Electronic Journal of Differential Equations, Vol. 2015 (2015), No. 188, pp. 1-15.
ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu
ftp ejde.math.txstate.edu

NUMERICAL SOLUTION TO INVERSE ELLIPTIC PROBLEM
WITH NEUMANN TYPE OVERDETERMINATION AND MIXED
BOUNDARY CONDITIONS

CHARYYAR ASHYRALYYEV, YASAR AKKAN

ABSTRACT. This article studies the numerical solution of inverse problems for
the multidimensional elliptic equation with Dirichlet-Neumann boundary con-
ditions and Neumann type overdetermination. We present first and second
order accuracy difference schemes. The stability and almost coercive stability
inequalities for the solution are obtained. Numerical examples with explana-
tion on the implementation illustrate the theoretical results.

1. INTRODUCTION

Inverse problems arise in many branches of science and mathematics (see [211 28]
31] and the bibliography therein). In recent years, the subject of the inverse prob-
lems for partial differential equations is of significant and quickly growing interest
for many scientists and engineers. Especially, theory and methods of solutions of
inverse problems of determining unknown parameter of partial differential equa-
tions have been comprehensively studied by a few researchers (see [1], [2], [4]-[7],
[O1-122], [24]-[31], [34]-[36], and references therein).

Existence, uniqueness, and Fredholm property theorems for the inverse problem
of finding the source in an abstract second-order elliptic equation on a finite interval
are established in [24].

In [34]-[36], the author investigated source determination for the elliptic equation
in plane, rectangle and cylinder. Sufficient conditions for the unique solvability of
the inverse coefficient problems with overdetermination on the boundary, where the
Dirichlet conditions are supplemented with the vanishing condition for the normal
derivative on part of the boundary were given.

Approximation of inverse Bitzadze-Samarsky problem for abstract elliptic differ-
ential equations with Neumann type overdetermination which is based on semigroup
theory and a functional analysis approach are described in [26].

Simultaneous reconstruction of coefficients and source parameters in elliptic sys-
tems modelled with many boundary value problems was discussed in [30]. It was
proposed in [I8] and [29] that the determination of the problem of an unknown
boundary condition in the boundary value problem in the regularization procedures
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can be performed with the help of an extra measurement at an internal point. Well-
posedness of inverse problems for elliptic differential and difference equations were
investigated in [10]-[15].

These works are devoted to identification problems of an elliptic differential and
difference equations with Dirichlet type overdetermination.

The exact estimates for the solution of the boundary value problem of deter-
mining the parameter of an elliptic equation with a positive operator in an Banach
space are obtained in [4]. The papers [4, [10], [11], [13]-[15] are devoted to getting
the stability and coercive stability inequalities for the solutions of various inverse
problems with Dirichlet type overdetermination for elliptic differential and differ-
ence equations.

In [I5], the inverse problem for the multi-dimensional elliptic equation with
Dirichlet type overdetermination and mixed boundary conditions, and also its first
and second order accuracy approximations presented. Moreover, the stability, al-
most coercive stability and coercive stability inequalities for the solution of these
difference schemes are showed.

The third and fourth order of accuracy stable difference schemes for the solution
of the inverse problem with Dirichlet type overdetermination and Dirichlet bound-
ary condition are presented in [10]. By using the result of established abstract
results, well-posedness of high order accuracy difference schemes of the inverse
problem for a multidimensional elliptic equation were obtained. High order stable
difference schemes for the approximately solution of inverse problem for the multi-
dimensional elliptic equation with Dirichlet-Neumann boundary conditions and the
stability estimates for their solutions were disscussed in [I1].

In [12], the inverse problem for the multidimensional elliptic equation with Neu-
mann type overdetermination and Dirichlet boundary condition was considered.

Our aim in this work is investigation of the inverse problem for the multidimen-
sional elliptic equation with Neumann type overdetermination and mixed boundary
conditions. We construct the first and second order of accuracy difference schemes
and give stability estimates for their solutions. Numerical example with explanation
on the realization on computer will be done to illustrate theoretical results.

Let © = (0,¢) x (0,€) x --- x (0,£) be the open cube in the n -dimensional

Euclidean space with boundary S =57 U Sy, Q = QU S, where

S:{x:(xl,...,mn):mi:0orazi:€, 0<uz <V k#i, 1§i§n},
Slz{x:(ml,...,xn):xi:Q 0<uar <t k#i, 1§z’§n},
ng{m:(xl,...,xn):ag:& O0<ump <{ k#1, 1§i§n}.

We consider the inverse problem of finding pair functions u(¢, z) and p(x) for the

multidimensional elliptic equation with Dirichlet-Neumann boundary conditions
and Neumann type overdetermination

n

—uy(t, ) — Z(az(x)uxz)xl +ou(t,x) = f(t,z) +tp(x), =€, 0<t <1,

i—1
u(0,2) = o(z), w(l,z) =v(x), w\z)=~E@x), x€Q,
u(t,x) =0, z € Sy, %(t,z):O, x €Sy, 0<t<1.
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Here, 0 < A < 1 and 6 > 0 are known numbers, a;(z) (i = 1,...,n;z € Q),
o(z),¢(x),&(x) (v € Q), and f(t,z) (t € (0,T),x € Q) are given smooth functions,

a;i(z) >a>0(x€Q).

In this article, the first and second order of accuracy difference schemes for
approximate solution of the inverse problem are constructed and stability,
almost coercive stability estimates for the solution of these difference schemes are
established.

This paper is organized as follows: In Section 2, we present the first and second
order accuracy difference schemes for the inverse problem ([1.1)). Section 3 is devoted
to the stability and almost coercive stability estimates for the solution of these
difference schemes. In Section 4, we present numerical results for two dimensional
elliptic equation. The conclusion is given in the final Section 5.

2. DIFFERENCE SCHEMES

The differential expression ([8 23])

n

Au(z) = =Y (a; (2)uq, (2))s; + Sul(2) (2.1)

i=1
defines a self—adjoint positive definite operator A acting on space L(§) with the
domain D(A {u ) EWE(Q):u=0o0nS; and%zOon SQ}.
By using the substitution
u(t, z) = v(t,z) + A~ (pt), (2.2)

problem can be reduced to auxiliary nonlocal problem for v(t, ) function:
—vy(t,x) + Av(t,z) = f(t,z), 0<t<l,xzeq,
(0, 2) — v (A, 2) = o(z) — £(), (2.3)
ve(lyz) —ve(A x) = ¥(z) — &(x), z €N
Then, the unknown function p(z) will be defined by
p(x) = Af(z) — Ave (N, ). (2.4)

Now, we describe approximation of inverse problem (|1.1]). Define the set of grid
points in space variables.

Qh:{x:(hlml,...,hnmn):mi:O7...,Mi, thizé, izl,...,n},
Qh:ﬁhﬂQ, S}L:ﬁhﬂSl, S%L:ﬁhﬂSQ.

We introduce the Hilbert spaces La, = Lo(€) and W3, = W2(Q4) of grid
functions ¢g"(x) = {g(himy,...,hymy,) :m; =0,...,M;, i = 1,...,n} defined on
Qp, equipped with the norms

1910 = (3 19" @)1 o)

xeﬂh

n 1/2
9" lwz, = 19" lzzn + (D 01" @)aram )

zeQy, =1

(X I @

zeQy, =1

1/2
2h1...hn) ,
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respectively.
To the differential operator A in (2.1)),we assign the difference operator A7 de-
fined by

n

Aiuh = - Z(ai(x)u%i)mi,mi + §uh (25)

i=1
acting in the space of grid functions u(x) satisfying the conditions u"(z) = 0, for
all z € S} and D"u"(x) = 0, for all x € S?. Here, D"u"(z) is an approximation
of aiﬁy Note that ([8, 23]) A} is a self-adjoint positive define operator in Lo (£2y).

D:%@Aﬁ 4A7 £ 72(A3)2), R=(I+7D)",

Denote
First, by using A7, for obtaining ul(t,x) functions, we arrive at problem

2, h
_%(j@ + ASul(t, ) = fh(t,x) + ph(z), O0<t<1, z€Q,
(2.6)
du (0, z) h dum(\, x) h du™(T, z) A ~
- R ————— 7’ = Q .
dt ¥ (:L’), dt 13 (x)v dt (4 (:L'), T €3l
Second, applying the approximate formula
h dul (12

du” (A, x) _ du ([2]T,2) + o(r) 2.7)

dt dt
for W = ¢"(x), we replace problem (T.1) with the first order of accuracy

difference scheme in ¢,

7“24—1(1’) - 2“2(35) + Uz—l(ac)

> + Ajui(x) = 03 (x) +p"(2),

-
0r(z) = fM(tr, ), th=kr, 1<kE<N-1,2€Q, Nr=1,
ul(z) — ub(x ul (z) —ul () (2.8)
1( ) O( ) :wh(x)’ N N-1 =¢h($),
T T
h b B
“l+1(33)T ' (x) —M(e), w e

Here, [ = [2], [] is a notation for the greatest integer function.

p
In a similar manner, the auxiliary nonlocal problem can be changed by the first

order of accuracy difference scheme in ¢,
_ Ul}cl+1(x) —2up(x) +vp_y(x)
2
-

0r(x) = fi(ty,z), tp=kr,1<k<N-1,z€Q, Nr=1

+ Ajvi () = 03 (2),

o (z) — ol (x b (x) N Uh(x) (2.9)
1( ) 0( ) i+l l :<)0}z(x)_£IL(x)7
T T
ol (z) — ol (x b () — ol (x ~
N( ) N 1( )7 l+1( ) l( ) :1/)h(x)ffh(:c), IEQh.
T T
In this step of approximation, by using the approximate formula
du dul A du duh 9
W(A,z) = W(ZT@) + (; - l)(W(ZT +7,7) — W(ZT,ZE)) +o(t%) (210
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for condition ddith()\, x) = %(m), we can get the following second order of accuracy

difference schemes

ult (z) — 2ul(x) +ul_ (2)
- e Aful(e) = 0L(@) + ' (),

-
Or(x) = fM(ty,z), th=kr, 1<k<N-1,z¢€ Q.

—3ufy(x) + duff (v) — uj(x) Buly (z) — duf () +uly o(w)

2T - @h(x), 2T - wh(ﬂ’
3“?(@ - 4“?4—1(5”) + u;l—&-Q(x) i (é ~) [37%—1(95) - 4“?4—2(95) + “lh+3($)
27 T 2T
Sul(z) — dul h _
— ul (l‘) Ul_;;(I) + ul+2(x)i| = gh(x), T € Qh, NT = 1,
(2.11)
and
ol () = 20 (z) + v ()
- L Al (@) = 0 (@), (@) = [ (b, ),
te=kr, 1<k<N-1, z€Q,
—3ug(z) + 4vf'(z) —vg(z) =30} (z) + v, () — v ()
2T 2T
_ (é _ l)(_3U;L+1(x) + 4Ulh+2($> - Ulh+3(x) _ _3Ulh(x) + 4vlh+1(37) - Ulh+2(35))
T 2T 2T
= ¢"(z) — (),
Buf () — Ay () +vi_a(x)  —3vi'(z) + 4ol (2) — vfys(2)
2T 2T
A —3vlh+1(:c) + 4”lh+2(x) - vlh+3(x) _31’1]1(93) + 4vlh+1(x) - vf+2(ac)
- (=0 3 - ; )
T T
=¢Mz) —&M(z), 2€Qy NT=1
(2.12)

for approximate solutions of inverse problem (|1.1)) and auxialary nonlocal problem

(2.3), respectively.

3. STABILITY ESTIMATES

Now, we consider the linear spaces of mesh functions 87 = {6}~ ! with values
in the Hilbert space H. Denote by C([0, 1], H) and Cg;”([0, 1], H) normed spaces
with the norms

N-1 _
O3 lloqonm = | _max [10]x,

0637 lesye (0,11, .)
(kT + s7)*(1 — k7)*||0k+s — Okl

— 1{g N1 + su ,
{031 lloqo.1,.m) L S (sT)e

respectively. Let 7 and |h| = y/h? + - - - + h2 be sufficiently small positive numbers.
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Theorem 3.1. The solution ({u}}Y =1, p") of difference scheme (2.8) obeys the
following stability estimates:

k3~ e qonr zan)
< M[”QDhHLzh + ”wh”L% + HEhHL% + ”{flg}f[71”C([O,l]ﬂ—,Lzh)]’
||ph||L2h,

1
< M[le"lwg, + 10" lwg, + 1€ Iwz, +

hYN—1
ol =y R g o, 2o
where M is independent of (ph,qph7 §h7 T, h, and {fl? {Vfl

Theorem 3.2. The solution ({u}}Y =1 p") of difference scheme (2.8) obeys the
almost coercive stability estimate:

h h h
Up iy —2up Fup g N—
II{ + 2 T 1||C([071]T,L2h) + H{Ahuﬁ} 1||C( [0,1];,L2) T thHLzh
-

<M(||90 lwz, + 19" lwz, + 1€  lwz, +in(—— )H{fk}l ”C([O,l]T,Lzh))v

where M does not depend on o ", ", 1, a, h, and {fk 1

The proofs of Theorems 3.1-3.2 are based on the symmetry property of operator
A} in Loy, and the following formulas

— P(Rk _R2N7k _RN7k+RN+k)U5L + (I_R2N)71(RN719 _RNJrk)

N-1
x{ = @I+7D)" D" Y (R - RN gl

i=1
N . .
+G1(2I +7D)~ Z [(R=1=1 — RY) — (RIN=iIZ1 — RN*i=1y
N (3.1
+ (R\N—l—i|—1 _ RN—H_Q)} 9?7’ + TGl((ph _ wh)} _ (I _ RQN)_l .
x (RN7F — RNTF)(2T + D)D" Y (RN — RN gy
=1
N . .
+ (2l +7D)~ Z RIFI=Y — RMFED] 07 4
ph — —EP(Rl _ RQN*Z _ RN*Z _|_RN+Z _ Rl+1 _ RQN*lfl _ RN*lfl
T
n RN+l+1)Ahv(l)z (- R2N)71(RN7Z _ RN+l _ pN-i-1 JrRN+J+1)
N—-1
x { — @I +7D)"'D7' Y (RN = RNTMO0ir 4 Gy (21 +7D) !
i=1
N-1
D~ 1 Z Rll -1 R‘N*i‘fl +RN+Z'71 +R|N717i‘71 7RN+i72]Ah9£L
=1

+Gl(Ahtp _ Ah"/}h )} _ (I_RZN)—l(RN—l _ RN+l _ RN—l—l +RN+[+1)
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N-1
x (20 +7D)"'D™1 Y (RNTV - RN A0 4 (21 + D)
=1
N-1
% Dfl Z(R‘liilil _ Rl+i71 _ R|l+17i|71 +Rl+l)Ah0il +Ah§ha

=1

,UéL — Q1P<RN—1 _ RN+1 _ RN—l—l +RN+[+1 +RN—Z _RN+Z)
N-1 )
x {(21 +7D)"' DY (RN - RNgr - Gy (21 + D)

=1
N-1
% D—l Z(R\l—i\—l _ Rz +R|l+1—i|—1 _Rl+i _ R\l—i|—1 +Rl+i_1)0i7
i=1
~TGip— O} +Qu(l - BN) !
x [ (RN=1 = RN+1) _ (RN-1=1 _ RN+l+1) | (RN—1 _ RpN+1))
—1

N
x (20 +7D)7'D7N Y (RNTV - RNk — Qi (21 + D)

i=1
N-1
x D71 Z [(R‘17i|71 _ RZ) _ (R‘l+17i‘71 _ RL+’L)
i=1
+ (RITI = R0 +7Qu (" — €M),

P=(I-R*™)"",
Gi=(I+RN")""(I = R (I +R),
Q1= —(I— RN""1=Y(1 — RY=Y(I — R¥)(I — R)"!
for difference scheme , and
ul = P(RF — RN~k — RN—k 4 RN+k)yh 4 p(RN—F _ pN+k)

N-1
x {21 +7D)7 D7 YT (RN I — RN Il
i=1
N-1
—Gy(2I+7D) "D Y [4(RIIT - RY) — (RIS - R
i=1

_ 3(R|N7i|71 — RN+l 4 4(R|N717i|71 — RN+iI=2) RIN-2-i|-1

+ N3l 127G (o (@) — v () } - (1 = REN) U (RN F — RN )
N-1 ] ‘

x (2 +7D)7'D7P Yy (RNTIT - RS gy
i=1
N-1 ) .

+@I+7D)"' D7 > (RFIT - REFEYR 4yt

i=1
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ph — 2iP<Rl _ RQN—Z _ RN—l +RN+l _ Rl+2 +R2N—l—2 +RN_l_2
T

_RN+I+2)AhU6L + QL(I_RQN)—l(RN—l _ RN+Z _ RN—l—2 +RN+I+2)
T

N—-1
x {(21 +7D) DY RV - RN 4,00

z’]:\’171
— Go(2I +7D)" 1D Z [4(R‘1*”*1 _ Ri) — (RI2-il-1 _ Rit1)
_3(RIN=i-1 RN+i—Z1T+ A(RIN-1-il=1 _ pN+i-2)
(RIN-2-il-1 RN+i73)}Ahgth 127G (Ape" — Ahqph)}

- %(1 — R*N)TH(RNTH - RNTL - RNTI72 RN

N-1

) ) 1
X (20 +7D)7'D7 Y (RN = RN ALY + S (21 +7D) 7
i=1
N-1
x D71 Z(R‘lfilfl o Rl“ri*l - Rll+2*i|71 +Rl+i+1)Ah0£l +Ah§h; (33)
i=1
U(})l _ _Q2P[4(RN—1 _ RN+1) _ (RN—2 _ RN+2)]
N-1 _ '
X {(21 +7D)' DN Y (RN - RNUghe] - Gy(20 4 7D)
i=1

N-1
%« D1 Z {4(R|1—i|—1 _ RY) — (RI2-I-1 _ Ritly L 3(RIN=i-1 _ pN+i-1)
i=1
T A(RINTII=L L RNy (RIN=2=m1 L pNSy] gl 497Gy (o ()
9D} + QP{ARN Y - RN - (RN - RN 1 (2 i)
X [(_3(Rl _ RQN—I) + 4(Rl+1 _ RQN—Z—l) _ (Rl+2 _ RQN—I—Q))]

_ (é _ l) [(73(Rl+1 o R2N7l71) + 4(Rl+2 o R2N7Z72)
T

N-1
_ (Rl+3 _ R2N*l*3))} }(QI+ rD)"1D~! Z (RN-1-i _ RN71+2‘)9£LT
=1

N-1
— Qu(2I +7D)"1D! Z {4<R\1—u—1 ~ R - (R\z—z‘\—1 — R
i=1

+ (i - 1)[_ 3(R\lfi\71 _ Rl“ri*l) + 4(R‘l+17i|71 _ Rl+i)

-
_ (R\l+2fi|71 _ Rl+i+1)] _ (é —) { _ 3(R\l+17i|71 ~ R

T
n 4(R\l+27i\71 _ RIFiHL) (Ru+3ﬂ‘|f1 _ Rl+i+2)} }0?7 +27Qs (" ()

- M), (3.4)
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Go=[(I+RN)""(I-R)[(R-3I)— RN (I - 3R)H_17
Q2= [(I - RY)"'(I - R)[(R—3I)+ RN~ (1 - 3R)]] '

for difference scheme ([2.11)), and the following theorem on well-posedness of the
elliptic difference problem.

Theorem 3.3 ([33]). For the solution of the elliptic difference problem

Aful(z) = W (z), xeQ,

u'(z) =0, z € S}, DM(z)=0, z € S?,

the following coercivity inequality holds:
n
Z ||(uh)§qwq7jq”L2h < MHwhHLzm
g=1

here M does not depend on h and w™.

4. NUMERICAL RESULTS
For the numerical result, consider the inverse elliptic problem

782u(t, x) 0 Ou(t, )

Fr i G

) + u(t,x) = f(t71') + tp(x)a
flt,x) = exp(—t)[—2x — %+ 2tx] — 2z + x2 + t2[3x - %2],

O<z<1,0<t<l,
uw(0,z) =22 — 2z, 0<z<l,

.’172

u(l,z) =[e ! + 1](7 —z), 0<z<1,

A 2
u(A, x) = [exp(=A) + A\|(Az — % +a%-22), 0<x<1,
3
u(t,0) =0, w,(t1)=0, 0<t<1l A=
It can be easily seen that u(x,t) = [exp(—t) + t](tx — LT - 2z) and p(x) =

2
—6x + 22 are the exact solutions of (4.1)).
We introduce the set [0, 1], x [0, 1] of grid points

0,1 x [0,1] = {(tp,zn) 1ty =k7, k=1,...,N—1, N7 =1,
@ =nh,n=1,...,M—1, Mh:l}.
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Applying (2.7) and (2.10), respectively, we get the first order of accuracy differ-
ence scheme, in ¢ and in x,

w— 208 +op! ok =208 +ok ki -0k k
2 + (14 n) h2 oo T
=—f(tk,zn), k=1,...,.N—1,n=1,...,.M —1,
v§:0, vﬂ—v]’f/Fl:Q k=0,...,N, (4.2)
v’lll - U’I(’)L - ’Uij—l + va = T((pn - fn)v .
ol —pN=L ol = (4, — €,),
A
Qan:@(xn)v @Z}n:d](gjn)v Sn:é.(xn% n=0,...,M, l:[;]a
and the second order of accuracy difference scheme, in t and in =z,
k+1 k k—1 E ok k E o _ .k
vy =20y + oy Upi1 — 20, +Up 1 Upip—Up_q &
T2 +(1+xn) . h2 = + = 2h . — Uy
=—f(tk,xn), k=1,....N—1,n=1,.... M —1,
vy =0, —3vh + 4ok, — Vi =0,
1005, — 1508, | + 60, 5 —vh, 5 =0, k=0,....,N
A
(=3v) +4vy, —vp) + (= = 1= 1)(3v), — 4vp™ +0,"?)
T (4.3)
A
- (7 - l)(?’vij_l - 4U£L+2 + U£L+3) = 27(‘pn - gn)
T
A
3vN — 4N N2 (; —1—1)(30}, — 4vlFt 4 ol+2)
A
- (* - l)(3U£z+1 - 4’U£l+2 + Uﬁz+3) = 27’(1/% - gn)’
T
A
$n :(p(xn)a Un :'(/J(xn)7 n :g(xn)v k=0,....,N, Il = [;]

for the approximate solution of the auxiliary nonlocal problem (2.3). Note that
both difference schemes have the second order of accuracy in x.
The difference scheme (4.2)) can be rewritten in the matrix form

Apvns1 + Bpon + Crvp_1 =10, n=1,....M —1,
— — (4.4)
v=0, vy—vy_1=20

Here, 0,,, Vp—1,Vn,Vpt1 are (N + 1) x 1 column vectors

90
O = | - i=n—1nmn+1,
N
o (N+1)><1 (N+1)x
90:7(% &), 0N =7 nzl,...,M—l,

:—f(tk,xn) kfl,...,N 1, n=1,...,M—1,
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and A, B, C are (N + 1) x (N + 1) square matrices

0 0 0
0 a,
An: )
a, 0
0 0 0
M -1 0 0 1 -1 0 T
d b, d
0 d b,
B, = d b, d ,
b, d 0
d b, d
10 0 1 -1 0 -1 1 |
0 0 0
0 ¢,
Cn: ;
¢, O
0 0
1+z,) 1 2 2(1+z,)
n — PYRE b=—-—— 71’
¢ I P> 2
B (1+z,) 1 !
T TR o T

and I is the (N + 1) x (N + 1) identity matrix.
We search for a solution of (4.4) by using the formula (see [32])

Un = On+1Un+1 +/6n+1a 7’7/:17...,M—1,

where a1, ...,ap—1 are (N + 1) x (N + 1) square matrices and 4, ..

11

(4.6)

., Brm—1 are

(N + 1) x 1 column matrices. For the solution of system equations (4.4), we have

recurrent formulas for calculation of au, 41, Bnt1:
i1 = —(B+ Cay,) tA,
Bni1=—(B+Cay) (10, —CB,), n=1,...,M -1,
where «a is the zero matrix and 3 is the zero column vector.
Applying formula , we have
D = 2x,((3 — A) exp(—A) + 2\ — 2)

1+2 I+1 1+2 1+1 1+2 I+1
1 Up41 = Ung1 — 2vn + QUn + Up_1~ Up_1
+ (142, o ]

+2 41 142 +1 1+2 I+1
+ [UnJrl vn+1 Up, +Un _ Un+ _Un+

Th T ’
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Now, the first order accuracy in t and the second order of accuracy in x an approx-
imate solution of inverse problem will be defined by

o2 UL—H

uf = oF (6, — = ), n=0,...,M, k=0,...,N.

T

The difference scheme (4.3)) can be rewritten in the matrix form
Apvps1 + Bpop + Crop_1 =10, n=1,...,. M —1,
. i (47)
vo= 0, =3vy+4dvy_1—vy_o=0.

where matrices A,, and C,, are defined by (4.5)), (4.6, respectively, B, is the matrix

=3 4 =1 2z zi41 Zi4e 0
d b, d
0 d b,
B, = d b, d )
b, d 0
d b, d
L O 2 241 a2 1 —4 03|

where

A A
Zl:3(;_l—1)7 Zl+1:4_7(;_l)7

A
2142 = _1+5(; —1

We search of a solution of (4.7 by using the formula

)a Zl+3:_*+l-
T

Un = OpUn41 +6nvn+2+7na ’I’LZO,...,M—Z,

where «p,...,ap—2 and By, ..., By—2 are (N + 1) x (N + 1) square matrices and
Y0y - - -y YM—2 are (N +1) x 1 column matrices. From (4.7)) follows the next formulas
for the coefficients ., Bn, Yn:

Qpn = _(Bn+Cnan71)_1(An+Cnﬁnfl)a ﬂn :07
Tn = (Bn + Onan—l)il(IN—&-lon - qu/n—l)a n=1,...,.M—1,

where
8 3
00=0, fo=0, =0 m=5I fi=—ol
8 5
am—2 =4I, fy-2= -3, 04M—3=§L ﬁM—?,:—gL

and 9,71, YM—2, VM —3 are zero column vectors. We denote
Q11 = —3An—2 —8Bpy—2 — 8Cy—20ap—3 — 3Crr—28n—3,
Qi2 =4ApN_2 +9Bpy—2 +9Cy—20pr—3 + 4C 280 —3,
Q21 = —3By-1 —8Cn-1, Q22 = Ay—1+4By-1+9Cn-1,
G1=10r—2—-C,_,vm—3,G2 = I0p_1.
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Then, vy and vps—1 can be calculated by the formulae
vy = (Q11 — Q12Q35 Q21) ' (G1 — Q12Q3; G2),
vpr—1 = Qay (G2 — Qarvnr).
Applying , we obtain
D = 22,((3 — N) exp(—A) + 2 — 2)

1+2 1+2 l+2 l
v — n+1 — 2012 4 20l + 0t — 0l
+ (1 +2,) [2F ]
2h2T
+2 1142 l 1+2 I
Upil = Upg1 — Uy~ + 0, v, T — vy,
— =1,...,M —1.
+ [ 2th ] [ 27 ]’ " Y

Finally, the second order of accuracy in ¢t and x of an approximate solution of
inverse problem will be defined by
142 l
vete —
uf = oF (6, — = o %), n=0,...,M,

Now, using MATLAB programs, we give numerical results for problem . The
numerical results are presented for different NV and M.

u¥ represents the numerical solution of the corresponding difference schemes for
inverse problem at grid point (¢g, 2, ). P, represents the numerical solution at point
xy, for unknown function p. The errors of approximate solutions are computed by
the norms

k=0,...,N.

1/2
(tk, Tn) —un| h) ,

Euly, = m ( Mz
Mk

- n=1

—1 1/2
EpM—(Z lp(zn) — pal h) ;

respectively. Tables[[}{2]give the error of approximate solutions of difference schemes
for given exact solution. They show numerical results for N = M = 20, 40, 80, 160.
Errors for p are in Table [T} and for v in Table 2] The numerical results show that
the second order of accuracy difference scheme is more accurate comparing with
the first order of accuracy difference scheme.

TABLE 1. Errors for p

accuracy DS | N=M =20 | N=M=40| N=M =80 | N =M =160
1st order 0.13122 0.064479 0.031979 0.015927
2nd order 0.0034378 893 x 1074 | 2277 x 107* | 5.75 x 107°
TABLE 2. Errors for u
accuracy DS | N=M =20 | N=M=40| N=M =80 | N =M =160
1st order 0.024351 0.012054 0.005994 0.0029885
2nd order 0.0011314 2.81 x 107% | 7.01 x 1075 1.75 x 107°
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Conclusion. In this paper, a numerical solution of inverse problem for the multi-
dimensional elliptic equation with Neumann type overdetermination and Dirichlet-
Neumann boundary conditions is considered. The first and second order of accuracy
difference schemes for this inverse problem are constructed. We establish the sta-
bility and almost coercive stability estimates for the solution of these difference
schemes. Numerical example with explanation on the realization is included to il-
lustrate theoretical results. Moreover, applying the results of works [3], [8] the high
order of accuracy stable difference schemes for the numerical solution of the inverse
elliptic problem with Neumann type overdetermination can be presented.
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