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FIELDS OF RATIONAL CONSTANTS OF CYCLIC
FACTORIZABLE DERIVATIONS

JANUSZ ZIELINSKI

ABSTRACT. We describe all rational constants of a large family of four-variable
cyclic factorizable derivations. Thus, we determine all rational first integrals
of their corresponding systems of differential equations. Moreover, we give a
characteristic of all four-variable Lotka-Volterra derivations with a nontrivial
rational constant. All considerations are over an arbitrary field of characteristic
zero. Our main tool is the investigation of the cofactors of strict Darboux poly-
nomials. Factorizable derivations are important in derivation theory. Namely,
we may associate the factorizable derivation with any given derivation of a
polynomial ring and that construction helps to determine rational constants
of arbitrary derivations. Besides, Lotka-Volterra systems play a significant role
in population biology, laser physics and plasma physics.

1. INTRODUCTION

One of the main results of the paper is Theorem [} which gives the descrip-
tion of the fields of rational constants of a family of four-variable Lotka-Volterra
derivations. This is a generalization of Theorem which describes the rings of
polynomial constants. As an important consequence we obtain Corollary which
characterizes all four-variable Lotka-Volterra derivations with a nontrivial rational
constant. Such a problem for three variables was studied by Moulin Ollagnier in
[7]. We extend the results of Theorem and Corollary to cyclic factoriz-
able derivations via diagonal automorphisms. All our considerations are over an
arbitrary field k of characteristic zero.

Recall that if R is a commutative k-algebra, then a k-linear mapping d : R — R
is called a derivation of R if for all a,b € R

d(ab) = ad(b) + d(a)b.

We call R? = kerd the ring of constants of the derivation d. Then & C R? and a
nontrivial constant of d is an element of the set R\ k.

Let us fix some notation: Qi - the set of positive rationals, N - the set of
nonnegative integers, N - the set of positive integers, n - an integer > 3, k[X] :=
klx1,...,2y], the ring of polynomials in n variables, k(X) := k(x1,...,2,), the
field of rational functions in n variables.
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If f1,..., fn € k[X], then there exists exactly one derivation d : k[X]| — k[X]
such that d(z1) = f1,...,d(x,) = fn. A derivation d : k[X] — k[X] is called
factorizable if d(x;) = z; f;, where the polynomials f; are of degree 1 fori =1,...,n.
We may associate the factorizable derivation with any given derivation of k[X]
and that construction helps to obtain new facts on constants, especially rational
constants, of the initial derivation (see, for instance, [6], [9]). A derivation d :
k[X] — k[X] is said to be cyclic factorizable if d(x;) = x;(A;x;—1 + B;xit+1), where

A, B; € kfori=1,...,n (we adopt the convention that z,; = z; and zg = x,,).
Special cases of cyclic factorizable derivations are Lotka-Volterra derivations (see
Section 2).

There is no general procedure for determining all constants of a derivation. Even
for a given derivation the problem may be difficult, see for instance counterexamples
to Hilbert’s fourteenth problem (all of them are of the form k[X]?¢, however it took
more than a half century to find at least one of them, for more details we refer the
reader to [8, 5]) or Jouanolou derivations (where the rings and fields of constants
are trivial, see [6, [§]).

The main motivations of our study are the following:

e Lagutinskii’s procedure of association of the factorizable derivation with
any given derivation (for instance, [6], [9]);

e applications of Lotka-Volterra systems in population biology, laser physics
and plasma physics (see, among many others, [1], [2], [3]);

e links to invariant theory, mainly to connected algebraic groups (see []])

If § is a derivation of k(X) such that 6(x;) = f; for i = 1,...,n, then the set
k(X)°\ k coincides with the set of all rational first integrals of a system of ordinary
differential equations

P ), ),
where ¢ = 1,...,n (for more details we refer the reader to [8]). Therefore, we
describe both: all rational constants of a derivation and all rational first integrals
of its corresponding system of differential equations.

2. LOTKA-VOLTERRA DERIVATIONS AND POLYNOMIAL CONSTANTS

Let d : k[X] — E[X] be a cyclic factorizable derivation of the form d(z;) =
xi(Asxi—1 + Bixir1) where A;, B; € k for i = 1,...,n. Suppose that A; # 0 for
all 7. Consider an automorphism o : k[X] — k[X] defined by o(z;) = A;},z; for
i =1,...,n. Then A = odo~" is also a derivation of the ring k[X]. Moreover,
f is a nontrivial polynomial (respectively: rational, see Section 3) constant of a
derivation d if and only if o(f) is a nontrivial polynomial (respectively: rational)
constant of a derivation A. Clearly o~ !(x;) = A;y12; and a short computation
shows that A(z;) = zi(zi—1 — Cixi41) for C; = —BiA;_l2 (we allow C; = 0) and
i=1,...,n. We can proceed similarly if A; = 0 for some i but B; # 0 for all .

Let C1,...,Cy € k. From now on, d : k[X] — k[X] is a derivation of the form

d(xz) = xi(xiq - Cixi+1)

for i = 1,...,n (we still adhere to the convention that z,1; = 1 and g = x,).
We call d a Lotka-Volterra derivation with parameters C1,...,C),.
Let n = 4. For arbitrary C1, Ca,Cs, Cy € k we may consider the four sentences:

S1 ¢ 01020304 =1.
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so: (C1,C5€ Q+ and C1C3 = 1.

S3 : 02704 € Q+ and CoCy = 1.

sy (C1C3C3C4s = —1 and C; = 1 for two consecutive indices 1.

)

where 7, ¢t € Ny and ged(r,t) = 1. In case s4 we define the polynomial f;, namely
for C; =Cy =1 let

In case sg let C; = %, where p, g € N1 and ged(p,q) = 1. In case s3 let Co = &

fa= .Z‘? + x% + J)% + Cgl‘i +2x120 — 20123 — 2032124 + 20023 — 2032014 + 2C31324,

for the other possibilities one has to rotate the indices appropriately.

Obviously sentences s; and s4 are mutually exclusive. Note also that if so A s3,
then s;. This means that we have ten cases to consider, depending on the truth
values of the sentences s1, so, S3, 4. Denote by —s the negation of the sentence s.

Theorem 2.1 ([4, Theorem 2]). Let d: k[X] — k[X] be a derivation of the form

4
0
d = in(ﬂfi—l — Cﬁﬂﬂ.ﬂ@,
=1
where Cq,Co,Cs,Cy € k. Then the ring of constants of d is always finitely generated
over k with at most three generators. In each case it is a polynomial ring, more
precisely:
if =81 A =89 A ms3 A —sy, then k(X1 =k,
if 1 A =8y A =83, then k[X]? = k[z + Crzg + C1Coz3 + C1CoCa24),

—~
N =
~—

K[z
3) if =81 A =82 A 83 A sq, then k[X]? = k[f4],
4) if =81 A —sg A s3 A sy, then k[X)? = k[zba?],
5) if 81 A s2 A sz A sy, then k[ X ]d = k[zi2t],
6) if —s1 A =Sy A sz A sS4, then k[ X% = k[f4, zbz]],
7

oo

I
if =51 A 5o A 83 A sy, then k[X]? = k[ f1, 2],
if 51 A =89 A s3, then k[X]? = k[z) + C1ag + C1Caxs + C1CoC3xy, xba]],
if s1 A\ so A —s3, then k[ ] = k‘[l‘l + Chiao + C1Csz3 + C1C5C314, xlxs]
if s A s3, then k[X]|? = k[z1 + Cr2e + C1Coz3 + C1CoCa2y, xial, xbah].

=~~~ o~~~ —~ —

D D T

—~

3. DARBOUX POLYNOMIALS AND RATIONAL CONSTANTS

A polynomial g € k[X] is said to be strict if it is homogeneous and not divisible
by the variables z1,...,2z,. For a = (a1,...,a,) € N” we denote by X¢ the
monomial 7" ...z¢ € k[X]. Every nonzero homogeneous polynomial f € k[X]
has a unique representation f = X%g, where X is a monomial and g is strict.

We call a nonzero polynomial f € k[X] a Darbouz polynomial (or an integral
element) of a derivation § : k[X] — k[X] if §(f) = Af for some A € k[X]. We will
call A a cofactor of f. Since d is a homogeneous derivation of degree 1, the cofactor
of each homogeneous form is a linear form. Denote by k[X],,) the homogeneous
component of k[X] of degree m.

Lemma 3.1 ([T1, Lemma 3.2]). Let n =4. Let g € k[X](m) be a Darbouz polyno-
mial of d with the cofactor \yx1+...+ A gxy. Leti € {1,2,3,4}. If g is not divisible
by x;, then A\iy1 € N. More precisely, if g(x1,...,2i—1,0,Zi41,...,24) = mfj_ng
and Ti42 /Yé, then /\i+1 = ﬁiJrQ and )\i+3 = _Ci+2)\i+1-
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Corollary 3.2 ([II, Corollary 3.3]). Let n = 4. If g € k[X] is a strict Darbouz
polynomial, then its cofactor is a linear form with coefficients in N.

For any derivation 6 : k[X] — k[X] there exists exactly one derivation 6 : k(X) —
k(X) such that 6|5 x] = . By a rational constant of the derivation § : k[X] — k[X]
we mean the constant of its corresponding derivation 6 : k(X) — k(X). The
rational constants of § form a field. For simplicity, we write § instead of .

Lemma 3.3 ([I0, Lemma 2]). Let n = 4. The field k(X)?¢ contains a nontrivial
rational monomial constant if and only if at least one of the following two conditions
is fulfilled:

(1) C1,03 €Q and C1C5 =1,

(2) 02,04 S @ and CoCy = 1.

Proposition 3.4 ([8, Prop. 2.2.2]). Let ¢ : k[X] — k[X] be a derivation and let
f and g be nonzero relatively prime polynomials from k[X]. Then 5(5) =0 if and
only if f and g are Darboux polynomials of & with the same cofactor.

Proposition 3.5 ([8, Prop. 2.2.3]). Let § be a homogeneous derivation of k[X| and
let f € k[X] be a Darboux polynomial of § with the cofactor A € k[X]. Then A is
homogeneous and each homogeneous component of f is also a Darboux polynomial
of 6 with the same cofactor A.

Proposition 3.6 ([8 Prop 2.2.1]). Let 6 be a derivation of k[X]. Then f € k[X]
is a Darboux polynomial of § if and only if all factors of f are Darboux polynomials
of 6. Moreover, if f = f1fs is a Darboux polynomial, then sum of the cofactors of
f1 and f3 equals the cofactor of f.

4. FIELDS OF RATIONAL CONSTANTS OF LV DERIVATIONS

From now on, n = 4. For C1,Cs, C3,C4 € k consider the sentences:
So : 01,03 € Q and C1C5 = 1.
S3: C’g,C’4€Qand CCy = 1.

In case 55 let C7 = 57 where p,q € Z, ¢ # 0 and ged(p,q) = 1. In case §3 let
Co = %, where r,t € Z, t # 0 and ged(r,t) = 1. Note that these presentations
of C; are unique up to sign. Sentences si, s2, s3, S4 and polynomial f; are as in
Section 2.

Theorem 4.1. Let d : k(X) — k(X) be a four-variable Lotka-Volterra derivation
with parameters Cy,Co,C3,Cy € k. Then:

( ) if 781 A 189 A 183 A sy, then k?(X)d =k,

(2) if s1 A\ 82 N\ 83, then k(X)d = k(x1 + Crze + C1Cox3 + C103C314),

(3) Zf 81 A —\52 AN —\§3 A S4, then k(X)d = k’(f4),

(4) if =51 A =82 A 83 A sy, then k(X)? = k(xbzh),

(5) if ~s1 A 52 A =33 A —sy, then k(X)? = k(x{xb),

(6) if =51 A =82 A 83 A 84, then k(X)? = k(fy, vbxh),

(7) if =81 A s2 A =33 A sa, then k(X)? = k(f, z]ah),

(8) if 51 A =83 A s3, then k(X)? = k(21 + Ciza + C1Cox3 + C1CoCsxy, ThaY),
(9) if s1 A sa A 33, then k( )4 = k(z1 + Crzz + C10213 + C1C2Csz4, ziah),
10) if so A 83, then k(X)? = k(21 + Crag + C1Coz3 + C1C2Cs24, x{xh, 2bah).

(
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Proof. All inclusions of the form O follow from Theorem 2.I] Next we show the
inclusions of the form C.

Let ¢ = % € k(X)?, where f, g € k[X]\{0} and gcd(f,g) = 1. By Proposition
we have d(f) = Af and d(g) = Ag for some A € k[X]. Let f =) fjand g =3 g5,
where f; and g; are homogeneous polynomials of degree j. By Proposition
since d is homogeneous, we have d(f;) = Af; and d(g;) = Ag; for all j € N. Then,
by Propositionagain, we have d(%) =0and d(%) =0 for all s and j. Moreover,
obviously '

f_X o

g i o
for some fixed i. Therefore it suffices to prove the assertion of Theorem [1] for
homogeneous f and g.

Let f = X“h, where X is a monomial and h is strict (analogously we proceed
for g). By Proposition both X® and h are Darboux polynomials of d. Let
A= A\zZ1 + ...+ M\z4 be the cofactor of h. By Lemma [3.1] we have

Aivs = —Citadip1 (4.1)

for all 7 in the cyclic sense. Moreover, Corollary 3.2 gives \; € N for i =1,...,4.

Cases (1)—(3). Suppose that A\; # 0. Then for ¢ = 2 implies that also
A3 # 0 and Cy = —i—; € Q. Likewise, for 1 = 4 gives Cy = —i—f e Q.
Therefore CyC,4 = 1, which is a contradiction to —§3. This proves that Ay = 0.
Analogously we proceed for Ao, A3 and A4. Hence we have \y = ... = X\y =0 and
the only strict Darboux polynomials of d are constants of d. Note that so = 35.
Hence -85 = —s3. The same for s3 and s3. Thus, in view of Theorem @ we
have h € k or h € k[x; + Ciagy + C1Cox3 + C1C2Csx4] or h € k[f4], respectively.
Furthermore, by Proposition[3.6} the cofactor of X is equal to A, since the cofactor
of h equals 0.

Similarly, g = X?I, where | € k[X]¢ and X” is a Darboux monomial with
the cofactor A. Then % € k(X)4, by Proposition In view of Lemma
))g—; € k. Hence ¢ = c%, where ¢ € k and h,l € k[X]%. Thus ¢ € k or ¢ €
k(z1 + Craa + C1Caz5 + C1C2Csx4) or ¥ € k(f4), respectively.

Cases (4), (6). As above Ao = Ay = 0. If, contrary to our claim, Az # 0, then
by we have \y # 0, C; = fi—j €Qand C5 = ,%1 € Q, in contradiction with

—59. By (4.1)) for ¢ = 4:

Az = —Ca)\1. (4.2)
However, by Corollary and by s3, the left-hand side of is nonnegative,
whereas the right-hand side of is nonpositive. Therefore A3 = 0 and, since
Cy > 0, we have A\; = 0. Then h € k[X]?. Since —s; A =53 A 83 A =54 = =51 A
=89 A 83 A —84 and 81 A 83 A S3 A S84 = 81 A 83 A 83 A s4, we have case (4) or
(6) of Theorem respectively. Therefore we have h € k[zbz’] or h € k[fy, zbal],
respectively. Moreover, the cofactor of X is equal to A.
Analogously, g = XP1, where [ € k[z4]] and X” is a Darboux monomial with
the cofactor A. Then ﬁ—; € k(X)4, by Proposition again. Let % = z§xbrsas,
where a,b,c,e € Z. Then

Xa
d <Xﬁ> = Zli(fxg:rgl’i((b —eCy)zy + (¢ —aCh)xa + (e — bCo)xs + (a — cC3)xy).
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Since d(%;) = 0, we have two systems of linear equations:

b7604:0 43

e—bCQZO ()
and

c—aCy =0 w

a—cC3=0. (4.4)

Since =32, we obtain a = ¢ = 0. Moreover, e — b7 = 0 implies et = br. Since
ged(r,t) = 1, we have r | e, and thus e = jr for some j € Z. Therefore br = jrt,
and since r # 0, we have b = jt. Consequently,

Xa

Y _
SCin wy oy = (whal)’ € k(zhal).

Thus 1 = 52 belongs to k(zha}) or k(fs,zbx]), respectively.

Cases (5), (7). These two cases are completely analogous to cases (4) and (6),
respectively.

Case (8). Similarly to case (4) we show that Ay = ... = Ay = 0. Therefore
h € k[X]%. Since s; A =33 A 83 = 51 A —s9 A 83, we have case (8) of Theorem [2.1
Hence, h € k[z; + Cixy + C1Cozz + C1C2C324, xha] and the cofactor of X is
equal to A. Likewise, g = XP1, where | € k[z1 4+ Cizy + C1Coxs + C1CoCsxy, xha])
and the cofactor of X” equals A. In the same way as in case (4) we show that
25 € k(zbah). Finally, ¢ € k(21 + Chaa + C1Comz + C1C2Cazy, ahal).

Case (9). It is entirely analogous to case (8).

Case (10). Since all C; are positive, the the left-hand side of is nonnegative
and the right-hand side of is nonpositive for: = 1,...4. Thus A\ = ... = \s =
0 and h € k[X]? Hence, by Theorem we have h € k[z; + Cizg + C1Coz5 +
C1C5Cszy, xiah, xhal]. Moreover, the cofactor of X equals A. Analogously,

g = XP1, where | € k[X]? and the cofactor of X” equals A. Then 35 € k(X)<.

[e3 . . .
If % = x‘fa:gxgxi, where a,b, c,e € Z, then we again obtain the systems of linear

equations of the form (4.3) and (4.4). Similarly to case (4) we obtain e = jr, b = jt

for some j € Z and a = sq, ¢ = sp for some s € Z. Thus ?TZ € k(x{af, abal).
Consequently, ¢ € k(z1 + Cras + C1Coxs + C1CoCsx4, xiak, zhal). O

Note that Theorem [2.1] covers all the cases. Theorem 1] does not cover all the
cases, however huge majority of them. Nevertheless, the following corollary covers
all the cases.

Corollary 4.2. If d is a four-variable Lotka-Volterra derivation, then k(X)? con-
tains a nontrivial rational constant if and only if at least one of the following four
conditions is fulfilled:

(1) C1CC3C, =1,

(2) C1,C3€Q and C1C5 =1,

(3) CQ,C4 €Q and CyCy = 1,

(4) C1C2C5Cy = =1 and C; =1 for two consecutive indices i.

Proof. If =51 A =35 A =33 A =84, then k(X)? = k, by Theorem If 55 or 33, then
k(X)? # k, by Lemma If 51 or s4, then k(X)9 # k, by Theorem O
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Note that if d is as in Theorem [£.1] then the field of rational constants equals the
field of fractions of the ring of polynomial constants. Which is not true in general,
even k[X| may be trivial, while k(X) nontrivial.

Example 4.3. Let k € {R,C}. Let d: k[X] — k[X] be a derivation defined by
d(z;) = xi(xi—1 + 2441), fori=1,3,
d(x;) = xi(xi—1 — Hagyq), fori=2,4.

By Theorem k[X]? = k. Nevertheless, o€ k(X)2.
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