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POSITIVE GROUND STATE SOLUTIONS TO
SCHRODINGER-POISSON SYSTEMS WITH A NEGATIVE
NON-LOCAL TERM

YAN-PING GAO, SHENG-LONG YU, CHUN-LEI TANG

ABSTRACT. In this article, we study the Schrédinger-Poisson system
—Au+u— AK(z)p(x)u = a(z)|ulP"lu, =z €R3,
—A¢ = K(z)u?, zeR3
with p € (1,5). Assume that a : R®> — R and K : R? — Rt are nonnegative
functions and satisfy suitable assumptions, but not requiring any symmetry

property on them, we prove the existence of a positive ground state solution
resolved by the variational methods.

1. INTRODUCTION AND MAIN RESULTS

In this article we study the Schrodinger-Poisson system
—Au+ V(z)u+ A\K (2)p(x)u = f(z,u), z¢cR3, 1)
—Ap = K(z)u?, xR '

where V(z) =1, A <0, f(z,s) = a(z)s” and a(z), K(z) satisfying some suitable
assumptions, we will prove problem exists a positive ground state solution.

Similar problems have been widely investigated and it is well known they have
a strong physical meaning because they appear in quantum mechanics models (see
e.g. [9]) and in semiconductor theory [7, [8, 14, [I5]. Variational methods and critical
point theory are always powerful tools in studying nonlinear differential equations.
In recent years, system has been studied widely via modern variational meth-
ods under the various hypotheses, see [2] 4] [14], 19, [I6] and the references therein.
Many researches have been devoted to the study of problem (L.1]), but they mainly
concern either the autonomous case or, in the non-autonomous case, the search
of the so-called semi-classical states. We refer the reader interested in a detailed
bibliography to the survey paper [2]. All these works deal with systems like (|1.1)
with A > 0 and the nonlinearity f(x,s) = sP with p subcritical.

To the best of our knowledge, there are only a few article on the existence
of ground state solutions to with the negative coefficient of the non-local
term. Recently, in [I7], the author obtained a ground state solution. In [I§], the
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author considered the nonlinearity f(z,s) = a(z)s? and obtained a ground state
solution. In this article, we consider the nonlinearity f(z,s) = a(x)sP for following
Schrodinger-Poisson system

~Au+u— K (2)p(z)u = a(z)|uftu, x€R?
~A¢ = K(z)u?, zcR>

It is worth noticing that there are few works concerning on this case up to now.
As we shall see in Section 2, problem (1.2]) can be easily transformed in a non-
linear Schrodinger equation with a non-local term. Briefly, the Poisson equation
is solved by using the Lax-Milgram theorem, then, for all u € H'(R3), a unique
¢ € DY2(R3) is obtained, such that —A¢ = K(x)u? and that, inserted into the

first equation, gives

—Au+u — MK (2)dy(2)u? = a(x)|ulP u, =R (1.3)

This problem is variational and its solutions are the critical points of the functional
defined in H*(R?) by

(1.2)

I(u) = %||u||2 — %/R? K(2)¢y(x)u’dr — I% . a(x)|uPdz. (1.4)
In our research, we deal with the case in which p € (1,5), moreover we always
assume that a(x) and K(z) satisfy:
(A1) There exists a constant ¢ > 0, such that a(z) > ¢ for all x € R and
a(z) —ce L%(R?’);
(K1) K € L3(R3).

Our main result reads as follows.

Theorem 1.1. Suppose a, K : R3 — R*, X\ > 0 and p € (1,5). Let (A1), (K1)
hold. Then problem (1.2) has a positive ground state solution.

Remark 1.2. To the best of our knowledge, there are only two articles [17, [I8] on
the existence of ground state solutions to with the negative coefficient of the
non-local. In [I7], the author discusses the negative coefficient of the non-local term
under symmetry assumption, but we get the positive ground state solution without
any symmetry assumption. Compared with the [I8], we do not need conditions

lim a(x) =ae and lim K(z) = K.

|z =00 || =00

The remainder of this paper is organized as follows. In Section 2, notation and
preliminaries are presented. In Section 3, we give the proof of Theorem 1.1.

2. NOTATION AND PRELIMINARIES

Hereafter we use the following notation:
H'(R3) is the usual Sobolev space endowed with the standard scalar product
and norm

(u,v):/ (Vu - Vv + wv)dz; Hu||2=/ (|IVul® + u?)dz.
R3 R3

D2(R3) is the completion of C§°(R?) with respect to the norm

1/2
ull pre = (/R Vuldz) "
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LP(Q), 1 < p < +oo, Q C R3, denotes a Lebesgue space, the norm in LP() is
denoted by ||ul|rr(q) = |ulp,o when Q is a proper subset of R3, by |lulle@) = | |p
when = R3.

L>() is the space of measurable functions in €; that is,

esssup,eq |u(z)] = inf{C > 0: |u(z)] < C a. e. in Q} < 4o00.

For any p > 0 and for any z € R3, B,(z) denotes the ball of radius p centered
at z, and |B,(z)| denotes its Lebesgue measure. C,Cy, Cy,Cs are various positive
constants which can change from line to line.

From the embeddings, H'(R3) — LS(R3) and D*?(R3) — L°(R3), we obtain
the inequalities

luls < Cillull Vu e H'(R*)\{0},
luls < Calull - Vu € D**(R?)\{0}.

It is well known and easy to show that problem (|1.2)) can be reduced to a single
equation with a non-local term. Actually, considering for all u € H*(R?), the linear
functional L,, defined in D*?(R?) by

L,(v)= K (z)u?v dz,
R3
the Holder and Sobolev inequalities imply
Lu(v) < |K|ou?[slv]e = [K2|ulglvls < ColK|2 - ufg]lv] 12 (2.1)

Hence, from the Lax-Milgram theorem, for every u € H'(IR?), the Poisson equation
—A¢ = K(x)u? exists a unique ¢, € DV?(R3) such that
K(z)u*vdx = V¢, - Vudez, (2.2)
R3 R3
for any v € DY2(R3). Using integration by parts, we get

Vo, - Vudr = —/ vA@,dx,
R3 R3

therefore,
_A¢u = K(III)’U?,
in a weak sense and the representation formula
K 1
b= [ gy = e K (23
Re |2 =yl |z|

holds. Moreover, ¢,, > 0 when u # 0, because K does, and by (2.1)), (2.2) and the
Sobolev inequality, the relations
pullprz < CoOF - [Kallull®,  |¢uls < Collgullpre, (2.4)
K(x)K
[ B i any = [ K@powids < GOt KBl (29
rs Jrs |z =yl R3

hold. Substituting ¢, in problem (|1.2)), we are led to (|1.3), whose solutions can be
obtained by looking for critical points of the functional I : H'(R3) — R where I is

defined in ([1.4)). Indeed, (2.4) and (2.5)) imply that I is a well-defined C? functional,
and that

(I'(u),v) = /]R:5 (Vu Vo + uv — AK (z) g uv — a(ac)|u|p_1uv) dx. (2.6)
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Hence, if v € H'(R?) is a critical point of I, then the pair (u,¢,), with ¢, as in

(2.3), is a solution of (1.2).
Let us define the operator ®:H!(R?) — D12(R3) as

Dlu] = ¢y
In the next lemma we summarize some properties of @, useful for the study our

problem.

Lemma 2.1 ([I1]). (1) @ is continuous;

(2) ® maps bounded sets into bounded sets;

(3) if up — u in HY(R3) then ®[u,] — ®[u] in DV2(R3);

(4) ®[tu] = t2®[u] for allt € R.
Lemma 2.2 ([13]). Supposer >0, 2 < q < 2*(=6). If {u,} C H'(R?) is bounded
and

sup / |un|Tdz — 0, asn — 400,
yER3 J B(y,r)

then u, — 0 in LI(R3) for 2 < q < 2*.

3. PROOF OF MAIN RESULTS

First wee give some properties of the nonlinear Schrédinger equation

— Au+u = clulP" u, (3.1)
that has been broadly studied in [I3] 12]. We set
Noo :={u € H'(R\{0} : [Jul® = clulpT1 ). (3.2)
Then for any u € N, we have
1 c 1 1
Io(u) = = |lul? — —— ”Hd:(——i) 2 .
W =gl == [ tde = (- =)l 63

and Mmoo = inf{lo(u) : u € N}
It is well known that (3.1)) has at least a ground state solution which we denote
Weo. By using (3.2) and (3.3), we know that

1 1
Moe = Loo(we) = (5 = ﬁ) lwso

and
oo | = c/ e [P+, (3.4)
RS

For , it is not difficult to verify that the functional I is bounded either from
below or from above. So it is convenient to consider I restricted to a natural
constraint, the Nehari manifold, that contains all the nonzero critical points of I
and on which I turns out to be bounded from below. We set

N = {uc H'(R*\{0} : G(u) = 0}
where
Gu) = (I'(u), u) = [[ul]? — A / K (2)$uudz — / a@)uffde. (35)
R3 R3
The following lemma states the main properties of A.

Lemma 3.1. I is bounded from below on N by a positive constant.
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Proof. Let u € N, from (A1) and Holder’s inequality, we have

0= fluf? )\/RS K (z)$uudz — /R a(2)|ulP+ dz

(3.6)
> lull® = Cllull* — ColfulP**
from which we have
lul| > Cy >0, YueN (3.7)
Using this inequality, A > 0, K > 0, a > 0, when 1 < p < 3, we obtain
1 1 1 1
0= (- W+ - D o
= (5 57+ (g~ ) [, K@)ouds
1 1
> (2 — —— 2 :
> (5= o)l (3.8)
1 1
>(z———)C%?>0
= (2 p+1) =9
when 3 < p < 5,
1 1 1
10 = Hpup+ (3 =10 [ aoria
) = gl + (3 = o) [, a)h*a
1
2 ZHUH2 (3.9)
L
Z 101 > 0.

Setting m := inf{I(u) : w € N'}, as a consequence of Lemma 3.1, m turns out to
be a positive number. Then we obtain a sequence {u, } C N, such that

nlLHQlo I(un) =m. (3.10)
|
Now we give the proof of our main result.
Proof of Theorem 1.1. First, we prove that
m < Meo- (3.11)

We know that we, € Noo and I (wee) = Moo. We claim that there exists tg > 0
such that tyws, € N. Indeed, from (3.5)), for all ¢ > 0 one has

G(tweo) = t2||woo||2 - /\t4/ K(x)(ZSUJoongdm — / a(x)|woo|p+1dxa
R3 R3
then G(0) = 0 and G(twe) — —o0 as t — +00. Moreover,
G (twe) = t(2Hwoo||2—4)\t2/ K(x)¢www§odx—(p+1)tp_1/ a(x)|woo\p+1dx>,
R3 R3

then there exists tmax > 0 such that G}(tws) > 0 for all 0 < ¢t < tyax and
G} (twee) < 0 for all ¢ > tpax. Then G(twes) is increasing for all 0 < ¢ < tpax
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and G(tws,) decreasing for all ¢ > tpax. Thus there exists tg > 0 such that
G(towso) = 0. That is, tows € N. Our claim is true. It follows that

m < I(toywso)

t% 2 t% 2 t8+1 p+1

= EHwOOH - Z)\ - K(x)qﬁwm(x)woodx— p—|—1 - a(gj)|woo| dx
t2 tp+l

< o Jweoll* = 0—/ c|weo [P+ da (3.12)
2 P+ 1 R3

1 1

< (5 1) lwsel?
2 p+1

= Ioo(Woo) = Moo

We assume that {w,} is what obtained in (3.10). From (2.3), we can get {|u,|} is
also a minimize sequence. Setting u,(x) > 0 in R3 a.e. by (3.8) and (3.9)), we have
if p € (1,3), then
1 1
> (4
() 2 (5 = =7 )l

and if p € [3,5), then
1
I(un) > ZH“HHQ

In both cases, being I(u,,) is bounded, {u,} is also bounded.
On the other hand, since {u,} is bounded in H'(R3), there exists u € H!(R?)
such that, up to a subsequence,

up, =7, in H'(R?); (3.13)
u, —a, in LPTH(RY); (3.14)
un(z) — u(x), a.e. in R (3.15)

Setting

Obviously, zL — 0 in H'(R3), but not strongly. A direct computation gives

[unll® = ll2n +all* = lzn 1 + 1@l* + o(1). (3.16)
According to the Brezis-Lieb Lemma [10], we deduce
[unlpid = [l s + Lzl +o(1). (317)
Then, we claim that, for any h € H*(R?), we have
/ [t [P up b dz — / [alP~'uh dz. (3.18)
R3 R3

For every h € C§°(R?), there exists a bounded open subset Q C R3, such that
supp h C Q, where supph = {z € R3 : h(x) # 0}. From ({3.14)), we have

‘/ [ [P~ Yy b de — |E|p*1Ehdx|

R3

</ |[tn [P unh — [w|P~ uh|da
R3

< / P[P+ [P oty — ] ]
R3
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:/ p|un|P*1|un—n||h|dx+/ plaP~ un, — ||h|dz
]R3 RB

< plunlptilun = Ulpt1,0lhlpt1 + plElpri|un = Tlp1,alhlpr1 <e
which proves (3.18]). Let us show that
K(2)py,uide = | K(x)pgu’dr + o(1), (3.19)
R3 R3
K(z)y, uphdr = K (x)¢guhdx + o(1). (3.20)
R3 R3
First let us observe that, in view of the Sobolev embedding theorem, (3.13)) and (3)
of Lemma 2.1, u,, — @ in H'(R3) implies

up, — 1, in LS(R®); (3.21)
ui — ﬂ27 in LlOC(R?’); (3.22)
bu, — ¢z, in DM(R?); (3.23)
bu, — ¢z, in LY _(R?). (3.24)

Furthermore, considering (3.22) and ([3.24)) respectively, we can assert that for any
choice of € > 0 and p > 0, the relations

|up — 52|3,Bp(0) <g, (3.25)
|pu,, — bule,B,0) <€ (3.26)

hold for large n.

On the other hand, u,, being bounded in H!(R?), ¢, is bounded in D':2(R?)
and in LS(R?), because of (2) of Lemma 2.1 and the continuity of the Sobolev
embedding of DV2(R3) in LS(R3). Moreover K € L%(R3), for any ¢ > 0, there
exists p = p(e) such that

<& Vo= (3.27)
Hence, by (3.25)) and (3.27)), for large n, we deduce that

K(2) ¢, udz — / K(x)qbﬂQd:c‘
]R3

‘RS

K(2)pu, (u, —0)dz + | K(@)(¢u, — %)Hde‘
R3

_‘RS

K ()6, (07, - #)dx\ +] [ K@) 6, — sotda|

<[/

By -

| /RS\B D6, ~seitds] +] [ K@ou, - %)a?dx\

< |K|2r3\B,(0) (\%n 6,25\, (0) |47, — T°|3.3\ B, (0)

oluz — 73,5, (0)

+ |Pu,, — %|6,R3\B,,(0)|52|3,R3\Bp(0)) + [Kl2,B,(0)|Pu,

+ |Kl2,5,0)|¢u, — Pals, B, )T ]3,8,0)
< Ce
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which proves (3.19).
Analogously, by (3.26) and (3.27), for large n, we infer that

’ K(2)$u, unh dz f/ K (z)¢auh dx’ <e
R3 R3
which proves (3.20). Therefore, by (3.16)), (3.17) and (3.19) respectively, we obtain
1 A 1
I(uy) = §||un||2 1 /R3 K ()¢, uldx — P /]R3 a(x)|u, [P dx

1 1 A 1
= 5 llzall® + S llal® - f/ K(x)¢gu*de — —— | a(z)[al"*dz
2 2 4 Jrs p+1 Jgs (3.28)
Cc

1|p+1
p+1/RS|zn| dzx + o(1)
=1(W) + Io(2}) +o(1).
By (3.18) and (3.20)) for any h € C§°(R?),

(I'(un), h) = /]RB (Vg - VR + uph — AK(2) o, unh — a(2)|wn [P~ u, h)da

- / (VT - Vh +Th — \K (2)dwtih — a(z)[aP~"ah)dz + o(1)  3-29)
R3
= (I'(m),h) + o(1).
We now claim that
VI(u,) — 0, in H'(R?). (3.30)
By Lagrange’s multiplier theorem, we know that there exists \,, € R such that
o(1) = VI|x(up) = VI(up) — A VG(up). (3.31)

So, taking the scalar product with u,,, we obtain
o(1) = (VI(un), un) = An(VG(un), un).

G turns out to be a O functional. Using (3.6) and A > 0, K > 0,a > 0, when
1 < p <3, we deduce

(@ (w)) = 2ul? =43 [ K(@wids = (p+1) [ a)lulida

= (=l +Ap=3) [ Ha)oaids (3.32)
< (1= p)ul?
< —(p — 1)01 < 0,

when 3 < p < 5,

(@ () =2l =43 [ K(@ouida = (p+1) [ alo)lulida

= =2ulf + Gp) [ ala)upis (3.33)
—2u?
—205 < 0.

Since u, € N, we have (VI(uy,),un) = 0; by inequalities (3.32)) and (3.33)), we have
(VG (up),un) < C < 0. Thus A\, — 0 for n — +o00. Moreover, by the boundedness

<
<
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of {u,}, VG(uy,) is bounded and this implies A\, VG (u,,) — 0, so (3.31)) follows from

3.30). By (3.29) and (3.30)), we have (I'(@),h) = 0, so @ is a solution of problem
1.2)). By (3.19), we have

<[,(u")’u"> = ”un”2 - AA3 K(‘T)QbunuidCC - /]Rg a(l')|un|p+1)d$
= |a||® + ||2L|* - )\/ K (z)pgu’dx 7/ a(z)|aPdz
R3 R3

fc/ |21 [P da 4 o(1)
R3

= (I'(@), ) + (I (), 2p) + 0(1),
which implies that
o(1) = (I%(z0)s z0) = lzal® = clzalpin- (3.34)
Setting

d :=limsup ( sup / |z,11|p+1dx).

n—-+oo “yeR3 J B (y)

We claim § = 0. By [19] Lemma 1.21], one has
10, in LPTYR?). (3.35)

From and , we obtain

o(1) = (I (2p), 2)
= |lzal® — clzn]
= [lzal* + 0(1)
= llun —al® + o(1),

s0 u, — u in HY(R3). Let u =, so I(u) = m, I'(u) = 0 and u(z) > 0 a.e. in R3.
Let us prove § = 0. Actually, if § > 0, there exists sequence {y.} C R?, such

that 5
/ |zt [PHde > .
Bi(yl) 2

Let us now consider z} (- 4+ yl). We assume that 2} (- +yL) — u! in H}(R?) and,
then, 2} (x +yt) — u'(z) a.e. on R3. Since

1)
/ 2 (g > 2
B1(0) 2

from the Rellich theorem it follows that

[ i@t =
B1(0)

and thus u! # 0. Finally, let us set

(@) = 2p (@ +yp) — ' (2).

Then, using (3.16)), (3.17) and the Brezis-Lieb Lemma, we have
l22ll* = llzll® = llull* + o(1), (3.36)

+1 +1 —p+1 +1
|Z721|£+1 = |un|£+1 - |U|Z+1 - ‘Ul Z+1 +o(1). (3.37)

V4

p+1
p+1

N

z
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These equalities imply
100(2721) = 100(2711) - IOO(UI) +o(1),
hence, by using , we obtain
I(un) = I(@) + Lo (2y) +0(1)

= I(0) + Io(u') + Lo (22) + o(1). (3.38)
Using (3.34)), (3.36) and (3.37), we obtain
(Lo (zm), 20) = llzpll® = clzn pia
= [luI? = elu 11 + 12217 = clzn pT + o1)
= (I (u),ul) + (I (27), ) + 0(1),
which implies
o(1) = (Ih(20), 22) = ll=n 1> = ezl -
Moreover, we obtain
Iole) = 5180 = 12T = (5= )12 +o). (339

Since 2} — wu! in HY(R3) and u! # 0, according to (3.34)), one has u! € N.
Because of © € A, from Lemma 3.1, we obtain I(u) > 0. Thus, using (3.38)) and
(3-39), we obtain

m = liminf I (u,,)

n—oo

> I(@) + Lo (u') + liminf I, (22)
n—oo
> Ioo(u') > meo
which contradicts with (3.11)). O
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