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NONEXISTENCE OF GLOBAL SOLUTIONS FOR
DIFFERENTIAL INEQUALITIES OF SOBOLEV TYPE

MOHAMED JLELI, BESSEM SAMET

ABSTRACT. In this article we study three differential inequalities of Sobolev
type. Using Pokhozhaev’s nonlinear capacity method, we provide sufficient
conditions for the nonexistence of global nontrivial weak solutions to these
problems.

1. INTRODUCTION

Pokhozhaev [9] introduced a new method for studying the blow-up of solutions.
This method is based on the the notion of nonlinear capacity generated by a dif-
ferential operator. Using this approach, Pokhozhaev and Mitidieri [8] studied for
the first time the blow-up of solutions of nonlinear partial differential equations
of arbitrary order. After these works, many other results on the nonexistence of
time-global solutions of nonlinear evolution equations were obtained on the basis of
this method. For more details, we refer the reader to [2} 3] 4] [5] [6] [7] and references
therein.

Basing on Pokhozhaev’s nonlinear capacity method, Korpusov and Sveshnikov [7]
determined the Fujita critical exponents for some differential inequalities of Sobolev
type in the entire space RY. Recently, Alsaedi et al [I] extended the results in [7]
by considering time fractional derivatives and fractional power of the Laplacian
instead of the classical time derivatives and the usual Laplacian.

In this paper, we study the question of nonexistence of nontrivial solutions to
three classes of differential inequalities of Sobolev type. This work aims to extend
the recent results of Korpusov and Sveshnikov [7].

2. RESULTS AND PROOFS

Problem 1. We start with the differential inequality

OFuy

—A— >
otk —

|ul?, (2.1)

2000 Mathematics Subject Classification. 35B33, 47J35.

Key words and phrases. Differential inequality of Sobolev type; nonlinear capacity method;
global solution; nonexistence.

(©2014 Texas State University - San Marcos.

Submitted August 3, 2013. Published October 10, 2014.

1



2 M. JLELI, B. SAMET EJDE-2014/209

subject to the initial conditions

o oF—1
u(z,0) = uo(z), ai,lz(mvo) =u1(z), ..., Wj(x,()) = ug—1(x), reRY,
(2.2)

where k € N* and ¢ > 1. We set RY ™' = [0,00) x RV,
Let us make precise the mean of a weak solution to (2.1)-(2.2).

Definition 2.1. A weak solution to (2.1)-(2.2)) is a function

weld

loc

k—1
RYTY),  (uo, ..., uk—2,ur—1) € (Lic(RY)) x LY(RY)

satisfying the inequality

k
- Zji + (—1)FH! / uAo™® dz dt > / |u|?p dx dt, (2.3)
= R+ R+
for any nonnegative regular function ¢, ¢(-,t) =0, t > T, where
I = (—1)i/ up—i(2) AV (2,0) dz, 1<i<k.
RN

Our first main result is the following.

L RM) T X LYRY)

Theorem 2.2. For any functions (ug, ..., Ux—2,Ux—1) € (Ll
and any q > 1, problem (2.1)-(2.2) has no global nontrivial weak solutions.

Proof. Assume that the solution is nontrivial and global. Using the e-Young in-
equality
ab <ea” + C.b%,

with » = ¢ and s = ¢/(q¢ — 1), we obtain

/ || Ap®)| da: dt
]RN+1
- (2.4)
< 6/ lu|%p dx dt + C. / @ V@D Ap®) |9/ @=1) g gt
Rf+l Rfﬂ

Using (2.3)), (2.4), and taking € = 1/2, we obtain

L/N+JUWwdxdtS(7(/;+1W_U@_nhﬁwwnwm_ndxdt
RY RY

. - (2.5)
#3260 ).
At this stage, we take the test function ¢(x,t) in the form
Pl ) =A@, el =v(m). @@ =v(ld). @)
with a > 0, 8 > 0, and R > 0; where
1 if0<¢<1,

¥(§) = { decreasing if 1 <€ <2,
0 if &> 2,
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with ¢ chosen sufficiently large such that

2 () (k) q/(¢—1) At (lyl2)2/(a—1)
[ g [ SR
O 1<pyleva P(lyl?)H/ e
Observe that
/ il AV (z,0) | dz =0, 2<i< k. (2.7)
RN
On the other hand, since u,_; € L'(RY), we obtain
lim |ug—1]|A¢(x,0)|dz = lim lug—1]|A¢pa(z)|dz = 0. (2.8)
R—oo JpN R—co Jpe<|z|<Vv2RA

Now, Let us consider the change of variables 0 = Rt and y = R Pz. We
obtain

/ o1/ | A0 |/ (@=D) g 4f — Oy RNA+Ha—(2B+ka)a(a=1), (2.9)
RN+1

+

where

2 (b)) (K -1 001,12 1
_ |(®")*) () |4/t~ |AYE(Jy2)[a/ (D)
“- (/1 pt/(a=b(o) da) (/1<|y<ﬁ b(|yl?)e/ =1 dy) =

Now, from (2.5)), (2.7) and (2.9), we have

/N \u|q<pdmdtSC(ClRNﬁJra’(QﬁJrka)q/("’l)+/ |uk_1|\A<p(m,O)|dx>.
R++1 RN

(2.10)
If we choose
a N(g—1)—2q
g (k=1g+1"°
then we obtain NG+ a — (28 + ka)q/(¢ — 1) < 0, which implies that
lim RNB+a—(28+ka)e/(a—1) — (. (2.11)
R—o00
Moreover, by the monotone convergence theorem, we have
lim |u|%p dx dt = / |u|?dx dt . (2.12)
R—oo ]RN+1 RN+1
+ +
Finally, using (2.8]), (2.10), (2.11)) and (2.12), we obtain
/ |u|? dz dt = 0,
RY+1
which is contradiction. (]

Remark 2.3. If £ = 1 in Theorem then we recover the constrain imposed in

p
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Problem 2. We consider the differential inequality

AT A > (213)
—A—— — A(Ju|’" u U .
otk -

subject to the initial conditions

ou 1y

u(z,0) =wo(z), —(2,0)=ui(x), ..., ST

5 (2,0) = ug—1(z), =€ RY,

(2.14)
where Kk e N*, p > 1 and g > 1.

Definition 2.4. A weak solution to ([2.13))-(2.14)) is a function

max k—1
we L @NFY) (g g g, up 1) € (L (RV))Y x LYRY)

loc

satisfying the inequality

k
_ZL-+(—1)‘““/ ulp dwdt—/ |ufP~ ulp da dt
/ RN+1 RN-H
i=1 + + (2.15)

z/ Julip da dt,
RN+1

+

for any nonnegative regular function ¢, ¢(-,t) =0, t > T, where
Iy = (—1)i/ up—i () AV (2,0 dz, 1<i<k.
RN

Theorem 2.5. Let (ug, ..., uk_,ux_1) € (LL (RV)) ™ x LI(RN). If

loc

2(gk+1—p)
k(g —p)

then problem (2.13))-(2.14) has no global nontrivial weak solutions.

Proof. Assume that the solution is nontrivial and global. We start by writing

g>p>1, N

p|drdt = ulCpt T p| dz dt.
ulP|Ap| dx dt PP/ 1o~ P/9| Ay da dt
Rij‘*’l R{:‘Fl
Using the e-Young inequality with parameters r = ¢/p and s = ¢/(¢—p), we obtain

/ |ulP|Ap| dz dt < 6/ lul|?e dx dt + C; / @ P/ AP | Ap|9/ 9P g dt.
RN+1 RN+1 RN+1
+ + +

(2.16)
Again, by the e-Young inequality with parameters r = ¢ and s = ¢/(q¢ — 1), we
obtain

/ lul| A | da dt
RN+1
* (2.17)
< 5/ |ul?p dx dt + C. / e V@D ApW) /(@D gy gt
Rerl ]Rerl
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Using (2.15)), (2.16)), (2.17) and taking € = 1/4, we obtain

lul%p dx dt < C( @ P/Ia=P) | Ap|9/aP) dy: dt
RNV+L RN+1
+ +

—1/(¢—1) (k)|a/(a—1)

+

+Z / IIAGE (@,0)] dr).

We take the test function ¢(z,t) in the form such that

k) (g)[a/(a=1) AQE( a/(q—1)
WO ) .
1 Pt/ a1 (o) 1<lyl<va  Y(ly?)¥/ =D
and e
AL (ly|?) 9/ (a—p
[ s,
1<lyl<va  Y(ly?)e/ap
As in the proof of Theorem we observe that
/RN i |2V (z,0) [ dz =0, 2<i<k (2.19)
and
Rle |uk 1||A¢(x,0)|dz = ngnoo [ |ug—1]|Apa(z)|dz = 0. (2.20)

Now, Let us consider the change of variables ¢ = R~“t and y = R~%z. We obtain

/N+ ‘Pfl/(q71)|A<P(k)|q/(q71) dxdt = C1RNﬁ+a7(2ﬁ+ka)q/(q71)’ (2.21)
RY*!

where

2 &y (k -1 ¢ 2 —1
_ ([P 1@HP (o)) e | At (Jy[2)|a/a=D)
Cl*(/l Yt (o) da)(/1<|y<¢§ (Jy?)/ D) dy) < oo

Similarly, we have

/ @ P/ @D Ap|9/a=P) gy dt = Cy RNP+o~204/(a-p) (2.22)
N+1

where

2 2(1.12)|a/(a—p)
=( v d0></1§|ys¢§ m:f(@y?')gqu—qpp ) <o

Now, using ([2.18)), (2.19), (2.21]) and (2.22]), we obtain

/ |u|%p dx dt < C(ClRNB+a*(25+ka)q/(q—1)
RYT? -

(2.23)
+ CyRNB+a—284/(a—p) +/ |ug—1]|Ap(x,0)] dw).
RN

In the case
2(gk+1—1p)

N < 7
k(g —p)
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we have
Ng-1)-2q _ 2

I+(k-1)q q-p
We choose the pair (o, ) such that
Ng—-1)—-2¢ o 2¢
l+(k—-1)g B q-p

— N.

We obtain
NB+a—(28+ka)g/(¢q—1) <0 and NB+a—28q/(¢q—p)<0. (2.24)
Finally, letting R — oo in (2.23), using (2.20) and (2.24)), we obtain

/ |u|? dz dt = 0,
RYT!

which is contradiction. O

Remark 2.6. If K = p =1 in Theorem then we recover the constrain imposed
in [7].

Problem 3. We consider the differential inequality

0
= g (Aul™u) + AlulPu) = Allul"u) > Jul?, (2.25)
subject to the initial condition
u(z,0) = ug(z), x€RY, (2.26)

where m > 0,p>0,n>0,q¢>0, A € R.

Definition 2.7. A weak solution to ([2.25))-(2.26]) is a function

max{m+1,p+1,n+1,q} p N+1
loc (RJr )

u €l

such that
’U,o|U,0|m S Ll(RN), u0|uo|p S Ll(RN)

and the condition

/ [u|™ulA¢" + Nu|Pup'] dz dt — /N [u|"ulA dz dt
RY+

N+1
R

+ / [uo| ™0 Ap(, 0) + Muo|Puog(z, 0)] da (2.27)
]RN

> / |u|%p da dt
RN+1

+

is satisfied for any nonnegative regular function ¢, ¢(-,t) =0, t > T.

Theorem 2.8. Let ug be such that uglup|™ € L*(RY) and upluplP € L*RY).
Suppose that ¢ > min{m,p,n} + 1,

N(g—m—1)—-2q N(q—p—l)}<
m-+1 ’ p+1

)\/ |uo[Pug dz < 0.
RN

Then problem (2.25)-(2.26) has no global nontrivial weak solutions.

2¢g—N(g—n—-1)
qg—n—1

max { ’
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Proof. Assume that the solution is nontrivial and global. We start by writing

/N |U|m+1|Agﬁl|dz dt = /N |U|m+1gﬁ(m+1)/q(p7(m+1)/q|A(pl|dl‘ dt.
R+ Ry

Using the e-Young inequality with parameters r = ¢/(m+1) and s = q/[¢—(m+1)],
we obtain

/ "L A | dar it
RNV+L
* (2.28)
< 6/ |u|%p dx dt + C’s/ @ (mHAD/la=(m+DI A |9/ la=m+D] gy .
Rf+1 R-]%\—H—l

Similarly, we have

L. P deds

- (2.29)

< 6/ lul% dz dt + C. / @~ (P+1)/la=(p+1)] |¢/|q/[qf(p+l)] de dt
RY+L RN+

and

/ lu|" T | Ap| dz dt

RN+1

- (2.30)
< g/ |u|?p dx dt + C / @~ D/ la= (DN A p|a/la=(FD] gy g

- RV c RV

Now, for e = 1/[2(2 + |A)], using (2.27)), (2.28), (2.29)) and (2.30)), we obtain

/ |u\qapdzdt<0(/ —(m+1)/la=(m+ D)) A o 0/ la=(m+ D] gy gy
RV+1 N+1

+

+/ o~ (P+1)/la=(p+1)] %4 ‘Q/[q (D] g dt

]R“

+z

(2.31)

+1

+/ o=+l D] A pfa/la=(+ D] g gy

e
+2

+/ [Juo| " upAp(x, 0) + A|ug|[Pupp(x, 0)] d:r)
RN
We take the test function ¢(z,t) defined by (2.6) such that

2 |1 (o) |9/ la—(r+1)] At q/lg—(s+1)]
WA, [ LR
P(o)e/la—(r+1)]= 1<|y1<va Y (|yl?) (s4+1)/[g—(s+1)]

for r € {m,p} and s € {m,n}. Observe that

dy < o0,

lim [Juo| ™ upAp(x, 0) + Aluo|Puop(x, 0)] de = )\/ |uo|Pug d. (2.32)
R—oo JpN RN

Let us now consider the change of variables ¢ = R~“t and y = R~Pz. We obtain
/ o (D) /la=(m+1))| A o/ la=(m+1)] gy gy
RN+1

y (2.33)
_ ¢y ROHON-a(28+0)/la—(m+1)]
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where
2 1 (g)]9/la—(m+1)]
— pa/la=(m+1)] [V (o))
Cr=t ( \ 0(0)a/la—(mFDI— do)
< v
1<ly)<v3 Y ([y[?)em+D/la=(m+1)] Yy .
Similarly,

/}RN+1 (p*(pﬂ)/[qf(zﬂrl)] ‘(pl|q/[q*(p+1)] dz dt = OQRO&+Nﬁfaq/[q7(p+l)],
¥

where

2 [v' () ‘q/[qf(zﬂrl)]

— p1/la—(p+1)] £(1q]2
¢ = eawin( [T A ao) ([ o Py an) <.

Again, we have

/}RN+1 @—(n+1)/[q—(n+1)] ‘A¢|Q/[q—(n+1)] dr dt = C3RQ+NB_25‘1/[Q_(”+1)],
¥

where

2 0 (1|2 [0/ la—(n+1)]
_ ¢ |[AY*(|y]*)]?
Cs = (/0 V(o) d") (/lsylgfZ W[y [2){n D/ la— (D] dy) < oo

Now, using ([2.31)), (2.33), (2.34)) and (2.35]), we obtain

/]RN“ |u|%p da dt

+
< C(Ra+,6’N7q(2ﬁ+a)/[q*(mH)] + RotNB—aq/la—(p+1)]

4 ROtNB-28a/la—(nt1) /

[Juo™ 1o A (,0) + Aluol oo (w,0)] de ).
RN

In the case
N(g—m—1)—2g N(g—p—1 29— N(g—n—1
max { (g—m-—1) ¢ (q—p )}< q—N(g—-n-1)
m—+1 p+1 qg—n—1

)

we can choose the pair («, 3) such that

< =<

maX{N(q—m—l)—2q N(q—p—l)} a _2-N{g-n-1)

)

m+1

Under this choice, we obtain

p+1 Jé] qg—n-—1

428+ )
a+ N3 Ry — <0,
aq
a+Nﬁ_7q—(p+1) <0,
28q
a+Nﬁ_7q—(n+1) < 0.

(2.34)

(2.35)

(2.36)

Finally, letting R — oo in (2.36)), using the above inequalities and (2.32]), we obtain

/ |u|?dzdt < )\/ |uo|Pug dz.
Rf+l RN
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By

assumption, we have
)\/ |uo[Puo dz < 0.
RN

Then we obtained a contradiction. O
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