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SOLVABILITY OF NONLOCAL BOUNDARY-VALUE PROBLEMS
FOR THE LAPLACE EQUATION IN THE BALL

MAKHMUD A. SADYBEKOV, BATIRKHAN KH. TURMETOV, BERIKBOL T. TOREBEK

ABSTRACT. In this article, we consider a class of nonlocal problems for the
Laplace equation with boundary operators of fractional order. We prove the
existence, uniqueness and a representation of the solutions. Also it is shown
that the smoothness of solutions in Holder classes depends on the order of the
boundary operators.

1. INTRODUCTION

Let Q = {z € R": |z| <1} be the unit ball, and 92 = {z € R" : |z| =1} be
a unit sphere. Further let, u(xz) be a harmonic function in the ball Q, r = |z,

0 =x/|z,

d - zn: Zj 8

dr = |z| Ox;
For an arbitrary positive number o« > 0, the operator of fractional integration in
the Riemann-Liouville sense of order « is the expression [I1]:

I*u)(x) = P—) /OT (r —7)* tu(r, ) dr, r>0.

(a
Since I*[u](x) — wu(z) almost everywhere as @ — 0, by definition we suppose
I°[u)(z) = u(x).

A fractional differentiation operator is naturally defined as the product of a frac-
tional integration operator and differentiation operator of integer order. Thus, de-
pending on the sequence of multiplication of operators their properties are changed.
The most famous operator of the fractional differentiation is the Riemann-Liouville
operator [11],

rrDu](x) = C%Il*a[u](:r), 0<a<l

In another order of multiplication we obtain fractional differentiation operator in
the sense of Caputo [I1],

oD% (x) = " *[u|(z), 0<a<l.
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Denote

B*[ul(z) = r* R, D*[u] (),
Bl u](z) = r*c D [u](x),

1 ! a—1_—«a
)/0 (1 —9)*" s Yu(sz)ds.

B™[u](z) = T(a)

Note, that properties and some applications of the operators B*, BY and B~¢
to solvability questions of the local and nonlocal boundary-value problems were
studied in [I0, 20].

The organization of this article is as follows. In Section [2] we give the formula-
tion of the basic problems and some historical information about boundary-value
problems with boundary operators of fractional order. In Section [3] we provide
auxiliary statements. These statements are related with properties of the solutions
of the Dirichlet problem and boundary-value problem with the boundary operators
of fractional order. In Section [ we prove theorems on the uniqueness of solution
of the studied problems. Finally, Section [fis devoted to study of the main prob-
lem, where we formulate and prove theorems on existence and smoothness of the
solution.

2. FORMULATION OF THE PROBLEM

Denote
0Ny =00n{x e R": 2z >0},
oN_=00n{xe Rz, <0},
I=00Nn{zeR": 2, =0}
We associate each point = (21,22, ...,2,) € ) with its “opposite” point
" = (a121, a2, . .., anTy) € £,
where a; = —1 , and aj,j = 2,...,n take one of values £1. Obviously, that if

x € 004, then z* € 0Q_. In the domain ) we consider the following boundary-
value problems.

Problem 2.1. Find a function u(z) € C?(Q) N C(Q) such that B*[u](z) is a

continuous function in the domain 2, and satisfies the following conditions:

Au(z) =0, x €, (2.1)
u(x) — (=D)Fu(z*) = f(z), x €0y, (2.2)
reD[u](z) + (=1 rrDu](z*) = g(x), =z € Q. (2.3)

Problem 2.2. Find a function u(z) € C?(Q) N C() such that B[u](x) is a
continuous function in the domain €2, and satisfies equation , equation
and

e D°lul(w) + (—)* oD [ul(z") = gla), = € 90,
where k = 1,2, 0 < a < 1, f(x) € CM*(0Q4),g(z) € C*(094),0 <A< 1, A+ a -
non-integer.
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When k = 1, problems [2.I] and [2:2] are called antiperiodical boundary-value
problems, and when k = 2 - periodical boundary-value problems.

Necessary condition for existence of a solution of the problem (problem
with smoothness u(z) € C?(Q) N C(Q), B*[u](x) € C(Q) (B2u](x) € C(Q) ) is
fulfillment of the matching conditions:

(0,20, ...,2) + (=DFf(0,a020, ..., anx,) =0, (0,29,...,2,) €1, (2.4)

g(0,29,...,2,) — (—1)169(0,&23:27 cesann) =0, (0,29,...,2,) €1, (2.5)

af(O,ZZZQ,...,’JJn) kaf(O,ago:Q,...,an:cn)
aS(}j 8xj

+(-1) =0, (0,x2,...,2,) €I, (2.6)
when A + « > 1. Furthermore we assume that these conditions are satisfied.

Note that numerous publications were devoted to the questions of solvability of
boundary-value problems for elliptic equations with boundary operators of frac-
tional order, see [5] 6 10} [12] 13, 15l 20] 21 22| 23] 24] 25, 26].

In [B) 00, 12, 13} [15], the Laplace equation nonlocal boundary-value problems
with boundary operators of fractional order were investigated. It should also be
noted that some questions of solvability of nonlocal problems for fractional order
equations in the one-dimensional case were studied in [II, 2, O] 14, [16] 19, 27]. In
these papers the natural generalizations of the Samarskii - Bisadze problem were
studied, when nonlocal conditions were given in the relation form of the boundary
values with values of the desired function within the domain. In this paper we
consider the problems when non-local conditions are given in the form of periodic
or antiperiodic conditions.

Since
du(x)

dr ’
then when a = 1 derivatives ¢ D%, pr, D% coincides with derivative in the direction
of the vector r = |z|. Note, that this case, i.e. when o = 1, was studied in [I7, [I§].
In particular, the following propositions were proved.

reD'[u](z) = ¢ D'[u](x) =

Theorem 2.3. Let k = 1, f(z) € C*HA0Q,), g(z) € C*O024), 0 < XA < 1 and

the matching conditions (2.4), (2.5), (2.6) hold. Then a solution of problem
(pmblem exists, it is unique and represented in the form:

wr) == [ PG s+ [ G o,

where G1(x,y) is Green function of the anti-periodical problem (problem :

Ci(a,9) = 5[Cnla9) + Gola,y") + Onla,y) ~ Onla, ),

Gpl(z,y) - Green function of the Dirichlet problem, Gy (x,y) - Green function of
the Neumann problem.

Theorem 2.4. Let k = 2, f(x) € C1TA00Qy), g(z) € CMONy), 0 < A < 1 and
the matching conditions (2.4]), (2.5), (2.6) hold. Then for solvability of problem

(problem [2.2) it is necessary and sufficient fulfillment of the condition

/ g(y) ds, = 0.
Lol
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If a solution exists, then it is unique with up to a constant and can be represented
as

0G5 (x,
u(z) = _/ yf(y) dsy + Ga(z,vy)g(y) ds, + const,
o0 Ty o0,

where Go(x,y) is Green function of the periodical problem, that is defined by the
equality:
1
GQ(xa y) = i[GD(x, y) - GD(x7 y*) + GN(Ia y) + GN(xv y*)] + const.

Later we will conduct a full investigation of the questions of existence, uniqueness
and smoothness of solutions of problems 2.1 and [2.2] depending on the order of the
boundary operators within 0 < o < 1. Moreover, for completeness of investigation,
we give proofs of some statements in the case o = 1.

3. AUXILIARY STATEMENTS

To investigate questions on solvability of the problems[2.1]and [2:2] we have to pro-
vide some properties of the operators B*, B and B~*. The following propositions
have been proved for the case 0 < o < 1 in [10], and for « =1 in [4].

Lemma 3.1. Let function u(z) be harmonic in the domain . Then
(1) for any « € (0,1] functions B*[u](x), B¥[u](x) are also harmonic in Q;
(2) if a € (0,1), then the function B~%*[u](z) is harmonic in §2;
(3) if a =1, then for u(0) = 0 the function B~ [u](z) is harmonic (2.

Lemma 3.2. Let 0 < a < 1, function u(x) be harmonic in the domain and con-
tinuous in Q. Then, if B®u](z), B&u|(x) are continuous in the domain ), Then
the following equalities are true:
(1) for any a € (0,1),
B~ [B*[u]|(z) = B*[B"[u]](z) = u(z), z€Q, (3.1)

(2) for any « € (0,1),
Bi[u](z) = Blu)(z) — 57—

(3) if « =1, then
BB [u])(x) = u(x) —u(0), z€Q (3.2)
(4) if a =1 and u(0) = 0, then
BB [u]](z) = u(z),z € Q.

Let v(z) and w(x) be solutions of the following problems:

Av(z) =0, z€Q,
(3.3)

v(z) =7(x), =€ I,
and
Aw(z) =0,z € Q,

B%w](x) = p(x),x € ON.

The following propositions refer to the smoothness of the solution of the Dirichlet

problem (3.3)) (see[d]).

(3.4)
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Lemma 3.3. Let A > 0, A\ - non-integer and 7(x) € C*(0S). Then a solution
of problem (3.3)) exists, belongs to the class C*(Y) and for any multi-index 3 =
(B1, B2, - -, 0Bn) with |B] > X the following estimate is true:

|07v(x)] < C(1 — |2])* 17, (3.5)

3 _ 0'8ly(x)
where 0°v(x) EE e

And the converse is also true.

Lemma 3.4. Let A > 0, v(z) € C*(Q) N C(Q) and for any multi-index =
(B1, Ba, ..., Bn) with |B] > X the inequality (3.5)) holds. Then v(x) € C(Q).

The following statement defines smoothness of a solution of probelem (3.4]) (see
[24]).

Lemma 3.5. Let A > 0, 0 < a < 1, p(z) € CHIN), X and X\ + a - non-
integer. Then a solution of the problem (3.4)) exists, it is unique, belongs to the
class C*T(Q) and can be represented as

w(z) = /8  Palauly) ds,

where .
1
Palesy) = e [ (1= 9" 15 Plaz.g)ds,
L(a) Jo
_ 1 1-jz? ; -
P(z,y) = - =yl - Poisson kernel of the Dirichlet problem (13-3).

Let us give a proposition about smoothness of the fractional derivative of the
Dirichlet problem.

Lemma 3.6. Let A > o, 0 < a < 1, A and A\ — « non-integer. Further, let
7(z) € CMOR), v(z) be a solution of the Dirichlet problem (3.3). Then B[v](z) €
Cr(Q).

Proof. Let v(z) be a solution of the problem (3.3). Introduce the function B*[v](x)
in the form

B0l(0) = 7= = 5 - /0 (v — 1) u(r0)dr =

- da /O (1 - &)~ w(Ex)de

F(l—a)dr
L o e d [ .
= rrmar = e [ g e
1 d 1 B
- rrma g 1= [ - u(enas

Denote 1
or(z) = /0 (1- &) w(Ex)de.

Let 8 be a multi-index 8 = (061, f2,...,0,) with |5] > A+ 1 — a. Since 7(z) €
C*(09), due to the lemma [3.3|v(z) € C*(Q) and

|070(x)] < C(1 — |17,
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Then
1
@) <C [ (1=~ ) Vas
0
Represent the last integral in the form
1 |z 1
[-fsfne

0 0 |z

and estimate I7.
We consider two cases:

(a) Let 1/2 < |z| < 1. Since for any £ € [0, |z|] inequalities 1 —§|z| > 1 — € and
\§||ﬁ| < 1 are true, it follows that

(1 —>=olBl g
B —A—1talo

(1= )11 1] < 01 [ M1

|]
I < C’/ (1- g)k—a—\ﬁ\dg =
0

B 1
Bl = A-1+a
b) Let || < 1/2. In this case 1 — £|a| > 1 — |z|> > 1 — 1 = 3. Consequently,

171
I, < C,i.e. I is bounded. Thus, in general case

I <O(1 — |g|)Mimelibl

Next we estimate integral I5. In this case for all £ € [|z|, 1] inequality 1 — &|z| >
1 — |z| holds, and, thus

(1= €fol)* 1 < (1= [a) 1,
Then
1
Al AR

0

1— 11—«
=(1- |$|)/\_‘ﬁ“( 1 _S)a ’\iq
(1= fe) el

11—«
Hence, for any multi-index 8 = (61, 52, . - ., On) with |8] > A+ 1 — « the inequality
0701 (2)] < C(1 = [g)) 7V

holds. The by lemma [3.4{ v (z) € CA1=2(Q). Since

1 d
@ — —
B*w](z) = Ti—a) (rdT +1 oz)vl(:zc)7
then obviously, B®[v](z) € C*~%(Q). The proof is complete. O

Lemma 3.7. Let 7(z) € C(0Q) and v(z) be a solution of B.3). If 7(z) has the
property
7(z) = £7(z"), =€ 00y,

then for any x € Q, we have v(z) = +v(z*).
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Proof. If 7(x) € C(99), then a solution of (3.3]) exists and can be represented as a
Poisson integral:

oe) = [ Pl ds, (3.6)

Using property of the function 7(z), the function (3.6) can be represented as
follows:

1 1— |z 1 1— |z|?
v(z) = — ———7(y)dsy, + — ——7(y)ds
Wn JoQ, lz =yl Y wn Jog_ lz -yl Y
1 1—|z|? 1 1—1z]2 .,
"o, o0, 1T — y|”7(y) doy + wn Joq, |z — y*\"T(y ) dsy
n " n +
1 1— |2f? 1 1— |z
=— T (y) dsy £ — T T(Y) dsy

wn Joqa, |z —y|" wn Joq, |z —y*|"

1 1—|z|? 1—|z|?
= — ~ ——|7(y) dsy.
Wn Joa, |z —yl |z — y*|

Then for v(z*) we have

. 1 1— |z*|? 1—|z*|?
v(a*) = — [ *l —+ — | *|n]7'(y)dsy
Wn T* —y T —y
a9,

Further, since |z| = |z*| and

@ —y” = (aja; —y;)? =D (aFa] — 205w, + )

j=1
— |z — y*|2
then
I e T
v(z*) = —/ [ ” —+ — " n]T(y) ds,
Wn Joa, lz* — g |lz* — y*|
1 1—|z|? 1—|z|?
=+ | |n | *| —|7(y) dsy = v(x).
Wn Jo, lz -yl |z — y*|
The proof is complete. [

4. UNIQUENESS OF A SOLUTIONS TO PROBLEMS [2.1] AND [2.2]

Theorem 4.1. If a solution of problem exists, then

(1) when k= 1,2 for all o € (0,1) the solution is unique;

(2) in the case « = 1 when k = 1 the solution is unique, and when k = 2 it is
unique up to a constant value.

Proof. Suppose that u(z) is a solution of the homogenous problem. Then due to

we obtain
u(x) = (—1)ku(x*), x €00, (4.1)
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Let a € (0,1). Apply the operator B* to the function u(x). Then by the lemma
function B*[u](x) is harmonic in the domain 2, and since

B[u)(z)|,¢, = reD*[u](z)] 5,
and due to the boundary condition , it follows that
Bu)(x) = —(=1)*B*[u](z*), x € 00Q,.
Further, since B[u](x) € C(f2), then from lemma |3.7| for any = € Q it follows that
Bful(z) = —(~1)* B[u](=") (42)

Applying the operator B~% to the equality (4.2, and taking account equality
(3.1), we obtain

i.e. for all x € Q, we have u(x) = —(—1)*u(z*).
In particular, we get

u(z) = —(=DFu(z®), =€ Q. (4.3)
Comparing equalities and we have u(zx) = 0 for z € 9Q; thus
u(z) =0, z €.
Then due to maximum principle for harmonic functions:
u(x) =0, =€

Now let @ = 1 and &k = 1. Then from the boundary condition (2.2)) we have
u(z) = —u(z*), and from (3.2)) and condition ([2.3)),

u(z) — u(0) = u(z*) — u(0).
Consequently, u(z) = u(z*); thus, u(z) =0, z € 9Q. Then
ulx) =0, x€f.

If k = 2, then from condition ({2.2]) we obtain u(x) = u(z*), and from the conditions
B2) and @23):

Then
u(z) = 2u(0) = const, z € 99,
hence u(x) = C,z € Q. The proof is complete. O

The following result can be proved analogously, as the above theorem.

Theorem 4.2. If a solution of problem exists, then
(1) when k =1 for all a € (0,1] the solution is unique;
(2) when k =2 for all a € (0,1] the solution is unique up to constant item.
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5. EXISTENCE OF A SOLUTION

Let a function P, (z,y) be defined by

1 1 1 —
— 1—35)*""s*P(sz,y)ds, 0<a<l
Pa(a, ){r(a) fo( ) ( Y)

= 5.1
fol [P(sz,y) — 1}%, a=1 (5:1)

Theorem 5.1. Assume that in problem : f(z) € CAM(00y) and g(x) €
CMNONy), where 0 < A< 1,0 < a <1, A and A+ « - non-integer. Then
(1) if a € (0,1) and k = 1,2, then a solution of the problem exists and is unique;
(2) if a =1, then for k =1 a solution of the problem exists and is unique, and
for k = 2, for existence of a solution of the problem it is necessary any sufficient
the fulfillment of the condition:

/ 9(y) dsy =0, (5.2)
o0,

If a solution of the problem exists, then it is unique up to constant term;
(3) if a solution of the problem exists, then it belongs to the class C*+*(Q), and
can be represented as follows:

1

) =5 [ 1P = () Py ) ) dsy

1

* 2 /89+ [Po(z,y) + (=1)* Py (z,y")]g(y) ds,.

Proof. We introduce the auxiliary functions:

It is obvious, that u(z) = v(z) +w(z). Assuming, that u(z) is a solution of 2.1} we
find two problems, satisfied by v(x) and w(x). The function v(z) is a solution of
Dirichlet problem (3.3]), and the function w(x) is a solution of the problem (3.4)),
where

1 .
s f(x), if z € 00
r@)=47 ' (5.4)
~CDpa), ifx e a0
and
1 .
=g(x), if z € 00,
pa) = (5.5)

72)}9 flz®), ifzed_
Indeed, if x € 094, then

7(2) = 0(a) g, = Slu(e) — (~1)fua)] |y, = L.
And if z € 99_, then in this case z* € 0001 and
() = v(@loa_ = [u(z) — (~1)Fu(z")
—_1)k 2
= - e — (-0l = (-1 L)

Thus, a function 7(z) is defined by equality (5.4)).
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Further,
B [w](z) = %[BQ[U](JJ) +(=1)*B*[u](z")],
and, hence
1
Ba[w]($)|ag+ = 59(1’)7
Bl @)on_ = (-1 22,

2
i.e. for the function p(z) we obtain equality (5.5)).

If 7(z) € C**(9Q), then for any a € (0,1] a solution of the Dirichlet prob-
lem (3.3) exists, belongs to the class v(z) € C***(Q) and is represented as (3.6)).
Further, since for 7(y) equality (5.4]) holds, then

1 1—|z|? 1 1—|x|?

v(r) = — T(y)ds, + — T(y)ds
(=) Wn aQ+|3«"—y|n() Y wn Joa_ lz -yl (v) dsy

1 1—|z[? (=1)* 1—|z]*,

= —f(y)dsy — / ~f(y")dsy
2wn Jaq, 1T =yl 2wn Joa_ T =yl

1 1—|zf?
2wn Jaa, |z —y|"

B }/ [P(z,y) — (=1)" P(a,y*)]f(y) dsy.
904

fy)dsy — (_1)16/(9 L= |2 fy) dsy

200 Joq, lv—y*

2

Let 0 < a < 1. By lemma [3.5| when pu(y) € C*(9€) a solution of problem (3.4)
exists, belongs to the class C*T(Q) and is represented in the form

w(x) = /69 Po (@, y)u(y) dsy.

Then, using the representation of the function u(y), we have

w(x) = /aQ Po(z,y)u(y) dsy

1 (=D*

1

=3 /8Q+ [Po(z,y) + (—1)* Po(z,y")]g(y) dsy.

Thus, in the case 0 < a < 1, k = 1,2 for a solution of the problem [2.1]representation
holds. Now let & = 1. In this case the problem is the Neumann problem
and for the existence of a solution of this problem it is necessary and sufficient
fulfillment of the condition:

p(y) dsy = 0. (5.6)
oN

If £ =1, then due to the equality (5.5)),

1 1 X
/ w(y) dsy = 7/ g(y) dsy — f/ 9(y") dsy
99 2 Jaa, 2 Jaa_

1 1
= */ g(y) ds, — */ g(y) ds, = 0;
2 Joa, 2 Joa,
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i.e. in this case condition of solvability (5.6) always holds, hence a solution of
problem (3.4]) exists. If k = 2, then

1 1 ”
/ w(y) dsy = 7/ g(y) dsy + 7/ 9(y*) dsy :/ 9(y) dsy,
a0 2 Joq, 2 Joq_ o9,

and then condition on solvability of Neumann problem (5.6|) can be rewritten in the
form ([5.3)). It is known [7} 8], that a solution of the Neumann problem is represented
as follows:

wi@)= | Pueyuty)ds, + € (5.7)

where

Py = [ 1Py -1

Further, using representation of the function p(x), function (5.7) is easy reduced
to the form

wia) = [ . P) — P gty s, +C. (5.8)
Note, that if 2* = (=1, a3, . . ., niy), then
(@) = (21,29, .., @n) = .
Then
W) = 3 (u(e®) + (~)u(a)
= L) ule) + u(a)

— (-D* (u(@) + (=1)*u(z")) = (-1 w(a).

Thus, when k = 1 the function w(z) has the symmetric property
w(zr) = —w(x*),z € Q.

For the function this is possible, only when C' = 0.

Hence, when k = 1 for a solution of problem we obtain representation ([5.3)).
If & = 2, then w(z) = w(z*), € Q. In this case the solution of Problem is
unique up to a constant term and the representation holds. The theorem is
proved. 0

Let a function PZ(z,y) be defined by

1 — —
w7 Jo (1=5)2 "1™ [P(sz,y) — 1]ds, 0<a<1

Pé(%y)={ Y

s [P(sz,y) — 1]ds, o1 (5.9)

The following proposition can be proved analogously to the above theorem.

Theorem 5.2. In problemletO <a<l, f(z) € CM(00,), g(x) € CMNNy),
0<A<1, X and A+ « - non-integer. Then

(1) if k =1 a solution of the problem exists and unique;

(2) if k = 2 then for solvability of the problem it is necessary any sufficient
fulfillment of the condition . If a solution exists, then it is unique up to constant
term;
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(3) if a solution of the problem exists, then it belongs to the class C*t(Q), and
can be represented as:

u@) =5 [ 1P@) = (0Pl ds,
N (5.10)
by [ P+ GO o) s,
Pon

6. EXAMPLES

Example 6.1. Let n = 2, ay = —1, k = 1. Then in problem [2.I] we obtain the
boundary value conditions:
u(l, o) +ul,p+m) =flp), 0<p<m,
Bul(1,¢) = B*[u](1,o+7) = g(p), 0<p<m

By the theorem [5.1] problem [2.1] has a unique solution, which can be represented
as follows

uw) = - [ 1Pie = 0) 4 Plro - 0)lF(0)
tom [ 1Patrie = 0) = PaCro - 0)la(6) o

In [21], an explicit form of the function ([5.1)) was obtained:

cos[(1 — ) arctan 122}2 | 1
Pa(r,y) = 20(1 = o) et - o).
(1 —2rcosy+12)72 2

Then a solution of the problem has the form:

()—ifr Lot £(6)d6
W= on o 1—2r2cos2(p—0)+r*

) T(1—a) /7r cos[(1 — a) arctan %] (0 do
—= 9
2m o (1—=2rcos(p—0)+r2)="
I(1-0) /7r cos[(1 — ) arctan %}9(9) "
2 o (14 2rcos(p—0)+r2)=" .

Example 6.2. Let n =2, a; = 1, k = 2. In this case, the boundary conditions of
the problem have the form

uw(l, o) —u(l,2mr —p) = f(p), 0<p<m,

BLul(1,9) — BYul(1,2m — ) = g(¢),0 < p < .
By Theorem [5.2] for the solvability of the considered problem it is necessary and
sufficient fulfillment of the condition foﬂ g(0)do = 0. The problem has a unique
solution up to a constant, which is represented in the form (5.10)). As in Example

one can construct the explicit form of the function (5.9)), and then the solution
has the form:

I 1—r? 1—r?
u(z) = %/0 {1—2rcos(<p—0)+r2 a 1—2rcos(<p+0)+r2]f(9)d9
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(Rl ol SR
2 o (1=2rcos(p—0)+r2)="

.\ (1l - a) /7r cos[(1 — «) arctan %}g(e) "
2 0o (1—2rcos(p+0)+r2)=" '

Conclusion. In this paper questions about solvability of some nonlocal boundary-
value problems for the Laplace equation are studied. Boundary conditions are given
in the form of periodic or anti-periodic conditions, i.e. values of the function and
values of the fractional derivative in the upper part of the boundary are associated
with the values of these functions in the bottom part of the boundary. Theorems on
existence and uniqueness of solutions are proved, and conditions for solvability of
the investigated problems are established. Moreover, in the Holder class the order
of smoothness of the solution are studied depending on the order of the boundary
operator.
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