Electronic Journal of Differential Equations, Vol. 2014 (2014), No. 12, pp. 1-18.
ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu
ftp ejde.math.txstate.edu

AN EXTENSION PROBLEM RELATED TO THE SQUARE ROOT
OF THE LAPLACIAN WITH NEUMANN BOUNDARY
CONDITION

MICHELE DE OLIVEIRA ALVES, SERGIO MUNIZ OLIVA

ABSTRACT. In this work we define the square root of the Laplacian operator
with Neumann boundary condition via harmonic extension method. By using
Fourier series and periodic even extension we define the non-local operator
square root in three type of bounded domains such as an interval, square or a
ball. Also, as application we study the existence of weak solutions for a class
of nonlinear elliptic problems.

1. INTRODUCTION

The fractional powers of the Laplacian operator can be seen as infinitesimal
generators of Levy stable diffusion processes. They arise in population dynamics,
chemical reactions in liquids and other applications in mathematical physics, see
for example [4].

From mathematical theory the fractional powers of the Laplacian can be de-
fined using Fourier transform, formula of Riesz fractional derivative or else using
harmonic extension techniques, see for example [8, 13| 21l 26]. The harmonic ex-
tension techniques have been frequently used and consist in considering an operator
T given by

u = T(u)(z) = —v.(z,0),

where u : R™ — R is a smooth bounded function and v : ]Rf'l — R is the unique
solution of the problem

Av(z,z) =0 in R},
v(z,0) = u(x) on R™

It is well known that the operator T that maps the Dirichlet condition u to the
Neumann condition —v, (-, 0) is exactly the operator (—A)'/2, namely, the fractional
power s = 1/2 of the Laplacian.

In [7] the authors generalized the above method using a similar extension problem
with s € (0,1). Essentially, given a smooth bounded function « : R™ — R, they
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considered the extension problem
Agv(z, z) + gvz(sc, 2) + v, (2,2) =0 in REH,
z
v(z,0) = u(z) on R™

where a = 1 — 2s with s € (0, 1), and showed that the following equality holds up
to a multiplicative constant

(=A)’u(x) = —C; lim+ 2%, (x, 2),

z—0

473 T(s)
T'(l—s) °
Concerning a smooth bounded domain of R™ we can also define the fractional
powers of the Laplacian. For example in [6] the authors studied the square root of
the Laplacian operator with Dirichlet boundary condition. In this case the operator
(—A)'/2 was defined using the harmonic extension problem

Av=0 1in Q x (0,00),
v=0 on 9N x [0,+00),
v=u onQx {0},

where Cy =

where 2 C R" is a smooth bounded domain.

In this sense there are some works defining the square root of the Laplacian
with Neumann boundary condition in bounded domains, see e.g. [14] and [20]. The
results in [14] were obtained by considering only the interval (0, 1). In [20] the study
was done on a C%“-bounded domain of R™ defining the operator from a Hilbert
space onto its dual.

The main purpose in this paper is to define the square root of the Laplacian
operator with Neumann boundary condition through of the harmonic extension
method. Using Fourier series and periodic even extension we define the square root
of the Laplacian in three types of bounded domains. Furthermore as an application
we study the existence of nontrivial weak solution for a class of nonlinear elliptic
problems.

In the following we consider 2 as being either the interval, square or ball, and
X denotes the Hilbert space of the L?(Q)-functions with null average.

Let {¢;} ez be an orthonormal basis in X formed by eigenfunctions associated to
eigenvalues {\;} ez of the Laplacian operator —A in Q with homogenous Neumann
boundary condition; that is,

—A@j = Aj‘pj in Q,

9p; _
% =0 on 39,

where Z denotes the set N* when the domain is an interval, (N x N) —{(0,0)} when
the domain is a square or (N* x N) — {(1,0)} when the domain is a ball. Then

—Au= Y Aj{u,p;)p;, Yue D(-A).
J€T
We define the operator
A1/2 : D(Al/z) cX - X

U= —(@z(~,0))‘g,
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with domain

ou
P =0 and u(x)dr = 0%, 1.3
an|89 Q ( ) } ( )

where v is the unique classical solution of the extension problem
Ad(z,z) =0 in R,
0(z,0) = u(x) inR",

T [[i(, 2) |20y = 0

D(Ayys) = {u € H ()

(1.4)

Tim (132, 2) 2@ = 0
/ O(x,z)dx =0 Vz2>0,
o

with s > 3/2 if Q is an interval (n = 1) and s > 2 if Q is a square or ball (n = 2).
The definition of the function @ is given in Section [3]
Now we define the operator

Bl/2 YCcX—-X
UHZA;/2<U,¢J' > @j, (1.5)
JET
and we shall see that B/, is an extension of the operator A;/, and coincides with
the operator (—A)'/2 in Q, where

Y:{ueX:Z/\j|<u,<pj>|2<oo} (1.6)
JjeET
and A; and ¢; are the eigenvalues and eigenfunctions of —A with Neumann bound-
ary condition on {2, respectively.
Using the above definition for the square root of the Laplacian we will show the
existence of nontrivial weak solution to the problem

(=A)Y2u =P in Q, (1.7)

wherep:2+% and r > 1 odd if  is a square orp:ﬁJr% with p even and r > 1
odd if € is a interval.

This article is organized as follows. In Section [2] we fix the notation and we
enunciate the main theorem. In Section [3| we define A;/, and By/5, and we show
that By /o coincides with the square root of the Laplacian with Neumann boundary
condition. This section was divided into two parts. The first one we consider {2
as an interval or a square. Then we also consider the case where the domain can
be a ball. In Section [ we show the existence of nontrivial weak solutions to the

nonlinear problem (|1.7)).
2. NOTATION AND STATEMENT OF MAIN RESULTS
We denote the upper half-space in R**! by
R = {(z,2) e R 1 2 > 0} ;
also denote

Q" ={(z1,...,25) €R" : |zj] < mfor j=1,...,n}. (2.1)
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Here Q represents the domains
Q; = (Oaﬁ)a Qq = (Oaﬂ) X (077()7 Qy = B(O,ﬂ')
The Hilbert space is

u(z)dr = 0},

X:{ueLZ(Q):/

Q

with the L?(2)-inner product.
Given a domain U in R™, we denote by H*(U) the Banach space

H*(U) ={f € D'(U) : | fllzsw) < oo},
with the norm

1/2
Wiy = (1F1320) + D2 1D fley) forse

|a|=s

or

DO f(x) — D f(y)|? 1/2
flx 2f( Yl dr dy)
UxU |x—y\”+ {s}

1oy = (11220 + Z

lee|=

for s > 0, non-integer. Note that s = [s] + {s} with [s] is the integer part and
{s} € (0,1); see e.g. [25] pp. 316, 322-324].
The set of periodic smooth functions is denoted by

€2 (R") = {u € C(R™) : u(x + 2k7) = u(x), Vk € Z",x € R},

per

and

cse (R"'H {ue COO(R"'H) u(z + 2k, z) = u(x, 2), Vk € Z", (z,2) € R"'H}

per

see e.g. [I7), chapter 2].
Let s € R. We consider the periodic Sobolev spaces H3..(R") = Cg2 . (R")
equipped with the norm

R 1/2
g, ey = (3 (L4 IR Ja(R) )

kezr
where (k) are the Fourier coefficients of u and the spaces H,, R = Coer (R"'H)
equipped with the norm
1/2

[l 7oy = / ZIIDJ s @)

see e.g. [I7), chapter 2]. Our main result is the following.

Theorem 2.1. Under above conditions, the operator By defined in (1.5) and
(L.6) is well defined. Moreover, By, is an extension of the operator Ay, and
coincides with the operator (—A)Y? in Q; that is,
<u,B1/2u> > 07 Yu € D(Bl/g),
B1/2 o Bl/gu = —A'LL, Yu € D(—A)
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The proof of Theorem 2.1 will be given in the next section. As an application we
study the existence of a nontrivial weak solution of the nonlinear elliptic problem
on Q; and Q,. In fact, since (—=A)Y/? is a non-local operator, then from
harmonic extension method, problem is equivalent to the problem

Ad(x,z) =0 in ]RZ’FH,
0x(z,0) = —uP(z) in R",
Zlg{}o 19(-, 2) | L2 () = 0

lim H/DZ(',Z)”L2(Q) = 0

Z— 00

/17(:1:,2):0 vz >0,
Q

where v is even and periodic with respect to z, # is an even and periodic extension
of u.

3. PROOF OF THE MAIN RESULT

In this section we prove Theorem [2.1] First we need to verify the existence and
uniqueness of a classical solution to the problem . The proof of this result will
be given in the Theorems and These theorems are particular cases of [23]
Theorem 1.1], considering that in our case the function @ is more regular. Here we
use convergence properties of series, see e.g. [10, [15] 24].

3.1. Operator in Q; and ,. Let {\;};ez and {¢;};ez be the eigenvalues and
corresponding eigenfunctions of —A with Neumann boundary condition on §2; or
Qg, then

2
Nj=j% and @;(z) = \/;cos(jac), Vjel

when the domain is 2;, and
Mp =1 +E and () = Bk cos(lz) cos(ky), Vj= (k) €T

3 {\/2/7r iftk=0orl=0,
I =

with

2/m ifl,k>1,
when the domain is €.

Theorem 3.1. Let u € D(A;/3) and @ its 2m—periodic even extension as in [2].
Then the function v : RT‘l — R given by

~ — Nz~
Bz, 2) =Y e VN, 0;)0;(x)
Jj€T
is the unique classical solution of (1.4) where the convergence is uniform with re-
spect to x, A\j and p; are the eigenvalues and eigenfunctions of —A with Neumann
boundary condition on §2, respectively.

Proof. It is well known that the ¢; are even and 2m-periodic, then ¥ is even and
2m-periodic with respect to x.
Consider the inequality

K
e~z < 2 VieI va>0,
J
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where K is a constant that depends on z. Thus,
iz~ K
eV (@, 05)0(@)] < Ol o) + 35
J
for every (z,z) € R and j € Z, where C is a constant. Therefore by [16] and
Weierstrass criterion it follows that & € Cpe (R’ ).

We have that © € C2, (R"}™) by [16] and

per

Am—%59<X? Vj €T, ¥m € Z%, ¥z > 0,

where K is a constant that depends on z.
Using the convergence properties we obtain
Ad(z,2) =0, ¥(z,z)e R
Let u € D(A12) C X, then u= 3", 7 (u,;)p; and @ = 3 ;7 (u, p;)p; in L2(%2)
and L2, (R"), respectively. We easily verify that

per

im0 = Pl g ey =0,

where
Z e Ve @, ;)i (),
JET
then ¥ € H}.(R™) and by Trace theorem from [I7] follows that

@('7 0) = Z<ua (Pj>90j
JjET

in L2, (R™). Therefore, 4(-,0) = @(-) almost everywhere in R™. Moreover,
15¢, 2)I220) < (Z u g )?)e® =0 asz oo
ez

We have that A
e VAE( T v0, jel,

)\]‘2527
then
18-, 2) B2y = 3 Al 05 P2V
JET
<4(Z|ug0j )—HO as z — 00.
JET

From the uniform convergence properties we have

/Qf)(:c,z)dx = Z(u,gaj)e_\/)‘ijz(/ﬂ cpj(x)d:c) =0, Vz>0.

JjeL
The same holds for z = 0, since @ has null average and
u(-) = o(-,0)
almost everywhere in R™. Therefore, ¥ is a classical solution of (|1.4)).

Consider 97 and ¥y classical solutions to (1.4). Let H be the Hilbert space of
functions w € HY, (R1!) satisfying

per
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) w is almost everywhere even with respect to z,
) w(-,0) = 0 almost everywhere in R,
(4) [qw(z,z)dz =0, for any z > 0,

with the inner product

(1[),@)71 2/0 /QV1/~)(1",Z)V¢($,Z) dx dz, V@,@ eH.

Applying the Riesz representation theorem it follows that ©; = 0. Note that we
proved the uniqueness of the weak solution for extension problem ((1.4)). (Il

Through the existence and uniqueness of classical solution of the harmonic ex-
tension problem (|1.4)), we have the following lemma.

Lemma 3.2. The operator A,y defined in (1.3) and (1.2)) is well defined and
1/2 )
Ay jou = Z /\j/ (u, 0;)¢; in L*(Q),
Jje€T
where p; and \; are the eigenfunctions and the eigenvalues of the —A with Neu-

mann boundary condition on §2, respectively.

Proof. We know that A, ou € X, because
7:(,0) = = > A (w500 in LA(Q).
JET
Then by the uniqueness of solution of problem (1.4) it follows that A,y is well
defined and

Aqjpu = Z )\}/2@7 ps)psin L2 ().
JET

Finally, we will conclude this section by proving Theorem [2.1

Theorem 3.3. The operator B,y defined in (1.5) and (1.6)) is well defined. More-

over, Byjy is an extension of the operator Ay, and coincides with the operator
(=A)Y2 in Q; that is,
<'LL, Bl/2U> > 0, Yu € D(Bl/g),
B1/2 o Bl/gu = —AU/7 Yu S D(—A)

AL/2

Proof. Let u € Y. Then ZjeI y

sequence of partial sums

(u,j)p; converges in L?(2). Considering the

sm(@) =Y N u, 05) 05 (),
jET

it follows that the convergence
’/ Bl/2“(x)dx‘ < CO|Byjou — 8wl — 0 asm — oo
Q

implies fQ By jpu(z)dr = 0; then By /ou € X and the operator is well defined.
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Let u € D(A;)s), then by Lemma
> (Arpu, )7 =Y Al (u, 9)]* < o0
jeT jeT
and D(A;/3) CY. Then

| A1 j2u — By jaul| 20
< O Avjou =D N (w 03)s || + C||Brjsu = DA (u,05) 5] — 0
JET JET
as m — oo. Therefore, A ou = By ou almost everywhere in €2 for any u € D(A; /)

and By, is an extension of the operator Ay ;.
Let u € D(—A) C X. As A\; > 1 for any j € Z, we have

D o Aillu )P <Y X lu, o)
jeT jeT
Then D(—A) C D(Bl/Q) and
By jpu = Z)\;/QW» ©i)e;-
jET
As Byijpu € X and
D X (Brau, )P =D A (w05
jeT jez
then Bl/gu S D(Bl/Q)
By the orthonormality of the eigenfunctions it follows that
Bijy 0 Byjpu = Z)\ /2 (B1)2u, pj)p; = Z)\ (u, o) —Au, Yu € D(-A).
JET JET
Also note that
(u, Bijau) = > N?|(u, 0502 >0, Vu € D(By»)
Je€T
O

3.2. Operator in ;. In this section we shall use the eigenvalues and correspond-
ing eigenfunctions of —A with Neumann boundary condition on €. The eigen-
functions are given by the bessel and cosine, sine functions, see e.g. [12] page 108].
We shall use also the properties of Bessel functions, see e.g. [II, Bl 19, 22 27]. We
have that

(z,y) = (acosb,asinb), V(x,y) € Qp,
where o € (—m,7) and 6 € R. Thus consider u € D(A; ;) and define the function

u such that
_ Ul(a, ) if —r<a<nm
u(x,y) = .
U(—a—2m,0) if —3r<a<—m,

where U(a, ) = u(acosd, asind) for any o € (=37, 7) and 6 € R.
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Consider % : R? — R the 4m-periodic radial extension of # such that

=Ul(x

U(a — 4k, 0 if (dk — 1)
—a+2( 2k71)7r 9) if (4k — 3)r

with k € Z.

Lemma 3.4 ([2, Lemma 9]). The function defined in (3.1)) satisfies the following
properties

(1) U+ 4km,0) = U(,0), for all a,6 € R, and all k € Z.

(2) U(—a—2m,0) =U(a,8), for all a,0 € R.

(3) @ e C(R?).

Proof. The proof of (1) and (2) follows from the definition of U in and (3)
follows from the fact that D(A'/?) is embedded in a C1* space. O

Similarly to the previous section, we first verify the existence and uniqueness of
classical solution of problem (1.4]). Consider two auxiliary results whose statements
are in [2].

Proposition 3.5 ([2, Prop. 10]). Consider the function V : [0,7) xR x (0,00) — R
with

V(r,0,z) = Z e*%ZJk(%r) [aji cos(kO) + bjy sin(k6)],
(4,k)eZ

where Jy, are the Bessel functions of order k, w;i are positive zeros from Jj, and

2 2
Ujk = 373 'u]k ior) / / rU(r,0) cos k@)Jk(wk )drdQ,

w3 (2, — k2)
(lu’]k ) , (32)
12, " Hik
b; J 0 ko L2r ) dr do.
ik = 773(# 12) 72700 / / rU(r, 0) sin( )Jk< ) r

Then V € C?([0,7) x R x (0,00)).
The proof of the above proposition follows from the properties of Bessel functions.

Theorem 3.6 ([2, Theorem 10]). Let u € D(A;/3) and v : €y x (0,00) — R given
by

v(z,y,z) =V(r,0 z)

Z e ) [aji cos(kB) + bjy sin(k6)],
(3,k)ET

for every (z,y,2) € (%\{(0,0)}) x (0,00), where a;i and bj, are given by (3.2)
and for every z > 0 we have:

(1)

50 ,
v(0,0, 2) Eajoeﬂ,
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a Hj1
9z (0,0, z) Zaﬂ,uﬂe %
ov (27
(9 0 0 Z ijl,ujle Ty
ov K0
% (0,0, z) _—*ZCLJOMJOG 2,

3)

K50

821} 1 - 2 7mz 1 - 2 _— z
2 (0:0:2) = 13 D_apitlye” T = 55 ) ajoioe” T
j=1 j=2

Hjo

0%v 1 — _m2 1 & _ Ko,
o 07 =~ L g D amifor” T

9?%v “j0

92 2 (0,0, z2) Zaaoujoe w2 ,

0% 9 M2,
m(o,o,z) B ﬁ;%“ﬁe 5
0 1 o M1,
m(@oaz) = _W;aﬂ/‘jle R
0% 1 & 9 M1,
%(0a072> ) j;bjlﬂjle .

Then v is the unique function that satisfies the following conditions:

) v € C? x (0,00)).
(2) Av(z,y,z) =0 in Qp x (0,00).
(3) v(-, -, 2) =ul(-,-) almost everywhere on .
(4) g—z =0 on 0 x [0,00).
(5) 1imz—>oo H (5 2z, = lime oo v (5 2) [ L2(0,) = 0.
(6) [o, v(x,2) dx=0 for any z > 0.

Proof. The proof follows by considering the eigenfunction decomposition of the
Neumann Laplacian in the ball and the properties of Bessel functions. Let us show
that v is continuous at (0,0, z) for any z > 0 the others cases are analogous.

Let z > 0 and (m, Ym, 2m) — (0,0,2) as m — oo. Then (rp,0m, 2m) is a
associated sequence with (2., Ym, 2m) where r,,, — 0 and z,, — z asm — oco. Thus

V(@ Y, 2m) — v(0,0,2)] < Z |J Tm JemFIm e [lajol
2 () e lagel + [l
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Note that ‘ ‘
lim Jo(@rm) =1 and lim Jk(%rm) =0,

m— o0 T m— o0
then
Hm v(Zm, Ym, 2m) = v(0,0, 2).

m—00

]

Theorem 3.7. Let v : Ri — R the 4m-periodic radial extension of the function v
of Theorem[3.6, namely,

Il’}(x7 y’ Z) = V(a7 97 Z)

V(e —4kr,0,2) if (4k — V) < o < (4k + 1),
B < o< (4k —1)m,

~

V(—a+22k - 1)m,0,2) if (4k —3)w

where \7(04,9,2) = v(acosf,asinb, z) for all «,0 € R, and all z > 0. Then, ¥ is
the unique classical solution of (1.4]).

Proof. We have that v € C?(£), x (0, 00)) by the previous theorem. Then o € C(R3)
by Lemma (3.4 Because of the periodicity the derivatives of ¥ are continuous in
Ri, except possibly at the points

(x,y,2) = (mmcosf, mmsinb, z) with m € Z*.

Using the periodicity, symmetry and chain rule, we will verify the continuity of the
functions ~ _ ~ ~ ~ _ ~
ov. v 9V 9%V 0%V v 02V
da’ 007 0627 0?2’ 000a’ 0Oadz’ 000z
at points (£, 86, 2).
As v e C2(Q x (0,00)), then V and V are C? at points (r, 6, z) for any 6 € R,
z > 0. Thus,

V(m,0+h,2)—V(r,0,2) oV

A, h “ a0
. V(m,0+h,2)—V(r,60,z) dV
. h = 5 (™0:2)
Then there exists %(w, 6, z) such that
ov Hj .
S5 m0.2) == D kJu(upe” + *(~azisin(k0) + by cos(kd)).

(4,k)>1
Therefore, % is continuous in (7, 6, z) and (—, 0, z) for any € R, z > 0. Similarly
oV 9V 9V 9V 9V 9PV
da’ 00da’ 9627 da?’ 9adz’ 000z
are continuous in (+7,0, 2) for any § € R, z > 0. It is easy to verify the smoothness
of the derivatives of V with respect the variable z; then & € C?(R%). Note that

V(a+ 4km,0,0) = liI(I)lJr V(o + 4k, 0, 2)
= Zlir(r)lJr V(a,6,2)

=V(a,0,0), Vke€Z Ya,0 €R.
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By the extension properties,

V(ia+4kn,0,2) =V (a,0,z), VkeZ, Va,0 €R, Vz>0.

Analogously we have

V(—a—2m,0,2) =V(a,0,2), VkeZ Va,0 €R, Yz > 0.
As 0 =wv on  x (0,00) and
v(+,0) = u(-) almost everywhere on €,

it follows that 9(-,0) = @(-) almost everywhere on R2.
We have that Av =0 in ; x (0, 00); then

- 1 _ Mk .
Ad(x,y,z) = = Z Ti(pjk)e = zlajx cos(kO) + bj sin(kf)] = 0
(j,k)ET

for all @ € R, z > 0, where T)j;(p1,1) = u?kJ,: (ki) + g T () + (13 = K2) T (1) -
Moreover,
Ab(z,y,2z) = Ad(mcos(d + 7),wsin(0 +7),2) =0, VIR, z>0.
We have
/ o(x,y,2)dedy = / v(x,y,z)dedy =0, Vz>0,
Qy Qp
Tim (5, 2)llz2(@) = Jm o, Dz, = 0,

Tim (32, 2) 22y = Jim o, 2) 22y = 0.
Therefore, ¥ is classical solution of the problem (1.4). The uniqueness follows
similarly to the previous section. O

Lemma 3.8. The operator Ay, defined in (1.3) and (1.2) is well defined and
1/2
jeT
where (@;)jer and (\j);ez are the eigenfunctions and the eigenvalues of the —A
with Neumann boundary condition on y, respectively.

The proof of the above lemma is analogous to Lemma and is omitted. We
conclude this section by proving the Theorem

Theorem 3.9. The operator By, defined in (1.5) and (1.6) is well defined. More-
over, Byjy is an extension of the operator Ay, and coincides with the operator

(—=A)Y2 in Q, that is,
(u, Byjpu) >0, Yu € D(Bys),
Bija 0 Byjpu=—Au, Yu€ D(-A).
Proof. Let u € Y. Then the series

1/2
JjET

converges in L?(€;) and thus By jou € L*(y).
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Consider the partial sum
1/2
= > N U0 (r,0),
JjET

it follows by Holder’s inequality which

21 T
’/ By jpu(z,y) dacdy’ S/ / T‘Bl/gU(r,H)—sm(r,H)‘drdH
Q o Jo
< M||By12U = smll22((0,5)x (0,27):r) — 0 as m — 00;

then By,u € X. Thus the operator Bj,y is well defined by uniqueness of the
Fourier-Bessel series.
The proof that B;/, is an extension of the operator A/, and coincides with

(—A)'/2 in Q is analogous to cases of the domains ; e 9. O

4. APPLICATION

In this section we study the existence of nontrivial weak solution of the nonlocal
problem (1.7)), namely, the existence of a nontrivial function u with u = (9(-,0))|q

where © is almost everywhere even with respect to z, ¥ € Héer(RTrl),

/ o(z,2)de =0, Vz>0,
Q

Jim [[o¢, T)ll ) = lim {|0:( T)]lz20) = 0,

/ /Vv z, 2)V@(z, z)dxdz—/up( )@(z, 0) dz,

for every ¢ € H}, (errl) satisfying the same conditions as .

Consider for the nontrivial weak solution in 2; with the condition
o(x +m,0) = —0(x,0) (4.1)
almost everywhere for € R, and in €, with the condition
(x +m,y,0) = —0(z,y,0), (4.2)

0
almost everywhere for (x,y) € R?. Note that the condition in €, could be with
respect to y.
Our goal is to apply the Lagrange multiplier theorem in linear topological spaces
from [3] and thus obtain the existence of nontrivial weak solution of nonlinear

problem (1.7]).

Lemma 4.1. Consider the set H of functions ¥, even almost everywhere in R"*1
with respect to x, which satisfy (4.1) or (4.2) according with the domain €2,

/ O(z,z)de =0, Vz2>0,
Q
Am 190, T)|L2(0) = Am 192 (-, T)| 22y = 0.

Then there are nontrivial functions in (H, || - ||x) which is a Hilbert space with the

norm )
e 1/2
ol = ([ [ 93P dzaz) "

0 Q
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Proof. Consider the functions
01(x) = e ®cos(x), Ua(x) =€ *cos(x1)cos(za),

with z = (21, 22) € R™. Note that 1,92 € H according with the domain Q. Follows
from [2| Lemma 12] that (H, | - ||z) is a Hilbert space. O

For any a > 0 consider the functional I : H — R given by
1 o0
I(D) = 7/ / |Vo|? do dz,
2Jo Ja

{UEH / zOerldz*a}

and consider the set

Proposition 4.2. There is 0 € H, with I(0) = mingep, [(W).

Proof. Let m = inf{I(d) : 0 € H,}. We have that {I(?): 0 € H,} # 0, and by the
definition of infimum,
lim I(9;) = m,
J—00
where {0;};en C H,.
Since {I(9j)}jen C R, there exists M > 0 such that

ol = [ [ V85 deds = 2r(3,) < 201
0
Then {9;}en is bounded in H. Thus, using compact immersion (see [25, Theorem
4.10.1]) there is a subsequence {7;x}ren and © € H such that
b — o in H,
jk(,0) — 0(-,0) in LPFTHQ™),
with Q™ defined in .

By the properties of convex functions, we have
(1) [ (@52(,0)) (3(2.0) = tyu(.0)do < [ (3(2,0))"do —
Q Q
<(p+1) / (9(z,0))P(0(x,0) — Uk (x,0))dx.
Q

Note that
‘/(ﬁjk(x,o))f’(ﬁ(x,o) —f}jk(x,O))dx‘
< 19k, O)IIL 221 [[6(-,0) = Bk, 0)| [l zo+1 — 0,
‘/ )P (3(x )—f;jk(x,o))dx‘
< [1a( )IIL% 15(-,0) — B (-, 0)|[| Lorr — O,
thus

/(f)(m, 0))Pdz = a.
Q

Then v € H, and I(9) > m. Using the properties of convex function, we obtain
that

I(0j) > —1(9) / /VU Vi dx dz. (4.3)
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Thus, making k¥ — oo in (4.3)), it follows that m > I(¢) and therefore I(?)
mingeg, I(0).

Theorem 4.3. The nonlinear problem (1.7)) admits a nontrivial weak solution
Q.

Proof. Consider the functions g : H — R given by

1 a
W —— w(z,0))P T dx — ,
p+1 Q( (z,0)) p+1

Y A 9
W — = V| dx dz.
2Jo Jo

£+ )~ 1)~ \DF@), )| = 5161

and f: H — R given by

Thus,

where -
(Df(9),9) :/ /VﬁV@dmdz, Vo € H
o Ja

and therefore, f is strongly H-differentiable at v.
Consider Dg(v) : H — R such that

(Do(0).9) = [ (0(0.0)¢(a.0)d, V5 € I
Then
LD =90 (pg(a), g

p+1

Ol

m

1] 1 N _ pil 1 . pt1
— |t|’p+1/ﬂq(v(x,0) +t@(x,0))PHdr — /Qq(v(x,())) dz (4.4)

y /Q (8, 0))?3(ar 0)da

By Taylor’s formula in [I8], we have
1
p+1Ja,
1
C e+l
pt®

+ ? (/f)(x’o))p_l(@(m,y70))2d;[;
Pa,

22D (a0 Aol 0) e+ [ raltpla,0)ds,

where lim;_,qg % = (. Thus in (4.4) we have

PO ZIO)py(a), @] < 2 [ fata,0)p g, 0P
FJa

(0(x,0) + t@(x,0))PHdx

(#(z, 0))P+da + ¢ /Q (5(, 0)7)3(x, 0)dz

q

¢ 2o DI [ 160 2le(e,0) do

aq
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1
+ — r3(to(x,0))|dx.
51, Imeotw o)
Then, by Holder’s inequality and the continuous immersions in [25], Theorem 4.6.1],

it follows that

6(17 1)

R < LHQY), HLZR™) < IPC7(Q), HPR") < (@")-
Then

s
NI Z9O)_(py(a), )

< pltl .
= o H ( )HLz(p 1)(Qn)||90('70)||2L4(Q")

pp— Dt . 1/3
+ I, 0501y 160, O ol oo p+1 [ Irs(tp(, 0l

where lim,;_, % = 0. Thus for any € > 0, exists § > 0 such that [t| < §

implies that
5 13) — olB
NI =90 (py(a),
p5 .
H ( )”Lz(p 1)(Qn)||<p('?0)||%4(Q”)

p(p —1)8? 1/3 €d® 3
JFTH T, 01721y (|12, O)] . p+1\|<P( Ollzs(@n),

Moreover, there is § > 0 such that P(d) < €, where

P(5) = || GO 21y (my 1B Ol m)

<2
P(p_ 1)d ~ 1/3
+ B I Ot g 26O ey

719002 o1y @my

then g is H—differentiable at ©. By Taylor’s formula in [I8] we have
|g(@ + tp) — g(w)]
< |t|/ (0ot e + 2 [ o007 ot 0) o

—1
plp— DI / 00, OP21ple, 0P ds + — / Ira(t(, ) da,

for every (w,ga) € HxH.
Using the immersions in [25, Theorem 4.6.1]

H2(R™) < LF(Q"), HAR™) < LY(Q")

per per

we conclude that (w(-,0))? € L*3(Q") and (-,0) € L*(Q™). Then, by Holder’s
inequality it follows that g is H-continuous on H.
Suppose that Dg(?) = 0, then

0 = (Dg(),5) = /Q (3(z,0)"*\dz = a,
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which is an absurd, then Dg(9) # 0. Therefore by Lagrange multiplier theorem
there is A € R such that

/ ViVgdeds = A / (5(z, 0))P@(x, 0)dz, VG € H
0 Q Q

Taking w = A" T50 € H we have

/ /VzZ)ngdmdz:/(w(x,O))paﬁ(x,O)dm, Voe H
0o Ja Q

Thus the nonlinear problem (|1.7) admits a weak solution. Note that the solution
w is nontrivial. If w = 0 then A = 0 and

/ / Vo2 drdz =0
0 Q

which implies © = 0 almost everywhere, which is an absurd. Therefore, the nonlin-

ear problem (|1.7) admits nontrivial weak solution. d
REFERENCES
[1] Abramowitz, M.; Stegun, I. A.; Handbook of mathematical functions with formulas, graphs,

[2

(3]

[10]

11]
(12]

(13]
(14]
(15]
(16]

(17)

(18]

and mathematical tables. New York: Dover Publications, 1965. 1046 p.

Alves, M. O.; Um problema de extensao relacionado a raiz quadrada do Laplaciano com
condigdo de fronteira de Neumann, Tese de doutorado apresentada no IME - USP (2010).
An, L. H.; Du, P. X.; Duc, D. M.; Tuoc, P. V.; Lagrange Multipliers for Functions Derivable
along Directions in a Linear Subspace. Proceedings of the American Mathematical Society,
v. 133, n.2, p. 595-604, 2004.

Applebaum, D.; Lévy processesfrom probability to finance and quantum groups. Notices
Amer. Math. Soc., v.51, p. 1336-1347, 2004.

Bell, W. W.; Special Funtions for Scientists and Engineers. Canada: D. Van Nostrand Com-
pany Ltda, 1970. 247 p.

Cabré, X.; Tan, J.; Positive solutions of nonlinear problems involving the square root of the
Laplacian. Advances in Mathematics, v.224, p. 2052-2093, 2010.

Caffarelli, L.; Silvestre, L.; An extension problem related to the fractional Laplacian. Comm.
in Partial Differential Equations, v. 32, p. 1245-1260, 2007.

Czaja, R.; Differential Equations with Sectorial Operator. Katowice: Wydawnictwo Uniwer-
sytetu Slaskiego, 2002. 120 p.

Evans, L. C.; Partial Differential Equations. United States of America: American Mathe-
matical Society, 1998. v.19.

Figueiredo, D. G.; Andlise de fourier e equagdes diferenciais parciais. Rio de Janeiro: IMPA,
2003. 274 p. (Projeto Euclides)

Figueiredo, D. G.; Andlise I. Rio de Janeiro: LTC, 1996. 256 p.

Folland, G. B.; Introduction to partial differential equations, 2nd ed. New Jersey: Princeton
University Press, 1995. 324 p.

Henry, D.; Geometric Theory of Semilinear Parabolic Equations. Berlin: Springer-Verlag,
1981. 348 p.

Imbert, C.; Mellet, A.; Existence of solutions for a higher order non-local equation appearing
in crack dynamics. Nonlinearity, v.24, p. 3487-3514, 2011.

I6rio R.; Iério, V. M.; Fourier Analysis and Partial Differential Equations. New York: Cam-
bridge University Press, 2001. 411 p.

Iério, V.; EDP, um curso de graduagdo. Rio de Janeiro: IMPA, 2005. 246 p. (Colegao
matematica universitdria)

Kozlov, V. A.; Maz’ya, V. G.; Rossmann, J.; Elliptic Boundary value problems in domains
with point singularities. Providence, R. I.: American Mathematical Society, 1997. 414 p.
(Mathematical surveys and monographs)

Lima, E. L.; Curso de Andlise, Volume 2. Rio de Janeiro: IMPA, 2000. 557 p. (Projeto
Euclides)



18

(19]

[20]

M. O. ALVES, S. M. OLIVA EJDE-2014/12

Maccann, R. C.; Lower Bounds for the Zeros of Bessel Functions. Proceedings of the American
Mathematical Society, v. 64, n.1, p. 101-103, 1977.

Montefusco, E.; Pellacci, B.; Verzini, G.; Fractional diffusion with Neumann boundary con-
ditions: the logistic equation. Discrete and Continuous Dynamical Systems - Series B, v. 18,
p. 2175-2202, 2013.

[21] Pazy, A.; Semigroups of Linear Operators and Applications to Partial Differential Equations.

New York: Springer-Verlag, 1983. 279 p.

[22] Polyanin, A. D.; Handbook of Linear Partial Differential Equations for Engineers and Sci-

entists. Boca Raton: Chapman & Hall/CRC, 2002. 781 p.

[23] Stinga, P. R.; Torrea, J. L.; Extension problem and Harnack’s inequality for some fractional

operators. Comm. in Partial Differential Equations, v. 35, p. 2092-2122, 2010.

[24] Tolstov, G. P.; Fourier Series. New Jersey: Prentice-Hall, 1962. 336 p.
[25] Triebel, H.; Interpolation theory, function spaces, differential operators. Amsterdam: North-

Holland Publishing Company, 1978. 528 p.

[26] Yosida, K.; Functional analysis, 6th ed. Berlin: Springer, 1980. 501 p.
[27] Watson, G. N.; A Treatise on the Theory of Bessel Functions. New York: Cambridge Uni-

versity Press, 1945. 804 p.

MICHELE DE OLIVEIRA ALVES

DEPARTAMENTO DE MATEMATICA, UNIVERSIDADE ESTADUAL DE LONDRINA, LONDRINA, BRAZIL

FE-mail address: michelealves@uel.br

SERGIO MUNIZ OLIVA

DEPARTAMENTO DE MATEMATICA, INSTITUTO DE MATEMATICA E ESTATISTICA, UNIVERSIDADE DE
SA0 PAULO, SAO PAULO, BRAZIL

E-mail address: smo@ime.usp.br



	1. Introduction
	2. Notation and statement of main results
	3. Proof of the main result
	3.1. Operator in i and q
	3.2. Operator in b

	4. Application
	References

