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PERIODIC ORBITS WITH SMALL ANGULAR MOMENTUM
FOR SINGULAR RADIALLY SYMMETRIC SYSTEMS

FANG-FANG LIAO

ABSTRACT. We study radially symmetric systems with a repulsive singularity,
and show the existence of periodic orbits with small angular momentum. Our
proofs are based on the use of topological degree theory.

1. INTRODUCTION

During the previous years, Fonda and his coworkers have studied the periodic,
subharmonic and quasi-periodic orbits for the radially symmetric system
.. X
x+f(t,|x\)m:0, z € R*\ {0}, (L.1)
in a systematic way, where f is a real function, T-periodic in ¢ and is defined on
R x (0,4+00), so that 0 may be a singularity. See [5] [6] [7, [8 9] [10].
Here we recall one result proved by Fonda and Toader for the system

i+ c<t)|x|%+1 - e(t)%, x € R2\ {0}, (1.2)

1
loc

where w > 0 and ¢, e € L, .(R) are T-periodic.

Corollary 1.1. [7, Corollary 1.1] Assume thatw > 1, &= + fOT e(t)dt < 0 and

c1 <c(t) <ep <0, forae teR,
for some negative constants ¢; and co. Then there exists k1 > 1 such that for every
integer k > ki, equation (1.2)) has a periodic solution xy(t) with minimal period
kT, which makes exactly one revolution around the origin in the period time kT .
Moreover, there exists a constant C > 0 such that, for every k > ky,

1
— < |zp(t)] < C, foreveryteR, lim py =0,
C k—oo

where py, denotes the angular momentum associated to xy.

On the other hand, Chu, Li and Siegmund in the recent paper [3] studied the

system

i+ 2r = f(t,|2))—, = eR2\{0}, (1.3)

||
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where 0 < I < 7/T and the function f : R x (0,400) — R is continuous, T-periodic
in the time variable t. Based on topological degree theory, they proved the following
result.

Theorem 1.2. [3, Main result] Assume that the following condition is satisfied

(H) There exist continuous T-periodic functions b,l; > 0 with positive mean and
a constant o > 0 such that
bt b(t
Q < f(t,r) < Q, for allt € R and r > 0.
/,10( /,10(
Then system (L.3)) has two distinct families of periodic orbits with the following
distinct behavior: one rotates around the origin with small angular momentum,

and the other one rotates around the origin with large angular momentum and
large amplitude.

Motivated by those works mentioned above, in this work, we study the system
. T

$+J%E:(f@Jﬂ)+6@DEﬂ, z € R?\ {0}, (1.4)
where 0 < | < 7/T is a constant, e € C(R/TZ,R) and the function f : R x
(0, +00) — R is continuous, T-periodic in the time variable ¢ with period T' > 0.

Therefore, f(t,7) may be singular at 7 = 0. We look for solutions z(t) € R? which
never attain the singularity in the sense that

x(t) #0, forevery t € R. (1.5)
We write the solutions of (1.4)) in polar coordinates

z(t) = p(t)(cos p(t), sin p(t)).
Then we have the collisionless orbits if p(¢) > 0 for every t. Moreover, equation
(1.4) is equivalent to the system

2
p+Fp:%g+ﬂum+f@% (1.6)
PP = p.

In our analysis, we will use such an equivalent system.

Finally we remark that the existence of periodic solutions for singular differential
equations has been studied by many researchers. Usually, the proof is based on
either a variational approach [12| [I6] or topological methods, starting with the
pioneering paper of Lazer and Solimini [I4]. From then on, the method of upper
and lower solutions [15], degree theory [21], fixed point theorems [IT] [I8] 9] and
a nonlinear alternative principle of Leray-Schauder type [2] [I3] have been widely
applied.

Throughout this paper, for a function ¢ € C[0,T], we use the symbols ), =
min ¢ (t) and ¥* = max; ¢(t).

2. PRELIMINARIES AND MAIN RESULTS

Let us define the function v : R — R by

(1) = / G(t, 5)e(s)ds,
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which is the unique T-periodic solution of

i+ Pz =e(t), (2.1)
where
sin l(t—s)+sin (T —t+s)
G(t ) _ 21(1—cosIT) 5 0 <s<t< T, (2 2)
,S) = sin l(s—t)+sin (T —s+t) 0<t<s<T .
20(1—cosiT) ’ SUxs>41,

is the Green function. See [I1I]. Since we assume that [ € (0,7/T), we know that
G(t,s) >0 for 0 <s,t <T, and we denote

m= min G(t,s), M= max G(t,s), o=m/M.
0<s,t<T 0<5,t<T

A direct calculation shows that ¢ = cos(IT/2) € (0,1). Note that, since both
x(t) = fOT G(t,s)ds and z(t) = 5 are T-periodic solution of (2.1)) with e(t) = 1, by

uniqueness, we obtain

4 1
/ G(t,s)ds = 2
0

The above facts have been used in [II]. The main result of this paper reads as
follows.

Theorem 2.1. Letl € (0,7/T). Assume that the following conditions are satisfied:

(H1) for each constant L > 0, there exists a continuous nonnegative function ¢,
with positive mean such that f(t,r) > ¢r(t) for allt € [0,T] and r € (0, L].
(H2) there exist continuous, non-negative functions g(r) and k(t) such that

0< f(t,r) <k(t)g(r), forall (t,r)e[0,T]x (0,400),

where g(r) > 0 is non-increasing.
(H3) there exists a positive number R > 0 large enough and a positive constant
a such that

K*g(cR+7+) +0 %@, <R,

where

T T
K(t) = /0 G(t, s)k(s)ds, B(t) = /0 G(t, 8)brsqe (5)ds.

Then for any function e with v, > 0, there exists K > 1 such that for every integer
k > K, system has a periodic solution xy(t) with minimal period kT, which
makes exactly one revolution around the origin in the period time kT. Moreover,
limg o i = 0 and there exists a constant C > 0 such that

1
— <|zk(t)| < C, for everyt e R and every k > K.

C
As an application of Theorem [2.1] we consider the system
B e () x 5
¥+l = et e(t)m, xz € R*\ {0}. (2.3)

Corollary 2.2. Assume that 0 < | < w/T, w > 0, and ¢ is a conlinuous non-
negative T-periodic function with positive mean. Then for any T-periodic function
e € Ll (R) with v, > 0, system ([2.3) has a family of periodic orbits {xy} with

angular momentum {ux} satisfying img_, o0 pg = 0.
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Proof. Let us take

f@m%:%7m>0.
Then (H1) and (H2) hold by taking
t 1
o) o

or(t) = Too (t)=c(t), g(r)= pvs
Let
T T
C* = sup / G(t,s)c(s)ds, C.= inf / G(t,s)c(s)ds > 0.
te[0,7] J0 t€(0,77 Jo
Note that
T
&, — inf t, .
Jnt [ Gt on ()i
T
. c(s)
= inf t d
tel[%7T]/0 G( 75) (R_I_,y*)w s
(R+7%)

Then condition (H3) becomes
C* C.
(OR + v.)¥ * o%(R + %)~
for some positive constant R, which is obvious since w > 0. Now the proof is
finished by applying Theorem [2.1 O

<R,

Remark 2.3. We remark that Corollary 1.1 and Corollary 2.2 are different. In
fact, Corollary 2.2 is applicable to the case of a strong singularity as well as the case
of a weak singularity because we only need w > 0, while we required that w > 1
in Corollary 1.1. Moreover, condition imposed on e in Corollary 1.1 and that in
Corollary 2.2 are also different.

3. PROOF OF THEOREM [2.1]

We will consider the equivalent system ((1.6)). If x is a T-radially periodic solution
of (1.4), then p must be a T-periodic solution of the first equation of (1.6). Thus
we consider the boundary value problem

2
i+ 2p= f(t.p) + % +elt),

(3.1)
pl0) = p(T),  p(0) = H(T).
To prove that (3.1) has a T-periodic solution, we first consider
2
.. I
p+PPp=flt,p+7)+ 3.
o) Gy (32)

p(0) = p(T), p(0) = p(T),
and show that (3.2) has a T-periodic solution p satisfying p(t) + v(¢t) > 0 for
€ [0,T). If this is true, it is easy to see that p(t) = p(t) + () will be a positive
T-periodic solution of (3.1)), since

p+p=p+1p+5+ 12y
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2
"
=fltp+)+—=3
(p+)
2

:fwm+%+dw

+ e(t)

We consider first (3.2) for the case u = 0, which corresponds to the boundary
value problem

p+Pp=ft,p+),
p(0) = p(T),  p(0) = p(T).
We will prove several preliminary results. To do this, let us define the truncated
functions f, : R x R — R by

fn(t,,O) = {f(t, 1/n), if p<1/n,

and consider the family of boundary-value problems

(3.3)

2
p l2 = Jn ta )
prUp=faltip+)+— (3.4)
p(0) = p(T),  §(0) = H(T).
To use the topological degree theory, we also consider the homotopy equations

. 12
ptlp=fat.p+7)+—,

(3.5)
p(0) = p(T),  p(0) = p(T),
where A € [0,1] and
c
Ja(tp) = Au(tip) + (1= 2) 2,
where o > 0 is fixed and the constant c is chosen as
o, R
c= .
Wk
Lemma 3.1 ([3, Lemma 3.2]). Assume that p is a T-periodic solution of (3.5),

then
i t) >
min p(t) > o|lpll;
for every A € [0,1] and n € N.
Lemma 3.2. There exists a constant C > 0 such that if X € [0,1] and p is a
T-periodic solution of (3.5)), then

1 .
S <p<C <

for every t € [0,T] and n > ng with some ng € N.

Proof. Since (H3) holds, we can choose ng € {1,2,...} such that nio < oR+7, and

1
K*g(oR+v«)+0 P, + —< R.
0

Let NO:{no,n0+1,...}. FiXTLENo.
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We claim that any possible solution p(t) of (3.5) must satisfy p(t) < R, i.e.,
llpll < R. Otherwise, assume that p is a solution of (3.5)) such that ||p| > R. By

Lemma [3.T]
p(t) > ollpl = oR.
On the other hand, using the fact
T
1
— [ Gt s.p5) 4 (s)ds +
0
we have p(t) > 1/n for all ¢ € R. Since 7, > 0, we have
c
Fa(tp(t) + () = (8 p(t) +7(8)) = Af(t,p) + (1~ A) e
Using conditions (H2) and (H3), we have

= | G ot +ras+

T
[ G65) (M s,p() () + (1= Y

T
< [ 6t (lot) + (60 + (1 = )5 s+

/ Gts Jg(oR + v4) + .
N cw* 1
< g(oR+7v.)K +W+TTO
1
=K*g(cR+v.) +0 %0, + - <R,
0

which is a contradiction, and the claim is proved.
On the other hand, using condition (H1), we have

0= [ Gt ol) +(s)ds+

> /OTG<t,s>(A¢R+w<s>+<1—A> s

(1 — A)ews
ZA(I)*‘FT
>d, =:6>0.

Next we prove that |p(t)] < M for some constant M > 0. To this end, by the
boundary condition p(0) = p(T), we have p(tg) = 0 for some ¢y € [0,T]. Integrating
(3.5) from 0 to T, we obtain

g byt = / (B0 + 110 + )

n
Then

16l = max |p(t)] = mex | / 5)ds|

0<t<T 0<t<T

| [ (1206009 2060+ & = ot

0<t<T
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g A l2 2
< [ (£ple) 425D + = o) ds
0

T
=2? / p(t)dt
0
< 20°RT = M.
The proof is complete when we take C' = max{R, M,1/§}. O

Now let us define the operators:
L:D(L) c CY0,T] — L*(0,T),
D(L) = {p € W>(0,T) : p(0) = p(T), p(0) = p(T)},

Lp=p+1p,
N} :[0,00) x C[0,T] — L*(0,T),
2 2
N2 p)(8) = f2(t () +4(0) + —— L

(p(t) +7(8))* ~ n
It is clear that the equation

pAUp= [t p(t) + (1) + s+ — (3.6)

is equivalent to the operator equation
Lp = N; (s, p)-
Since L is invertible, we have
p—L7IN (. p) = 0. (3.7)
Define
1
Q={peC'o,T]: o< p(t) < C and |p(t)| < C for every t € [0,T]},

where C' is the constant given by Lemma [3.2] Obviously, €2 is an open subset of
C1[0,T]. By Lemma

p— LN 0,p) =0
has no solutions p on 0f.

Lemma 3.3. There exist a constant M > 0 such that for each p € [0, M], there
exists no solution of (3.7) on the boundary of Q.

Proof. On the contrary, assume that there exist sequences {un,} and {pn,} such
that

fn — 0 (m — 400), pm €0Q,  pm =L N} (ttm, pm)-
Since {p,,} is uniformly bounded, {N(ttm, pm)} is bounded in L(0,T). Since

L' LY0,T) — C'[0,T]
is a compact operator, there exists a subsequence {pm, } of {pm} such that
L™NR (pmgs pmi) = By 0 — +00,
for some p. Hence
Pm; — P, & — F00.
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Since 99 is closed, we have p € 0€). Moreover,
p=L""N}0,p),

which implies that p solves (3.5)). It is a contradiction since (3.5 has no solution
on Of). g

Lemma 3.4. For u € [0, M] and n € Ny, there exists a positive T-periodic solution
of equation
2 lu2 l2 ( )
p+lp=falt,p+y)+ ——+ —. 3.8
(p+7)*  n
Proof. We need to compute the degree for (3.8). By Lemma the degree is the
same for equations
2 A @ I?
(p+7)? n
for every A\ € [0,1]. Therefore, we consider the equation (3.9) with A = 0, that is
the equation

2 2
.. c W l
p+lPp=—+—3+—,

" (pt7)?  n
which is equivalent to the system
Y =F,(Y),

with Y = (p,u) and
2 2
1 c 1
F,(Y) = (u,—l2p+ — 4+ — 4 —).
(p+7)?  p* n
It is easy to know that F,, has a unique zero (pg,uo) and the determinant of the
Jacobian matrix satisfies |Jp, (po, uo)| > 0. By [I, Theorem 1], the Leray-Schauder
degree of I — L™'N (i, ) is equal to the Brouwer degree of F,, i.e.,

oI — LN (1, ), 9,0) = dp(Fa, (=, C) x (—C,C)) = 1,

C?
which implies that (3.8) has a T-periodic solution p,, for any fixed n € N. O
Up to now, for each n € Ny, we have proved that the system
2 1 ?
p+1p=fult,p+7)+ ——5 + —,
p+p=falt.p+7) R (3.10)

(p+7)%% =,

has a solution (g, pn). By Lemma {pn} is a bounded and equi-continuous
family on [0,7]. The Arzela-Ascoli Theorem guarantees that {p,} has a subse-
quence {pn, }ien, converging uniformly on [0, 7] to a function p € C[0,T]. Without
loss of generality, we can assume that p,, — p as ¢ — co. Moreover p,,, satisfies
the integral equation

maw=1;0m$ﬂ&%x@+w@Mw+

Let ¢ — oo, we arrive at

)= [ Gt (s0pl) + (s + ot

1, 1
@ AP
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Therefore, we have constructed the solution (p, 1) of the system
2

. I
ptCp=flt.p+7) + 3
(p+)? (3.11)
(p+7)%¢ = p.

By the global continuation principle of Leray-Schauder [20, Theorem 14. CJ,
there is a connected set C, contained in [0, M] x €2, which connects {0} x Q with
{M} x , whose elements (p, p) are solutions of system ([3.11)). As a result, we have
also obtained a connected set C, contained in [0, M] x €2, which connects {0} x
with {M} x €2, whose elements (1, p) are solutions of system (1.6, where p = p+7
and €2 is deduced from € with the constant C' being changed as another constant
C.

Let us define the function @ : C — R by

T

B ) [ i
o A1)

It is continuous and defined on a compact and connected domain, so its image is a

compact interval. Since ®(0, ) =0 and @ is not identically zero, this interval is of
the type [0, 6] for some 6 > 0.

Lemma 3.5. For every 6 € (0,0], there exist (1, p, ) satisfying system (L.6)), for
which (u, p) € C and

plt+T)=pt), »(t+T)=e(t)+0,

for every t € R.
Proof. Given 6 € (0, 0], there exist (u, ) € C, such that
®(p,p) = 0.
Obviously, the first equation in (1.6) is satisfied and p is T-perodic. Define

[
o0 | F

which satisfies the second equation in (1.6)). Moreover,

t+T T
pt+T)— ()= /t ﬁ;(Ls)dS = /0 H_gs—9.

O

Now we are in a position to complete the proof of Theorem [2.1} For every
6 € (0,0], the solution of system found in Lemma [3.5 provides a solution of
(1.4) such that

z(t+T) =xz(t)e?, for every t € R.

In particular, if § = 27 /k for some integer k > 1, then z(t) is periodic with
minimal period kT and rotates exactly once around the origin in the period time
KT since ¢(t + kT) = o(t) + 27. Hence, for every integer k > 27/0, we have
such a kT-periodic solution, which we denote by x(t). Let (pi(t),pr(t)) be its
polar coordinates, and uj be its angular momentum. By the above construction,

(1k Pr, i) satisfy system (1.6), (pux, pr) € C, and

T
M 2
—h d ==, 3.12
/0 i (t) k (8.12)
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Since py € (2, we have

2 T T
°m :/ kg BE
k A c?

which implies that limy_, . px = 0. The proof is thus finished.
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