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EXISTENCE OF SOLUTIONS TO IMPULSIVE FRACTIONAL
PARTIAL NEUTRAL STOCHASTIC INTEGRO-DIFFERENTIAL
INCLUSIONS WITH STATE-DEPENDENT DELAY

ZUOMAO YAN, HONGWU ZHANG

ABSTRACT. We study the existence of mild solutions for a class of impulsive
fractional partial neutral stochastic integro-differential inclusions with state-
dependent delay. We assume that the undelayed part generates a solution
operator and transform it into an integral equation. Sufficient conditions for
the existence of solutions are derived by using the nonlinear alternative of
Leray-Schauder type for multivalued maps due to O’Regan and properties of
the solution operator. An example is given to illustrate the theory.

1. INTRODUCTION

The study of impulsive functional differential or integro-differential systems is
linked to their utility in simulating processes and phenomena subject to short-time
perturbations during their evolution. The perturbations are performed discretely
and their duration is negligible in comparison with the total duration of the pro-
cesses and phenomena. Now impulsive partial neutral functional differential or
integro-differential systems have become an important object of investigation in
recent years stimulated by their numerous applications to problems arising in me-
chanics, electrical engineering, medicine, biology, ecology, etc. With regard to
this matter, we refer the reader to [II}, 12} [19] 20} [33]. Besides impulsive effects,
stochastic effects likewise exist in real systems. Therefore, impulsive stochastic dif-
ferential equations describing these dynamical systems subject to both impulse and
stochastic changes have attracted considerable attention. Particularly, the papers
[Bl, 221 27] considered the existence of mild solutions for some impulsive neutral sto-
chastic functional differential and integro-differential equations with infinite delay
in Hilbert spaces. As the generalization of classic impulsive differential equations,
impulsive stochastic differential inclusions in Hilbert spaces have attracted the re-
searchers great interest. Among them, Ren et al [30] established the controllability
of impulsive neutral stochastic functional differential inclusions with infinite de-
lay in an abstract space by means of the fixed point theorem for discontinuous
multi-valued operators due to Dhage.
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On the other hand, fractional differential equations have gained considerable im-
portance due to their application in various sciences, such as physics, mechanics,
chemistry, engineering, etc.. In the recent years, there has been a significant de-
velopment in ordinary and partial differential equations involving fractional deriva-
tives; see the monograph of Kilbas et al [23] and the papers [Il 3] [7, 24} 25] and
the references therein. The existence of solutions for fractional semilinear differen-
tial or integro-differential equations is one of the theoretical fields that investigated
by many authors [2, 16 [32]. Several papers [4, [I5] devoted to the existence of
mild solutions for abstract fractional functional differential and integro-differential
equations with state-dependent delay in Banach spaces by using fixed point tech-
niques. Recently, the existence, uniqueness and other quantitative and qualitative
properties of solutions to various impulsive semilinear fractional differential and
integrodifferential systems have been extensively studied in Banach spaces. For
example, Balachandran et al [6], Chauhan et al [§], Debbouche and Baleanu [14],
Mophou [28], Shu et al [3I]. However, the deterministic models often fluctuate due
to noise, which is random or at least appears to be so. Therefore, we must move
from deterministic problems to stochastic ones. In this paper, we consider the exis-
tence of a class of impulsive fractional partial neutral stochastic integro-differential
inclusions with state-dependent delay of the form

dD(t,z,) € /t MAD(S,%)dsdt+F(t,xp(m,))dw(t), (1.1)
o T(a—1) o
teJ=1[0,b,t#trk=1,...,m,
9 =9 €B, (1.2)
Ax(ty) = Ix(zy,), k=1,...,m, (1.3)

where the state z(-) takes values in a separable real Hilbert space H with inner
product (-,-) and norm || - |, 1 < a <2, A: D(A) C H — H is a linear densely
defined operator of sectorial type on H. The time history x; : (—o0,0] — H given
by x+(0) = z(t + 6) belongs to some abstract phase space B defined axiomatically;
Let K be another separable Hilbert space with inner product (-, -) x and norm ||| k.
Suppose {w(t) : t > 0} is a given K-valued Brownian motion or Wiener process with
a finite trace nuclear covariance operator Q > 0 defined on a complete probability
space (2, F, P) equipped with a normal filtration {F;}¢>0, which is generated by
the Wiener process w. We are also employing the same notation || - || for the norm
L(K,H), where L(K,H) denotes the space of all bounded linear operators from
K into H. The initial data {¢(t) : —oo < t < 0} is an Fp-adapted, B-valued
random variable independent of the Wiener process w with finite second moment.
F,G,D(t, o) = ¢(0) + G(t,p),p € B,p, I;(k =1,...,m), are given functions to be
specified later. Moreover, let 0 < t; < --- < t,, < b, are prefixed points and the
symbol Az(ty) = z(t;) — z(t;, ), where z(t;,) and z(t]) represent the right and left
limits of x(t) at t = t, respectively.

We notice that the convolution integral in is known as the Riemann-
Liouville fractional integral (see [9, [I0]). In [I0], the authors established the
existence of S-asymptotically w-periodic solutions for fractional order functional
integro-differential equations with infinite delay. To the best of our knowledge,
the existence of mild solutions for the impulsive fractional partial neutral stochas-
tic integro-differential inclusions with state-dependent delay in Hilbert spaces has
not been investigated yet. Motivated by this consideration, in this paper we will
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study this interesting problem, which are natural generalizations of the concept of
mild solution for impulsive fractional evolution equations well known in the theory
of infinite dimensional deterministic systems. Specifically, sufficient conditions for
the existence are given by means of the nonlinear alternative of Leray-Schauder
type for multivalued maps due to O’'Regan combined with the solution operator.
The known results appeared in [6, 8, [14], 28] BI] are generalized to the fractional
stochastic multi-valued settings and the case of infinite delay.

The rest of this paper is organized as follows. In Section 2, we introduce some
notations and necessary preliminaries. In Section 3, we give our main results.
In Section 4, an example is given to illustrate our results. In the last section,
concluding remarks are given.

2. PRELIMINARIES

In this section, we introduce some basic definitions, notation and lemmas which
are used throughout this paper.

Let (92, F,P) be a complete probability space equipped with some filtration
{Fi}>0 satisfying the usual conditions (i.e., it is right continuous and Fy contains
all P-null sets). Let {e;}2; be a complete orthonormal basis of K. Suppose
that {w(t) : ¢ > 0} is a cylindrical K-valued Wiener process with a finite trace
nuclear covariance operator @ > 0, denote Tr(Q) = > ;o A = A < oo, which
satisfies that Qe; = A;e;. So, actually, w(t) = > 2, vV Aiw;(t)e;, where {w;(t)}2,
are mutually independent one-dimensional standard Wiener processes. We assume
that 7z = o{w(s) : 0 < s <t} is the o-algebra generated by w and Fp, = F.

Let L(K, H) denote the space of all bounded linear operators from K into H
equipped with the usual operator norm || - ||k, m). For ¢ € L(K, H) we define

9113 = Tr(Qy™) = > IV Anten]|*.
n=1

If [[¢[|3, < oo, then 4 is called a Q-Hilbert-Schmidt operator. Let Lo (K, H) de-
note the space of all Q-Hilbert-Schmidt operators ¢. The completion Lq (K, H) of
L(K, H) with respect to the topology induced by the norm || - [l where |42, =
(1,) is a Hilbert space with the above norm topology.

The collection of all strongly measurable, square integrable, H-valued random
variables, denoted by L2(Q, H) is a Banach space equipped with norm|z(-)||z, =
(E|z(-,w)||?)2, where the expectation, E is defined by Ez = Jox(w)dP. Let
C(J, Ly(€2, H)) be the Banach space of all continuous maps from J into Lo(2, H)
satisfying the condition supy<,«, E||z()||?> < oo. Let L(Q, H) denote the family
of all Fy-measurable, H-valued random variables z(0).

Definition 2.1 ([13]). We call S C Q a P-null set if there is B € F such that
S C B and P(B) = 0.

Definition 2.2 ([I3]). A stochastic process {z(t) : t > 0} in a real separable
Hilbert space H is a Wiener process if for each ¢t > 0,
(i) z(t) has continuous sample paths and independent increments.
(i) z(t) € L*(Q, H) and E(x(t)) = 0.
(iii) Cov(w(t) —w(s)) = (t — s)Q, where Q € L(K, H) is a nonnegative nuclear
operator.
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Definition 2.3 ([13]). Brownian motion is a continuous adapted real-valued pro-
cess x(t),t > 0 such that
(i) z(0) = 0.
(ii) x(t) — x(s) is independent of Fy for all 0 < s < ¢.
(iii) z(t) — z(s) is N(0,t — s)-distributed for all 0 < s < ¢.

Definition 2.4 ([I3]). Normal filtration {F; : 0 < t < b} is a right-continuous,
increasing family of sub o-algebras of F.

Definition 2.5 ([13]). The process x is Fp-adapted if each x(0) is measurable with
respect to Fy.

We say that a function x : [u,7] — H is a normalized piecewise continuous
function on [u, 7] if x is piecewise continuous and left continuous on (i, 7]. We
denote by PC([u, 7], H) the space formed by the normalized piecewise continuous,
Fi-adapted measurable processes from [u, 7] into H. In particular, we introduce
the space PC formed by all F;-adapted measurable, H-valued stochastic processes
{a(t) : t € [0,b]} such that z is continuous at t # tx, z(tx) = (t; ) and z(t]) exists
for K = 1,2...,m. In this paper, we always assume that PC is endowed with the
norm

1
lzllpe = ( sup El(t)[*)z.
0<t<b
Then, we have the following conclusion.
Lemma 2.6. The set (PC,|| - ||pc) is a Banach space.

Proof. Let {x,} be a Cauchy sequence in PC, and fix any € > 0. There is ng € N
such that for all n > ng and p € N

1
|Zn4p = @nllpe = ( sup Ellznp(t) — 2a(t)l*)? <&
0<t<b

for each t € [0,b]. From the above inequality it follows that the sequence (1) is
a Cauchy sequence in L?(Q2, H); moreover, by the completeness of L?(2, H) with
respect to || - ||,, for its limit 2(¢) := lim ,,(¢), we obtain

Bllzn(t) — z(t)]* < &

for all n > ng. Consequently, ||z, — z|pc — 0 as n — oco. Next, we need to show
that x € PC. In fact, we verify that x is continuous. By

z(t+ At) —x(t) =zt + At) — zp(t + At) + 2 (t + AL) — 2, (F) + 20 (t) — (1),
it follows that
E|z(t + At) — z(t)|]* < 3E||2(t + At) — 2, (t + At)|?
+ 3E||zn(t + At) — 2, (8)||* + 3E||zn(t) — 2(t) ]|

Using the uniform convergence of x,, to x with respect to || - ||, and the continuity
of x,,, the continuity of = follows. The proof is complete. O

To simplify notation, we put ty = 0,t,,,4+1 = b and for x € PC, we denote by
T € C([tk, te+1); L2(Q, H)), k= 0,1,...,m, the function given by

. x(t) for t € (t, trt1],
Blt) = {z(t+) for t = ¢ -
k = k-
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Moreover, for B C PC we denote by By, k=0,1,...,m, the set By = {& : x € B}.
The notation B, (x, H) stands for the closed ball with center at = and radius r > 0
in H.

Lemma 2.7. A set B C PC is relatively compact in PC if, and only if, the set By,
is relatively compact in C([tg, tx+1]; L2(Q, H)), for every k =0,1,...,m.

Proof. Let B C PC be a subset and {(?(-)} be any sequence of B. Since By is a
relatively compact subset of C([0,t1]; L2(€2, H)). Then, there exists a subsequence
of (9, labeled {xﬁ’)} C B, and z1 € C([0,1]; L2(2, H)), such that

x(li) — 1z in C([0,t1]; L2(Q2, H)) as i — oo.

Similarly, By is a relatively compact subset of C([tk, tes1]; L2(2, H)), for k =

1,2,...,m. Then, there exists a subsequence of (¥, labeled {x,(;)} C B, such
that x; € C([tk7tk+1];L2(Q,H>), and

xg) — 2% in C([te, thrr]; L2(Q, H)) as i — oo.

Setting
Jil(t), te [O,tl},
l‘(t) _ xQ(t)v te (tl,tQ]a
T (t), t € (tm,b],
then

2l -z in PC as i — oo.
Thus, the set B is relatively compact.

If set B C PC is relatively compact in PC and {x(?(-)} be any sequence of B.
Then, for each t € [0,1], there exists a subsequence of z(*), labeled {xgl)} C B, and
x1 € PC, such that xgi) — 27 in PC as i — co. From the definition of the set By,
we can get

#0 = 21 in C(0,t1]; Lo(Q, H)) as i — oo.
Similarly, for each t € [tg,tx1](k = 1,2,...,m), there exists a subsequence of z(¥,
labeled {x,(:)} C B and z; € PC, such that x,(f) — x in PC as ¢ — oco. From the
definition of the set By, we can get

# — dp in O([te, tesa]; La(2, H)) as i — oo.

Thus, the set By is relatively compact in C([ty, txs1]; L2(, H)), for every k =
0,1,...,m. The proof is complete. ([

In this article, we assume that the phase space (B, || - [|5) is a seminormed lin-
ear space of Fp-measurable functions mapping (—oo, 0] into H, and satisfying the
following fundamental axioms due to Hale and Kato (see e.g., in [I§]).

(A) If 2 : (—o0,0 +b] — H, b> 0, is such that z|(s ;44 € C([o,0 + 0], H) and

Zs € B, then for every t € [0, 0 + b] the following conditions hold:
(i) x4 isin B;
(i) flz(®)]} < Hl:|5;
(iil) ||z¢llp < K(t — o)sup{||z(s)|| : 0 < s < t} + M(t — 0)||zs||5, Where
H >0 1is a constant; K, M : [0,00) — [1,00), K is continuous and M
is locally bounded, and H, K, M are independent of z(-).



6 Z. YAN, H. ZHANG EJDE-2013/81

(B) For the function z(-) in (A), the function ¢ — x is continuous from [0, o+ b
into B.
(C) The space B is complete.

The next result is a consequence of the phase space axioms.

Lemma 2.8. Let x: (—oo0,b] — H be an Fi-adapted measurable process such that
the Fo-adapted process o = p(t) € LY(Q,B) and x|; € PC(J, H), then

zslls < MyE|¢lls + Kp sup Ellz(s)],
0<s<b

where Kp = sup{K(t) : 0 <t < b}, My =sup{M(t): 0 <t <b}.

Proof. For each fixed x € H, we consider the function £(¢) defined by £(t) =
sup{||lzs|lg : 0 < s < t}, 0 <t < b. Obviously, £ is increasing. This combined with
the phase space axioms, we have

() < M(#)llells + K(t) sup [lz(s)]]
0<s<t
< Mllolls + K|z ()]
Since E||¢||p < o0, E||z(t)|| < oo, the previous inequality holds. Consequently

E(&(t)) < E(M[lells + Kpllz(t)])
< MyE|¢lls + Ky sup Elz(s)||
0<s<b

for each t € J. By the definition of £, we have
£0b) = E(E(0) < MEll¢lls + Ky sup Ellz(s)]]

and ||zs||g < &(b) for each s € J; therefore,

|zslls < MyE|¢lls + Kp sup Ellz(s)].
0<s<b

The proof is complete. O

Let P(H) denote all the nonempty subsets of H. Let Pugci(H), Pep.co(H),
Prd,ct,co(H), and P.q(H) denote respectively the family of all nonempty bounded-
closed, compact-convex, bounded-closed-convex and compact-acyclic subsets of H
(see [I7]). For x € H and Y, Z € Ppq,1(H), we denote by D(z,Y) = inf{|jz — y|| :
y €Y} and p(Y, Z) = sup,cy D(a, Z), and the Hausdorff metric Hy : Pyq,i(H) X
Praci(H) — R* by Hy(A, B) =max{p(A, B), p(B,A)}.

A multi-valued map G is called upper semicontinuous (u.s.c.) on H if, for each
xo € H, the set G(xp) is a nonempty, closed subset of H and if, for each open
set S of H containing G(x¢), there exists an open neighborhood S of zy such that
G(S) C V. F is said to be completely continuous if G(V') is relatively compact, for
every bounded subset V' C H.

If the multi-valued map G is completely continuous with nonempty compact
values, then G is w.s.c. if and only if F' has a closed graph, i.e. =, — z.,y, —
Yur Yn € G(x,) imply y. € G(z4).

A multi-valued map G : J — Ppg c1.co(H) is measurable if for each € H, the
function ¢ — D(z,G(t)) is a measurable function on J.
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Definition 2.9 ([I7]). Let G : H — Ppq,(H) be a multi-valued map. Then G is
called a multi-valued contraction if there exists a constant x € (0,1) such that for
each z,y € H we have

Hy(G(z) = G(y)) < kllz -yl
The constant & is called a contraction constant of G.

A closed and linear operator A is said to be sectorial of type w if there exist
0<60<7/2, M >0 and w € R such that its resolvent exists outside the sector
w+ Spi={w+A:AeClarg(—)\) <0} and ||[(A— A)7 | < P w‘,/\ ¢ w+ Sg. To
give an operator theoretical approach we recall the following definition.
Definition 2.10 ([I0]). Let A be a closed and linear operator with domain D(A)
defined on a Hilbert space H. We call A the generator of a solution operator if
there exist w € R and a strongly continuous function S, : Rt — L(H) such that
{2 Re(A) > w} C p(A) and A*HA> = A) o = [T e MG, (t)dt, Re(N) > w,z €
H. In this case, S,(-) is called the solution operator generated by A.

We note that, if A is sectorial of type w with 0 < 6 < 7(1 — §) then A is the
generator of a solution operator given by

1
S (t) = 5 /E e MATIAY — A)Thd),

where ¥ is a suitable path lying outside the sector w + S,,.
Cuesta [10] proved that, if A is a sectorial operator of type w < 0, for some
M>Oand0<9<77(1—7) there is C' > 0 such that

CM

So)|| £ —————, t>0. 2.1
IS0l < T o 2 (2.1)
Moreover, we have the following results.

Lemma 2.11 ([10]). Let S,(t) be a solution operator on H with generator A.
Then, we have

(a) Sa(t)D(A) C D(A) and AS,(t)x = So(t)Ax for all x € D(A),t > 0;

(b) Let x € D(A) andt > 0. Then S, (t)x = x + ft (?(;) ) AS (s)zds;

(c) Letx € H andt > 0. Then ft%s (s):ndsGD(A) and

Sal x—x—i—A/ _a—l o(8)xds.
Note that the Laplace transform of the abstract function f € L*(R*, L(K, H))
is defined by
o= [ ettt
0

Now we consider the problem

t a—2
t—

=pecH (2.3)
Formally applying the Laplace transform, we obtain

Ai(S) — o = AT A%(<) + f(A\)dw(N),
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which establishes the result
Mi(s) = XTIR(AY, A)p + X TER(AY, A) F(N)dw ().
This implies that

z(t) = Sa(t)p + /0 Se(t — 5)f(s)dw(s).

Let z : (—o00,b] — H be a function such that z,2’ € PC. If z is a solution of
(1.1)-(L.3), from the partial neutral integro-differential inclusions theory, we obtain

x(t) € Sa(t)[go(O)—G(O,cp)]—l—G(t,xt)—i—/o Sa(t—5)F(s,2p(s,2,))dw(s), tel0,ty].

By using that z(t]) = x(t]) + Ir(z4, ), for t € (t1,t2] we have
z(t) € So(t —t1)[z(t]) — G(t1, z4)] + Gt ) + tt Salt = 5)F(s,2p(s,5,))dw(s)
= Sa(t —t)[z(ty) + i(xe,) — G(tl,xtf)} + G(lt,:ct)
St = ) (5, 200 (5).

ty
By repeating the same procedure, we can easily deduce that

w(t) € Salt — tp)[x(ty) + Ie(ze,) = G(tr, 2,0)] + Gt 1)

t
Sa(t —8)F (8,7 p(s,2,))dw(s)
t
holds for any t € (tg,tg+1],k = 2,...,m. This expression motivates the following
definition.

Definition 2.12. An F;-adapted stochastic process z : (—oo,b] — H is called a
mild solution of the system (LI)-(L3) if zo = ¢, y(s4.) € B for every s € J and
Ax(ty) = Ix(ze,), k = 1,...,m, the restriction of z(-) to the interval (tg,tx+1](k =
0,1,...,m) is continuous, and

Sa(t)](0) = G(0, )] G(t, )

b Salt = $)F(5, o0 du(s), te0,t),
Sa(t —t1)[z(ty )+Il(wt1> G(tr, zpr )] + G(t,m1)
2(t) € §+ [} Salt — 5)F (5,2 p(s,0,))duw(s), te (tr,ta],

Sa(t = tm)[@(ts) + Im(@1,,,) — Gltm, 73] + G(t, 20)
+ [ Salt = 8)F (5,2 (s 00))dw(s), t € (tm, .

Now we have a nonlinear alternative of Leray-Schauder type for multivalued
maps due to O’'Regan.

Lemma 2.13 ([29]). Let H be a Hilbert space with V' an open,convex subset of H
and y € H. Suppose
(a) ®:V — P.q(H) has closed graph, and
(b) ®:V — Py(H) is a condensing map with ®(V) a subset of a bounded set
in H hold.
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Then either
(i) ® has a fized point in V; or
(ii) There exist y € OV and X € (0,1) with y € A®(y) + (1 — M) {vo}-

3. MAIN RESULTS

In this section we shall present and prove our main result. Assume that p :
J x B — (—00,b] is continuous. In addition, we make the following hypotheses:

(H1) The function ¢ — ¢ is continuous from R(p~) = {p(s,¥) < 0,(s,¢) €
J x B} into B and there exists a continuous and bounded function J¢ :
R(p~) — (0,00) such that ||p:||g < J?(t)||¢lls for each t € R(p™).

(H2) The multi-valued map F : J X B — Ppgc1,co (LK, H)); for each ¢ € J, the
function F'(¢,-) : B — Pyacr,co (LK, H)) is u.s.c. and for each ¢ € B, the
function F'(-,%) is measurable; for each fixed ¢ € B, the set

Spy ={f € L*(J,L(K,H)): f(t) € F(t,s)) foraetec J}

is nonempty.
(H3) There exists a positive function [ : J — RT such that the function s —
(W)QZ(S) belongs to L'([0,t],RT),t € J, and

It )1 _

limsup —————5— =7
1% —c0 1)l

uniformly in ¢ € J for a nonnegative constant v, where

IF(t,0)1* = sup{E| f|* : f € F(t,%)}.
(H4) The function G : J x B — H is continuous and there exist L, L; > 0 such
that

E||G(t,h1) — G(t, ¥o)||> < L[t — 1b||g, t € J 1,90 € B,
E|Gt,¥)* < Li(lYlE +1), te JveB,

with 4[(CM)? + 1]LK? < 1.
(H5) The functions Iy, : B — H are completely continuous and there exist con-
stants ¢ such that

E|I 2
lim sup 7” k(qg)” =cp
ll[|2—o0 1915
forevery p € B, k=1,...,m.

Remark 3.1. Let ¢ € B and t < 0. The notation ; represents the function
defined by (1) = ¢(t + 6). Consequently, if the function z(-) in axiom (A) is
such that ¢y = ¢, then z; = ¢;. We observe that ¢, is well-defined for ¢ < 0 since
the domain of ¢ is (—o0,0]. We also note that, in general, ¢; ¢ B; consider, for
instance, a discontinuous function in C,. x LP(h, H) for r > 0 (see [21]).

Remark 3.2. The condition (H1) is frequently verified by continuous and bounded
functions. In fact, if B verifies axiom (Cs) in the nomenclature of [2], then there
exists L > 0 such that |||z < Lsup, -, ||¢(7)|| for every ¢ € B continuous and
bounded, see [21, Proposition 7.1.1] for details. Consequently,

= sup, <o ¢(7)
lpells < L—=3——
lells

)
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for every continuous and bounded function ¢ € B\ {0} and every ¢ < 0. We also
observe that the space C, x LP(h, H) verifies axiom (Cs) see [21, p. 10] for details.

Lemma 3.3. Let 2 : (—00,b] — H such that xo = ¢ and x|y € PC(J,H). If
(H1) be hold, then

lzslls < (My + )0l + Ky sup{[lx(0); 0 € [0, max{0, s}]},s € R(p™) U J,
where J§ = sup;er(,—) J7(t).
Proof. For any s € R(p~), by (H1), we have

25l < lleslls < J#(s)llells < 5 ll#lls.
For any s € [0,b], z € PC(J, H). Using the phase spaces axioms, we have

lzslls < M(s)llells + K(s)sup{[lz(s)]| : 0 < s <t}
< Myllgls + Kypsup{Jla(s)]| : 0 < 5 < .
Then, for s € (—o0, b], we have
sl < (My + J)lls + Ko sup{[|z(0)]; 6 € [0, max{0, s}]}, s € R(p™) U J.

The proof is complete. U
Lemma 3.4 ([26]). Let J be a compact interval and H be a Hilbert space. Let F
be a multivalued map satisfying (H2) and T be a linear continuous operator from
L3(J,H) to C(J,H). Then the operator I' o Sg : C(J,H) — Pep.co(C(J,H)) is a
closed graph in C(J,H) x C(J, H).

Theorem 3.5. Let (H1)-(H5) be satisfied and zo € LY(Q, H), with p(t,) <t for

every (t,v) € J x B. Then problem (1.1)-(1.3) has at least one mild solution on J,
provided that

 max {9(CM)*[1 + 2KZcx, + 2K L1 + 6K Ly} < 1. (3.1)

Proof. Consider the space BPC = {x : (—00,b] — H;xo = 0,z|; € PC} endowed
with the uniform convergence topology and define the multi-valued map @ : BPC —
P(BPC) by ®x the set of h € BPC such that

0, t € (—o0,0],
Sa(®)[p(0) = G(0,0)] + G(t,3,) + [y Sa(t — 5)f(s)dw(s), t€[0,t1],
Sa(t —t)[F(t7) + 1(F0,) = G(t1,3,2)] + G(t, T)

h(t) = +ft1 (t — s)f(s)dw(s), t € (t1,ta],

Sa (t*t )[ () + I (Zt,,) = G(tm, T, )] + G(E, )
+ [ Salt — s)f(s)dw(s), t € (tm,b],
where f € Spjp = {f € L*(L(K,H)) : f(t) € F(t,Zp(s,) a-e. t € J} and
Z : (—00,0] — H is such that Zg = ¢ and & = 2 on J. In what follows, we aim
to show that the operator ® has a fixed point, which is a solution of the problem
-3

Let ¢ : (—00,0) — H be the extension of (—oo, 0] such that ¢(0) = ¢(0) = 0
on J and J§ = sup{J¥?(s) : s € R(p~)}. We now show that ® satisfies all the
conditions of Lemma The proof will be given in several steps.
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Step 1. We shall show there exists an open set V' C BPC with x € A®x for
A€ (0,1) and x ¢ OV. Let A € (0,1) and let x € APz, then there exists an
f € Sk, such that we have
ASa()[p(0) = G(0,9)] + AG(t,Z4) + A fy Sa(t — 8)f(s)dw(s), t € [0,t],
ASa(t = t)[E(ty) + Li(Z,) — G(tr, Z,5)] + AG(L, 24)

t
.'I}(t) — +A ftl Soc(t - S)f(S)d’UJ(S), le <t17t2]7

;\.S.a(t — ) [Z(t) + In(Zt,,) — G(tm, T+ )] + AG(E, T4)
N[ Salt = 5) f(s)dw(s), tE (tm, b,

for some A € (0,1). It follows from assumption (H3) that there exist two nonnega-
tive real numbers a; and as such that for any ¢ € Band t € J,

IF(E)I1? < ail(t) + azl(®) 9] - (3.2)
On the other hand, from condition (H5), we conclude that there exist positive
constants €, (k = 1,...,m),y1 such that, for all |[1[|% > 7,

B[ Le()I* < (e + )1l

| max {9(CM)?[1 + 2K (e + €x) + 2K2L1) + 6 K201} < 1. (3.3)
Let
Fo={y: ¢l <m} Fo={y:|[lE >}
Oy = max{E||I,(¥)|]? = € F\}.
Therefore,

E|L()]I” < C1 + (cx + ex) [ - (3.4)
Then, by (H4), (3.2) and (3.4), from the above equation, for ¢t € [0,;], we have

Blla@)]* < 3E[Sa ()¢ (0) — GO, 9)]II* + 3E|G(t, 70)|*

—|—3E||/ (t—s) s)dw(s)||2

< 6(OMPEI () + Lol + 1] + 3L (2] +1)
t 1 2
+HOMPTQ) [ (T @16+ oel(6) e [l
S(CMP U Elpls + La(lols + 1)) + 3La(7[3 + 1)
) t1 1 2
+3(CM) Tr(Q)al/O (m) I(s)ds

t 1 2
2 -2
+3CMPTQar | (mr=ge) HlEnes, s
Similarly, for any ¢ € (¢, tk+1], K =1,...,m, we have
Ellz(8)]?
< 3B Salt — to)[2(ty) + Iu(@r,) — G(tr, 7,4)II” + 3E(|G(t, 7)|*

2

135 / St = )/ (5)du(s)|
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< Y(CM?E|Z(t)I* + Cr + (e + ) |Ze, 15 + La(l|Z 15 + 1))

teta 1
+3L1(|7]|3 + 1) + 3(CM)?%a; T /
117l + 1) + 3(CM)7ay Tr(Q) ” <1 + |w|(te+1 — s)

CK)Ql(s)ds

()1 Zo(s,2.) I ls:

+ 3(CM)2a3 Tr(Q) /tt (m) l

Then, for all ¢ € [0, b], we have

Blla(t)]

< W+ 9CMPBI()I? + (o + )50, I + Lill7yg 1]
1

2
=) (O atees Ids

i
+3L1 1243 + 3(CM)%ay Tr(Q)/O (5 Wl

where
M = max {6(CM)[H2Ellell} + La(llld + 1)] + 3Ly

1

1+|¢d|(b—8)“)21(5)d5’ 9(CM)*(Cy + L)

+3(CM)? Te(Q)as /O ! (

#30+3OMPa Q) (3 ) ()

tr

By Lemmas [2.8] and it follows that p(s,Ts) < s,s € [0,¢],t € [0,b] and
< 2000+ K Elpls? +2KF swp Ele) (35)

1Zp(s,7.)

For each t € [0, b], we have
Ella@®)|? < M.+ {9(CM)*[1 + 2K§ (cx + ex) + 2K L1] + 6K L1} sup B[ (t)|?
te(0,b]

1

m)%) sup E||z(r)|[*ds,

T7€[0,s]

+OCMPakE Q) [ N

where

M, = M—l— 9(CM)2[01 + (Ck + Gk)C* + Ll(C* + 1)] + 3L1(C* + 1)

+ 3(CM)? Te(Q)asC* /Ob (HM%)ZZ(S)CJS,

=)

C* = 2[(My + J§) Il 5)*.

Since L, = maxi<p<m{9(CM)?[14+2K?(ck, +ex) +2KZL1 ]+ 6K2L1} < 1, we have
up. Ellz(t)]?

M,  6(CM)%aK2Tr(Q) [° 1 2 )
< .
st 1-L. /0 (5 Wl (o— g)a) Us) suwp Ella(r)l*ds

Applying Gronwall’s inequality in the above expression, we obtain

M, 6(CM)2a, K2 Tr(Q) [° 1 2
~ E 2 < b /
o lz()I” < = L, eXp{ 1-L, 0 (1 + |w|(b — s)a) l(s)ds}
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and, therefore,

M, 6(CM)%ax K2 Tr(Q) [° 1 2
2]pe < 1-L. exp{ - L. /0 (1+\w|(b—s)0‘> Z(S)ds} < oo.

Then, there exists r* such that ||z||%, # r*. Set
V ={x € BPC: ||z|3c < r*}.
From the choice of V, there is no & € 9V such that x € A®z for A € (0,1).
Step 2. ® has a closed graph. Let (") — z* h, € ®z(" (™ €V = B,.(0, BPC)
and h,, — h,. From Axiom (A), it is easy to see that (x(™)), — x*, uniformly for

s € (—o0,b] as n — oo. We prove that h, € ®z*. Now h, € ®z(") means that
there exists f, € S such that, for each t € [0, ¢1],

Fa(,
a(t) = Sa(B)[0(0) — G(0, )] + G(t, (zV), /s (t— ) fu(s)du(s), te[0t].

We must prove that there exists f. € Spz= such that, for each ¢ € [0,1],

ha(t) = 5a()(0) — G(0, )] + Gt ( / Salt = 5)fu(s)duw(s), € [0,].
Now, for every t € [0,;], we have
[ (hat6) = S0 0060) = G001 = 610, G0~ [ St = 5)fu(s)0(5))
— (Ru®) = SaB)[(0) = G(0, )] = G(t, (7))

/S (s)dw(s )H —0 asn— oo.

Consider the linear continuous operator ¥ : L([0,¢1], H) — C([0,¢1], H),

_ /0 Sult — 5)f(s)dw(s).

From Lemma[3:4] it follows that W o Sp is a closed graph operator. Also, from the
definition of ¥, we have that, for every ¢ € [0,4],

(1)~ SalD)(0) ~ G0, )] - 0= [ Sult = 5h(s)) € TSy

Since z(") — z*, for some f. € Spz= it follows that, for every ¢ € [0, 1],

t
ha(t) — Sa(8)[p(0) — G0, )] — Gt (7),) = / Salt — 5) fudu(s).
Similarly, for any t € (¢, tk4+1],k =1,...,m, we have

() = Salt — ) [FO (1) + Tu(z™,) — Glte, (7)) + G(t, (2),)

t
—|—/ So(t — 8)fn(s)dw(s), t€ (tg,tp+1]-
ty
We must prove that there exists f. € Spz= such that, for each t € (tg, te+a),

ha(t) = Sa(t = te)[2* () + Te(2%0,) — Gt (27%) )] + G, (%))
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So(t — 8)fu(s)dw(s), t€ (t,tri1]

ty

Now, for every t € (tk,trx+1], k = 1,...,m, we have

[ () = Satt = ) B t5) + 1(@T,,) — G, (50 )] - G, (07),)

7/ Sa(t — )fn(s)dw(s))*(h*(t)fSa(tftk)[aT*(t,;)+Ik(Ftk)

tr
2

t
= Gl @)p)] - Gt @)~ [ Salt =) ()dw(s)) | =0 asn— o,

tk
Consider the linear continuous operator ¥ : L((ty,try1], H) — C((tk,trs1), H),
k=1,...,m,

t
U()(E) = [ Salt—s)f(s)dw(s).

tk
From Lemma[3.4] it follows that W o Sp is a closed graph operator. Also, from the
definition of ¥, we have that, for every t € (¢, trr1], kK =1,...,m,

T (8) =S (8= 1) [0 (1) 4+ L (@01, ) = G (b, (209) 11 )] = Gt (2),) € T(S iy )-

Since z(®) — z*, for some f, € Spz=, it follows that, for every t € (tk, tpt1], we
have

ha(t) = Salt — te) [27 () + T (2%,) — G(te, (27) )] — G, (27)1)

So(t — 8) fu(s)dw(s).

tr
Therefore, ® has a closed graph.
Step 3. We show that the operator ® condensing. For this purpose, we decompose

® as &y + P, where the map &, : V. — P(BPC) be defined by &1z, the set
h1 € BPC such that

0, t € (—o0,0],
=Sa(t)G(0, ) + G(t, 74), t€0,t1],
hl(t) = _Sa(t_tl)G(tlyitIr) —|—G(t,§3t), te (t1,t2],

—Sa(t = tm)G(tm, T t+) + G(t,Z4), t € (tm,b],
and the map ®5 : V — P(BPC) be defined by ®sz, the set ho € BPC such that

0, t € (—o0,0],
)+ fo (t—s)f(s)ds, t €10,t],
ha(t) = Sa(t t )[ (t1)+f1(xt1 +Jf1 Sa(t —5)f(s)dw(s), t € (t1, 2],
Sa(t = tm)[Z(t;,) + In( +ft ot = 8)f(s)dw(s),  t€ (tm,D].

We first show that ®; is a contraction while ®5 is a completely continuous operator.
Claim 1. ®; is a contraction on BPC. Let t € [0,t1] and v*,v** € BPC. From
(H4), Lemmas [2.8 and we have

B[[(@107)(t) = (210™) (O] < E|IG(t,v%) — G(t,v7)|*
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< L|o*y — v
< 2LK§ sup{||v*(r) — W(T)HQ,O <7<t}

<2LK? sup [[v(s) — v (s)|
s€[0,b]

=2LK? sup |[v*(s) —v**(s)||> (since v = v on J)
s€[0,b]

= 2LK o ™ .
Similarly, for any ¢ € (¢, tk+1], K =1,...,m, we have
E|(@107)(t) — (@10)(1)|?
< 2B Salt — ) [-Gltr, 7,1) + Gt 57 I + 2B Gt T7) — Gt 7)1
< 2(CM)?LI[v7r — v |5 + 2L[[v7 — v

< 4((OM)? +1)LEG sup [[v(s) — v™(s)|”
s€[0,b)

=4((CM)? +1)LK? sup |[v*(s) —v**(s)||* (since o = v on J)
s€[0,b]

= 4(CM)? + VLK |[v" = v™* ||,
Thus, for all ¢t € [0,b], we have
B[[(®@1v)(t) = (210™)(B)[|* < Lollv" — v
Taking supremum over ¢,
1®10" = @107 e < Lollv™ — 0™ |3,

where Lo = 4[(CM)? + 1]JLK? < 1. Hence, ®; is a contraction on BPC.
Claim 2. ®, is convex for each z € V. In fact, if hi, h3 belong to ®ox, then there
exist f1, fo € Skz, such that

hé(t) = Sa(t)¢(0) +A Sa(t = s)fi(s)dw(s), te€[0,t1], i=1,2.

Let 0 < X\ < 1. For each t € [0, 1] we have

(Mg + (1= Nh3)(t) = Sa(t)¢(0) + /O Sa(t = 8)[Af1(s) + (1 = A) fa(s)]dw(s).

Similarly, for any t € (¢, tk+1], K =1,...,m, we have

hé(t):Sa(t—tk)[f(t;)JrIk(jtk)}+/ Sa(t — ) fi(s)dw(s), i=1,2.

tr
Let 0 < A < 1. For each ¢ € (tg,tg+1], k= 1,...,m, we have

(M + (1= NR3)(t) = Salt — ta)[2(ty) + In(Te,)]

¢
+ [ Salt = M) + (L= Afals)ldu().
ty

Since Sp,z, is convex (because F has convex values) we have (Ahj+(1—A)h3) € ®aa.

Claim 3. ®5(V) is completely continuous. We begin by showing ®2(V') is equicon-
tinuous. If x € V, from Lemmas and it follows that

1Z p(s,20) 1 < 2[(My + I)l0lls)* + 2Kpr™ ="
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Let 0 < 71 < 75 < t;. For each x € V, hy € ®yx, there exists f € SFz,, such that

0 +/0 So(t — 8)f(s)dw(s). (3.6)
Then
El|ha(r2) = ha(m)|?
<AB[Sa(r) ~ SalrlpOP + 4] [ [Sa(r2 = 8) = Saln = ) (6)u()]

48] [ 152 9= S — (o]

T2 2
+4E||/ (o —8)f (s)”

< AE|[Sa(r2) = Sa(r)]@(0)]|* + 4(CM)* (a1 + azr’)[1 + |w[b*]* Tr(Q)

X/Oﬁ HS(X(TQ—S)—S(X(ﬁ—S)H2<1+|w‘(ﬁl_€ )a)zl(s)ds

+4(CM)*(a1 + axr’) Tr(Q) /:1_6 ( i

1+|w| To — 8) a) s
+4(CM)2 (a1 + asr’) TH(Q) /T_ ( )21
2

1+ |w|( 7'1—80‘

+4(CM)* (a1 + azr’) Te(Q) / (1 T (172 - S)a) I(s)ds.
Similarly, for any 71,72 € (tg, tpt1], 71 < T2, K =1,..., m, we have
hao(t) = Sa(t — te)[Z(t),) + Ik(Ze,)] + /t Sa(t — s) f(s)dw(s). (3.7)
Then ’
E|[ha(72) — ho(m)|1?
< 4E|[Sa(r2) - |F+4Ew/ 272 = 5) — Sa(r1 — 5)]f (s)du(s)|*

+4F

{[j&w—ﬁ—&m—ﬁmwm@W

T2 2
+4E||/ (12— 8) f(s)dw(s)]|

< AE|[Sa(r2) = Sa(r)]@(0)]|* + 4(CM)* (a1 + azr’)[1 + |w[b*]* Tr(Q)

Xlﬁmwmﬂw&m_m%me{E)J%ws

+4(CM)2(a1 + asr’) TH(Q) / ( ’

(s

2l
1+ |wl|( 7'1—30‘>
2

+4(CM)?(ay + azr’) Tr(Q) /:2 (HW;&) I(s)ds.

7'275)

1+ |w|( 7'2—80‘

+A(CM)(ay + asr”) Tr(Q) /T (
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From the above inequalities, we see that the right-hand side of E||ha(72) — ho(71)]|?
tends to zero independent of x € V as 7 — 71 — 0 with ¢ sufficiently small, since
I,k =1,2,...,m, are completely continuous in H and the compactness of S, (t)
for t > 0 imply the continuity in the uniform operator topology. Indeed, the fact
of S,(:) is compact in H since it is generated by the dense operator A. Thus
the set {®2 : z € V} is equicontinuous. The equicontinuities for the other cases
71 <7 <0orm <0<7y <b are very simple.

Next, we prove that ®o(V)(t) = {ha(t) : ha(t) € ®o(V)} is relatively compact
for every ¢t € [0,b]. To this end, we decompose @3 by ®o(V) = I'1(V) + I'2(V),
where the map I'y is defined by I'1z, 2 € V the set hi such that

fg Sa(t —8)f(s)dw(s), te€]0,t1],
P () = JE Salt = 8)f(s)dw(s), te (t,ta],

S Salt = 5)f(s)dw(s), € (tm,b],
and the map I's is defined by T'oz, z € V the set hy such that

Sa(t)go(o)? te [O,tﬂ,
iLg(t) _ Sa(tftl)[j(tl_)jLIl(i'tl)]a te (tl’tQ]v
Sa(t - tm)[‘f(t;@) + Im(j”tm)]’ te (tmab]'

We now prove that T'y(V))(t) = {h1(t) : h1(t) € T1(V))} is relatively compact
for every t € [0, b]. Let 0 <t < s <t be fixed and let € be a real number satisfying
0 <e<t. Forxz €V, we define

(1) = / St — 5) f(s)du(s),

where f € Spjz,. Using the compactness of Sa(t) for t > 0, we deduce that the
set U.(t) = {h1c(t) : & € V} is relatively compact in H for every £,0 < & < t.
Moreover, for every x € V we have

Blin(®) =P e@IP < || [ Salt =) s)aus)]

t 1

(17 o]t — s)a>21(8)d5'

Similarly, for any ¢ € (tg,tg+1] with & = 1,...,m. Let tx <t < s < tr11 be fixed
and let € be a real number satisfying 0 < ¢ < t. For x € V, we define

< (CMP(ar + azr') TH(Q) /

—€

t—e

Bl,a(t) = Sa(t - s)f(s)dw(s),
tr
where f € Spz,. Using the compactness of S, (t) for t > 0, we deduce that the
set U.(t) = {h1-(t) : z € V} is relatively compact in H for every £,0 < & < t.
Moreover, for every x € V we have
t

Ellhy(t) = e (@)]* < || t Sa(t — 5)f(s)dw(s)]|

—€
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t 2
< (CM)2(ay + azr’) Te(Q) /t - (m) I(5)ds.
The right hand side of the above inequality tends to zero as ¢ — 0. Since there are
relatively compact sets arbitrarily close to the set U(t) = {h(t) : z € V}. Hence
the set U(t) is relatively compact in H. By Arzeld-Ascoli theorem, we conclude
that I'; (V) is completely continuous.

Next, we show that To(V)(t) = {ha(t) : ha(t) € To(V)} is relatively compact for
every t € [0,b]. For all t € [0,t,], since ha(t) = Sq(t)@(0), by the So(-) is compact
operator, it follows that {hy(t) : t € [0,t1],z € V'} is a compact subset of H. On
the other hand, for t € (tj,t)41],k =1,...,m, and x € V, there exists 7’ > 0 such

that

_ So(t —tr)[Z(ty ) + Ie(Zt,)], t € (tr,thyr), © € Vo,
[ho]k(t) € § Sa(tisr — ti)[@(t,) + Ie(2e,)], ¢ =thtr, ¢ € Vi,
i’(t];)+1k(ftk), t=tr, x € Vyn,

where V, is an open ball of radius /. From (H5), it follows that [ho]s(t) is
relatively compact in H, for all ¢ € [tg,tx11], K = 1,...,m. By Lemma
we infer that I'o(V) is relatively compact. Moreover, using the compactness of
{I;}(k =1,...,m) and the continuity of the operator S,(t), for all t € [0, b], T'o(V)
is completely continuous, and hence ®, (V) is completely continuous.

As a consequence of the above steps 1-3, we conclude that & = &; + &5 is a
condensing map. All of the conditions of Lemma [2.13| are satisfied, we deduce that

® has a fixed point € BPC, which is in turn a mild solution of the problem

(1.1)-(1.3). The proof is complete. |

Remark 3.6. Note that by the condition p(s,Zs) < s, s € [0,¢], t € [0, ] and using
Lemma [3.3] we have

1Z,s7.0 I8 < (Mo + J)lells + Kpsup{[|z(s)[| : 0 < s < ¢}
By lemma [2.8] this implies that
B8 < (My+ J§)Ell¢lls + Ky sup Elxz(s)]],
0<s<b

1Z (s 7.)
and so (3.5) holds.

4. APPLICATION

Consider the following impulsive fractional partial neutral stochastic functional
integro-differential inclusions of the form

dD(t, z)(z) € J*! (% - u)D(t, ) () dt

T / palt, s — toz,2(s — p (Opa(l=@) )dw(s), D

0<t<b 0<z<m,

2(t,0) = 2(t,m) =0, 0<t<bz(r,z)=¢(r,z), 7<0, 0<z<m, (4.2)
tr

Nz(tg,z) = / k(s —tr)z(s,x)ds, k=1,2,...,m, (4.3)

— 00
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where 1 < a < 2, v > 0 and ¢ is continuous and w(t) denotes a standard cylindrical
Wiener process in H defined on a stochastic space (2, F, P). In this system,

¢
D(t,z)(x) = z(t,x) — / u1(s —t)z(s, x)ds.

Let H = L?([0, nr]) with the norm || - || and define the operator A : D(A) C H — H

is the operator given by Aw = w"” — vw with the domain

D(A) :={we€ H:w" € Hw(0) = w(r) = 0}.

It is well known that Az = z’ is the infinitesimal generator of an analytic semigroup
T(t),t > 0 on H. Hence, A is sectorial of type u = —v < 0.

Let r > 0,1 < p < 1andleth: (—oco,—r] — R be a nonnegative measurable
function which satisfies the conditions (h-5), (h-6) in the terminology of Hino et
al [21I]. Briefly, this means that h is locally integrable and there is a non-negative,
locally bounded function v on (—oo, 0] such that h(§ + 7) < v(&)h(r) for all £ <0
and 0 € (—oo,—r) \ N¢, where N¢ C (—oo0, —r) is a set whose Lebesgue measure
zero. We denote by PC, x L?(h,H) the set consists of all classes of functions
¢t (—00,0] — X such that ¢|_ € PC([-r,0], H), ¢(-) is Lebesgue measurable
on (—oo,—r), and h|p|? is Lebesgue integrable on (—oo, —r). The seminorm is
given by

—-r

lels = swp_llel+ ([ nlelrar)

—r<7<0 — 0

1/p

The space B = PC, x LP(h, H) satisfies axioms (A)—(C). Moreover, when r = 0
and p = 2, we can take H = 1, M(t) = v(—t)"/? and K(t) = 1 + (f_oth(T)dT)l/z,
for ¢t > 0 (see [2I, Theorem 1.3.8] for details).
Additionally, we will assume that
(i) The functions p; : [0,00) — [0,00),7 = 1,2, are continuous.
2
(ii) The functions pu; : R — R, are continuous, and [; = (fi)oo %cﬂs)l/2 <
00.
(iii) The function s : R* — R is continuous and there exist continuous functions
b1,b2 : R — R such that

la(t, s, 2,y)] < bi(t)ba(s)lyl, (t,s,2,y) €R?

with Iy = (7 @7 d5)1/2 < oo,
(iv) The functions n, : R — R,k = 1,2,...,m, are continuous, and Ly =

(fi)oo %ds)l/2 < oo for every k=1,2,...,m.
In the sequel, B will be the phase space PCqo x L?(h, H). Set ¢(0)(z) = (0, x) €
B, defining the maps G : [0,b] x B — H, F :[0,b] x B — P(H) by

0

Gt )(x) = / 111 (0)0(0) ()b,

— 00

D(t.¢)(x) = p(0)z + Clt.0)(x),  JE'G(t) = / C =" o s)s,

F(a—1)

0
F(t.o)w) = [ nalt,.0,00)(@d0. plto) = pi(Opa(lo(O)])

—00
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From these definitions, it follows that GG, F' are bounded linear operators on B with
||GH S LG and ||F|| < LF,HIk” < Lk, k= 1,2,...,m, where LG = ll,LF =
Ib1||ool2. Then the problem (4.1))-(4.3) can be written as system (1.1[)-(1.3). Fur-

ther, we can impose some suitable conditions on the above-defined functions to
verify the assumptions on Theorem we can conclude that system (4.1])-(4.3)
has at least one mild solution on [0, b].

Conclusion. We have studied the existence of mild solutions for a class of impul-
sive fractional partial neutral stochastic integro-differential inclusions with state-
dependent delay and solution operator, which is new and allow us to develop the
existence of various partial fractional integro-differential inclusions and partial sto-
chastic integro-differential inclusions. An application is provided to illustrate the
applicability of the new result. The results presented in this paper extend and
improve the corresponding ones announced by Chauhan et al [8], Shu et al [31], Hu
and Ren [22], Lin et al [27], and others.

Acknowledgments. The authors want to thank the anonymous referees and the
editor for their valuable suggestions and comments.
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