) = o (u(s) 2 — g ),
According to (3.2)), and since v/(s) > 0, v(s)"+3)/2 > (ug + ul(e® — 1 — 5))(+3)/2,
for all € € (0,1), we obtain

ev(s) "2 > e(ug + uf(ef — 1 — 5)) "3/,

ev(s)(n+3)/2 _ 8uén+3)/2 > e(ug + ul(e® — 1 — S))(n+3)/2 _ 8u(()n+3)/2

n+3

n(n+3) nts
> e(ué”+3)/2 +uy 2 (e5—1-— 3)(n+3)/2) — Suy?

n(n+3)
= (e— 8)u(()n+3)/2 +euy > (e —1— 5)(n+3)/2,

Now, we want to find a number sg > 0 such that

8—¢ n 3(17n))2/(n+3)'

e —sg =14 (—ug? (3.3)
€



4 M.-R. LI, H.-Y. YAO, Y.-T. LI EJDE-2013/250

This means that there exists a number sg > 0 satisfying (3.3) with ¢ € (0,1)
such that

ev(s)(”+3)/2 — Su((;”?’)/2 > (0 for all s> sq.
From (3.1)), it follows that

8 n 8 n+3)/2
@(s) 2 ge(s) " — g™

n n+3)/2
8=y, €V(s) T2 — gu"
= v(s) +

n+3

n+3
> Ev(,s)("Jr?’)/Q, for all s > sq.
n+3

For all s > sg, € € (0,1), we obtain that
8—e€
n+3
v(s)_%ﬂvs(s) > 8ze ,
~ 2(n+3)
2 % N 8—6

~ 2(n+3)

2u(s)vs(s) > v(s) (" H3)/2

and hence 5 )
1—n — € —n
2 P —
(U(S) )5 — 2(n + 3) 2
Integrating the above inequality, we conclude that
1-n 1-n 8—e¢ n—1
= < S — " - .

Thus, there exists a number

2(n+3) 2 1-n
T TG

such that v(s)™! — 0 for s — s}, that is, u(t)~* — 0 as t — ¥, which implies
that the life-span T™* of a positive solution u is finite and T < 1. O

s1 <so+

4. LIFE-SPAN OF POSITIVE SOLUTIONS OF (|1.1)) WHEN u; > 0, up > 0

In this section we estimate the life-span of a positive solution u of (|1.1)) whenever
up > 0, ug > 0.

Theorem 4.1. For uy; > 0, ug > 0, the positive solution u of (1.1) blows up in
finite time; that is, there exists a number T* < co so that
ut) ™t =0 ast—T*.
Proof. We separate the proof into two parts depending on whether E(0) > 0 or
E(0) < 0.
(i) Assume that F(0) > 0. By (2.1) and (2.5) we have

2 n
vs(s)? — m’”(s) > B(0),
vs(8)? > ni“v(s)n—s-l + E(0),vs(s) > \/n JQF 1v(3)n+1 + E(0).
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Since F(0) > 0, we obtain

2 n+1

Integrating the above inequality, we obtain

1-n 1—-n + 1 — N 2
S.
- 2 n+1

Thus, there exists

2 n+1
S5 < —— uy? =:k
2=p—1V o2 ?
such that v(s)™! — 0 for s — s3; that is, u(t) ™! — 0 as t — €2, which means that
the life-span T of a positive solution u is finite and T™* < e*?

(ii ) Assume that E(0) < 0. From (2.1) and (2.5) we obtain that J'(s) =

*"T_la(S)JTHa'(S), a'(s) > 0, vs(s) > 0 for all s >0 and

n—1

J(s) =~ \/ 2 + E(0)a(s)~ "% + 2a(s)~ "% /Osvs(r)er

n+1

-1 ntl
R

n — 1 2 n+1
< J(0) — E -2t
Js) < J0) - " /0 \/n+1+ (0)a(r) "% dr.
Since F(0) < 0 and a’(s) > 0 for all s > 0,

J(s) < J —nil/ \/n+1 (0)a(0)~ " dr

n—1 -1 n
= a(0)~ " = 5 \/n+ : + E(0)a(0)~"F s.

Thus, there exists a number
2 n—1 2 n+41 1

%S —al0) T (g + B(0)a(0) ) E =ik
such that J(s3) = 0 and a(s)™* — 0 for s — s%; that is, u(t)™! — 0 as t — e”s.
This means that the life-span T™* of « is finite and T < eks, O

5. LIFE-SPAN OF POSITIVE SOLUTIONS OF (|1.1) WHEN u; < 0
Finally, we estimate the life-span of a positive solution u of (|1.1)) when u; < 0.
Theorem 5.1. For u; < 0, ug € (0, (—u1)#) we have

u(t) < (uo —ur —ug) + (u1 +ug)t —ug Int,
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and in particular, if E(0) > 0, we have

1-n n—1 2
u(t) < (ug? +T,/n+11nt)ﬁ.

Proof. (i) By (1.2) and integrating this equation with respect to s, we get vs(s) =
(u1 — ug) + v(s) + [y v(r)"dr. By (2:6), we have that v is decreasing and

vs(8) < (ug — ug) +v(s) + /05 v(0)"dr = (u1 — uo) + v(s) + ug s,

e u(s) —ug < (ug — uo)/ e "dr + ug/ re”dr
0 0
=(u; —up)(1 —e™ ) +ug(—se ™ —e™* +1);
that is,

u(t) < (up —ur) +urt +ug(t — 1 —1Int)

= (uo —u1 —ug) + (u1 +ug)t —ug Int.

(i) If £(0) > 0, by (2.1), we have

2 n _ ° 2
vs(5)? — . 11}(5) 1= F(0) + 2/0 vs(r)*dr > E(0),
vs(s)® > E(0) + ni_’_lv(s)"'*'1 > ni_’_lv(s)"ﬂ.

By (2.6), we obtain that —vs(s) > 1/%_,'_1’[}(8)%“, %(v(s)lgn)s > %_H and

2 2 —n 1—n
s < e ()T —0(0)F),

1-n i-n -1 2

Then, we know that

1-n  p—1 2
vs) < (uw® + 5\ 5

s)ﬁ7 for all s > 0;

that is,

5 n+1lnt)ﬁ for all t > 1.

6. A GENERALIZATION OF THEOREM 4.1l

In this section we want to extent the blow-up result for the following generaliza-

tion of ,
USS(S) - US(S) = f(’U),
v(0) =vg, ws(0) =1,

where f is an increasing continuous function with f(0) = 0. We have the following
result.

(6.1)
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Theorem 6.1. Suppose that f is an increasing function with f(0) = 0 and suppose
v 1s a positive solution of . If F(v fo r)dr, then

E(s) :=v4(s)? — 2 /OS vy (r)2dr — 2F (v(s)) (6.2)

is constant. Furthermore, if there exists a positive constant k such that F(s) >
ksPTl, p > 1 for all s > 0, and vy > 0, then the life span of v is finite.

Proof. By an argument similar to that used in proving (2.1), we easily obtain that
E(s) is a constant. Since f is increasing, we have

vf(v) = (w=0)-(f(v) = f(0)) 20 forv =0,

thus .
(v?)s — 20%(s) > 2vp(vy — vo) + 2/ V2 (r)dr. (6.3)
0
By (6.2) and (6.3), we have E(s) = v} — 2F(v0) = E, and
v%(s) > vov1e®® — vg(v1 — vg), (6.4)

'U2 — UQS VolU1 — SUZT T
(1) — 202 (s) > 200 o>+2/0 2(r)d

= 2v9(v1 — o) + Z/OS(E +2F(v(r)) 4+ 2 /OT v (n)2dn)dr

s (6.5)
> 2uo(vy — vg) + 2Es + 4k/ Pt (r)dr
0
> 2ug(vy — vg) + 2Es + 4k31_”(/ v2(r)dr)p7+1.
0
Let [ v?(r)dr := b(s), e *b(s) = B(s). Then
b(s)" — 2b(s) > 2vp(vy —vp) +2Es + 41<:51_pb(s)p?i for s >0
and by (6.5)), we have
(e7(b(s)" = b(s)))’
e *(b(s)" — 2b(s) + b(s))
L N (6.6)
> 209(vy — vg) + 2Es + 4ks' Pe” BT e b(s)
= 200(v1 — vo) + 2Es + 4ks P (e *b(s)) T "7 * + e *b(s) > 0,
(e7°b(s))" = (e*(b(s)" — b(s)))’
> 2u0(vy — vo) + 2Es + 4/{(%) B (eb(s)) 5 + e~*b(s)
> 2ug(vy — vg) + 2Es 4 227 En k:(efsb(s))pTJrl + e *b(s),
B(s)" > 2ug(v1 — vo) + 2Es + 22~ "5 kB(s)"% + B(s). (6.7)

From (6.4)) it follows that
oV

b(s) > 71(628 —1) — vo(vy — vp)s,

VU1

2

B(s) > (e —e™®) —vo(vy —vg)se™?,
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_ B
2ug(v1 — vg) + 2E's + % >0, s>sg
for some sg > 0. Therefore,
By’ » B8 s v s g

for some s1 > sg.
By (6.7)), for all s > sq,
((B(s)')*)" = 2B(s)'B(s)"

> 22" kB(s)"> B(s)
p 2 p+3
_22— glk B 7 )
(B
25"k
(BY =Bl 2 +23 (B — B(s1)"),
Pl .
(B')? = p+23 5= B(s1)") + B'(s1)
23_%]{} p+3 23_%71]6 p+3 p+3
- BT+< B _2B T)+B’ 2
2¥ p+3
B > BT  for s > s9,

for some sy > s1; hence, for s > s,

4 1-p., pts 27"
LBy = B B(s) > ,
1—p p+3
1-p 1-p p—l 27?717
B(s)™@ < B(sy) @ —————=(s—s2) forall s>s9>0.

4 p+3
Thus B(s) blows up at a finite s*. Since b(s) = e®*B(s), b(s) also blows up at s*.
Further, since v2(s) = b/(s) > 2b(s), v(s) blows up at s*, as well. O
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