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SIMULTANEOUS BINARY COLLISIONS IN THE EQUAL-MASS
COLLINEAR FOUR-BODY PROBLEM

TIANCHENG OUYANG, DUOKUI YAN

ABSTRACT. In the four-body problem, it is not clear what initial conditions
can lead to simultaneous binary collision (SBC), even in the collinear case.
In this paper, we study SBC in the equal-mass collinear four-body problem
and have a partial answer for initial conditions leading to SBC. After intro-
ducing a Levi-Civita type transformation, we analyze the new transformed
differential system of SBC and solve for all possible solutions. The problem
is studied in two cases: decoupled case and coupled case. In the decoupled
case where SBC is treated as two separated binary collisions, the initial con-
ditions leading to SBC satisfy several simple algebraic identities. This result
gives insights to the coupled case, which is SBC in the equal-mass collinear
four-body problem. Furthermore, we show from a different perspective that
solutions passing through SBC must be analytic in the transformed system
and the initial condition set leading to SBC has a measure 0.

1. INTRODUCTION AND MAIN RESULTS

The N-body problem in celestial mechanics considers the motion of N point

masses my, Ma,...,my governed by a Newtonian gravitational force. The equa-
tions of motion are
mamma (0 — s
miq;:—ZM, i=1,...N, (1.1)
j#i lgi — g5

where ¢; denotes the position of the i-th body with mass m; (i =1,2,...,N) and
| - | denotes the Euclidean norm in R9.

Definition 1.1. A solution ¢(t) = (q1(¢),...,qn(t)) of differential equations (1.1)
has a singularity at time t* < oo if it cannot be extended beyond t* under the
variables {q1,...,qn,t}.

A collision occurs if ¢; = ¢; for some ¢ # j. It is clear that a collision is a
singularity. The collision set is defined by

A=U{g=(q1,q2---,qn) € (R)N : ¢; = g; for some i # j}.

Definition 1.2. A singularity at time ¢t = t* is a collision singularity if there exists
q* € A, such that ¢(t) — ¢* as t — t*.
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The collision set A contains several types of collision singularities: binary col-
lision, total collision, triple collision, simultaneous binary collision, etc. A binary
collision occurs when only two masses collide. If all the masses coincide at the same
point, we have a total collision. Between these two extreme cases, other types of
collisions can also occur. A triple collision occurs if three of the point masses coin-
cide while the rest have distinct positions. If two or more different pairs of binary
collisions coincide at different locations, we have a simultaneous binary collision
(SBC for short).

The simplest collision singularity is binary collision. “It is known that in the
two-body problem, one can change both space and time variables so that a binary
collision transforms to a regular point of equations. The solution can then be ex-
tended through the collision singularity in the new variables [12].” In the three-body
problem, binary collision was successfully studied by Sundman [22] 23]. He found
a convergent series solution in a new time variable 7 = t/3 for the three-body
problem which ends in a binary collision at ¢ = 0. This is commonly referred to as
regularization of binary collision. About a decade later, Levi-Civita [§] proposed
another approach and regularized the binary collision. The transformation intro-
duced in his work is now known as the Levi-Civita transformation, which is an
important tool in the regularization theory.

SBC is another type of collision singularity. In this case, k (2 < k < o) pairs
of binary collisions occur simultaneously at time ¢ = 0. To be more precise, we
assume that there exists a neighborhood (—d,d) of ¢, such that SBC at ¢ = 0 is
the only singularity in (—6,0). And at ¢t = 0, the distances between the centers of
each collision pairs are bounded below by a constant ag > 0. The regularization
of SBC has been widely studied. Sperling [21], Saari [18] and Belbruno [I] proved
the existence of convergent series solution of SBC in the new time variable 7 = ¢1/3
independently. Later, Lacomba and Simé [20] showed that SBC is time continuation
regularizable. However, there are still some open questions. For example, it is not
clear that if there exists a transformation such that SBC becomes a regular point
in the transformed differential system. After changing of variables, SBC may still
be a singular point of the new system. Can one solve this transformed differential
system of SBC? Our work provides a positive answer for this question.

For the purpose of clarification, here we only study SBC in the equal-mass
collinear four-body problem. After introducing a new time variable, the standard
Hamiltonian system generated by Newtonian equations becomes a new differ-
ential system, which is not a Hamiltonian. We use a device proposed by Poincaré
[19] and transfer this differential system to a new Hamiltonian system. Then the
study of SBC becomes to analyze the new Hamiltonian system. Since this new
Hamiltonian has a complicated form, we introduce a technique of Siegel and Moser
[19] and study it in two cases: decoupled case and coupled case. In the decoupled
case, we ignore the interaction between the two collision pairs. In other words, SBC
in the decoupled case is considered as two separated binary collisions happening at
the same time. An analytic argument helps us solve the differential system in the
decoupled case. The solutions of SBC in the decoupled case are all analytic and
they actually form a one-parameter set. Similar results also hold for the coupled
case, which is SBC in the equal-mass collinear four-body problem.

Before explaining the main results in detail, we introduce some notations. With-
out loss of generality, we assume that four masses locate on the z-axis. we denote
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the coordinate of mass my by g € R, and the linear momentum by py, respectively,
where pr = myqgr (k=1,2,3,4). Then the standard Hamiltonian system is
q-k:Epk, ka—Eqk, E:T—U
where

(k=1,2,3,4),

4
1 2 mim;
R
2 = 1<j<i<4 | gi —qj |
Let ¢t = 0 be the time of SBC. Choose § > 0 to be small enough, such that ¢t =0

is the only singular point in (—4,4). As in Figure [I} we assume the coordinates
and momenta of four masses satisfy ¢1 < g2 < q3 < q4, p1 > 0, p3 > 0, p2 < 0 and
py < 0 for t € (=4,0).

P1

b2 ps3 y2
— — — —
q1 q2 g3 q4

FIGURE 1. Mass configuration

The center of mass and the total linear momentum are set to be 0, i.e.

miqr + maqz +msqz +maqs =0, (M1 =my =mz=my = 1),
myq1 + maga + maqgs + mags = 0,

or p1 +p2 +p3+ps=0.
A standard canonical transformation involving mutual distances is introduced
as follows:

L1 =42 —q1, T2 =(4 —(gs,
Y1 = —PpP1, Y2 = P4,
The new time variable is defined as

toq 1
Sl[%w+mmw’

where ¢t = 0 is the time of SBC, i.e. x1(0) =
function of ¢ in the interval 7 <t < 0 and

T3 = (g3 — q2;
Ys = —p1 — p2-

(r<t<0),

22(0) = 0. Note that s is a regular

C | 1
2= [ G

is the time of SBC in the new coordinate. It has been proved that s; is finite [19].
without loss of generality, we can assume s; = 0.

A Levi-Civita type canonical transformation is defined as follows

2 2
&1 =11y, &= —T2y3,

53 = I3,
1

m=—, y M3 = Ys3.
Y1

follows:

The study of transformed differential system of SBC is accomplished in two cases:
the decoupled case and the coupled case. The definitions of these two cases are as
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Definition 1.3. Assume m; = mg = mgz =my = 1. If 3 = 00, y3 = 0, we say the
system is the decoupled case; and we call SBC in the collinear four-body problem
with equal masses the coupled case.

The following theorems are our main results.

Theorem 1.4. Let EE = h be the total Hamiltonian energy of the decoupled system.
In the decoupled case with total energy h = 0, the solutions (£1,&2,m1,m2) of the
transformed differential system of SBC are all analytic in a small neighborhood of
s =0 and they form a one-parameter set, where the parameter C satisfies

& —& _ myl — oyl +ash ( 2_i)

= = y
&ing + &an3 z1 + T2 L

Note that the formula of C' in Theorem [I.4] has a physical meaning. It is actually
the total energy of the left collision pair (g1, ¢2) in Figure |1} It is clear that it is a
first integral. without loss of generality, we may assume that C' > 0. It is shown in
Section[3.4]that s = 0 is a much weaker singular point of the transformed differential
system in the decoupled case with total energy E = h = 0, which can be handled
analytically. The differential system in the decoupled system with £ = h = 0
eventually becomes the equations of N; and No:

/ 2\2 N22
N;=(1—-—N)* ———=— 1.2
(=08 i (12)
N2
Ny=(1+N3?. L 1.3
2 ( + 2) N12+N227 ( )
with the initial condition
N1(0) = N2(0) = 0. (1.4)
where s s
N1(S)=Cl/2771(01/2), N2(8)201/2772(Cl/2)7

and C' is an arbitrary positive constant. It is shown that the differential system
(L-2)-(1.3), and has a unique solution (N7, N3) in a small neighborhood of
s = 0. Consequently, the unique solution (N7, Ns) generates a one-parameter
family of solutions (11, 72) with C as the parameter. As a consequence, the following
proposition holds.

Proposition 1.5. For fized total energy E = h = 0, the variables (&1,&2,11,12)
are on a 3-dimensional hypersurface. In a small neighborhood of O on the energy
surface E = h = 0, the set of initial conditions leading to SBC is 2-dimensional.
Actually, for any given small (n10,120) = (€1, €2) leading to SBC, there exists unique
so0, Co, €10 and &9, such that

tanh_l(Cl/Qm) + tan_l(C’l/QnQ) = 03/2772 03/2771 =2 (1.5)
0 0 1+Con3 " 1—Con3 ° 7

€1 =m(s0,Co), €2 =mn2(s0,Ch),

1 -1
§10 = Cod =1’ €20 = Cod 1
Here (n1(s0, Co),n2(s0, Co)) is the solution of (1.6) to (1.8):
2
2

n = (=1+4Cn;)? (1.6)

ni+n3’
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2
! = (14 Cn2)? n 7 1.7
5 = ( n3) 77%+77§ (1.7)

which is equivalent to solve the algebraic equations (|1.5]).

For the decoupled case with general total energy E = h, similar argument shows
that:

Theorem 1.6. In the decoupled case with total energy E = h, the solutions
(&1,&2,m1,12) of the transformed differential system of SBC are all analytic in a
small neighborhood of s = 0 and they form a one-parameter set, where the parameter
D satisfies

G —& (&m3 — &ani)h
Cani+&ns 26+ &n3)
(&am3 — &ni)h
206t + &m3)
_wyf —ways +ah h

x1 + To 2
h(.’l?g — .’1?1)
=C+ ———=
2(I1 +I2)

Proposition 1.7. For fized total energy E = h, the variables (£1,&2,m,12) are on
a 3-dimensional hypersurface. In a small neighborhood of 0 on the energy surface
E = h, the set of initial conditions leading to SBC is 2-dimensional. Actually, for
any giwen small (Mo, 720) = (€1, €2) leading to SBC, there exists some sqg, Dy, &10
and a9, such that

—C+

€1 =m(s0, Do), €2 =n2(s0,Do),
1 . 1
(D()—l-%)E%—]_? 20 (—D0+%)6%—1’

where (n1(s0, Do), n2(50, Do)) is the solution of the system

510 =

1 772
/ 2 2 2
7, =[(D+ k) — 12— (1.9)
1= (@ ghing = 1] nt +n3 — hning
S T | N S— (1.10)
? PR nt +n3 — hning
with initial conditions
m(0) =n2(0) =0, (1.11)

Remark 1.8. To solve the initial value problem (1.9) to (1.11]), we can apply the
separation of variables and integrate it. It is not hard to see that the solution
satisfies algebraic identities like (|1.5)).

To understand the differential system in the coupled case, we need to study the
connection between the coupled case and the decoupled case.

Theorem 1.9. Let E = h be the total Hamiltonian energy of the system in the
coupled case. In the differential system (5.3) to (5.9) of the coupled case, there are
infinitely many solutions (§1,&2,&3,m1,12,m3). All of the solutions are analytic in a
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small neighborhood of s = 0 and they form a one-parameter set, where D in ((1.12)
is the parameter.

D = lim [ & —& (&am3 — fmf)h]
s=0 tEnt +&ny - 2(&6m7 + Eam3)
(& — &ni)h
s=0 2(&nf + &m3)
21yf — a2y3 +a2h R

= lim —=.
t—0 xr1 + 2o 2

Furthermore, for any given initial condition

€(0)=&(0)=~1, 7(0)=n(0) =0, &(0)=8&, n(0) =7

at SBC and fized total energy E = h, there is a one-to-one correspondence between
solutions (&1,&2,m1,12) in the coupled system and the decoupled system.

In addition, we provide a variational way to understand the regularization of the
collinear binary collision and collinear SBC in the decoupled case.

Theorem 1.10. The collinear binary collision in the two-body problem and the
collinear SBC in the decoupled case are reqularizable.

After introducing the time variable s, we can apply the variational argument to
understand the regularization of binary collision in the collinear two-body problem
and collinear SBC in the decoupled case. The proof of this theorem can be found

in Sections [L.1] and 2

Remark 1.11. Besides the regularization mentioned above, there is another type
of regularization: block regularization, which is first introduced by Easton [2],
and then by Martinez and Simé [10} [11] and ElBialy [3], 4, [5, [6, [7]. Very rich and
interesting results can be found there and the references within [9[12] 13, 14 15 [16].
In this paper, we don’t discuss this kind of regularization.

The paper is organized as follows. In Section [2| we simplify the Hamiltonian
form and show that a Levi-Civita type canonical transformation is well-defined
at SBC. In Section [3] The decoupled case is studied and all possible solutions of
SBC in this case are found. In section [d a variational argument is provided to
understand the regularization of collinear binary collision in two-body problem and
the decoupled of collinear SBC. In Section[f] the transformed system of the coupled
case is analyzed. In the Appendix, power series solutions are calculated for each
cases as a numerical evidence.

2. PRELIMINARIES

2.1. Simplified Hamiltonian form. Let ¢t = 0 be the time of SBC. As shown in
Figure [1} we assume the positions of the four masses satisfy ¢4 > g3 > g2 > ¢1 for
t € (—0,0). We denote the linear momentum of mass m; by p; = m;¢; (i = 1,2,3,4).
Let the center of mass rest at the origin and the total linear momenta be 0. The
Hamiltonian for this system is E =T — U, where

4
ToiN . ve ¥
1 Tk 1§j<i§4‘qi_qj|
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In this section, we apply the standard first integrals: the center of mass and the
total linear momenta to eliminate a pair of variables. The canonical transformation
is defined as follows
T1=4¢2 —q1, T2 =444 — (3, xr3 = (g3 —q2, T4 = 44, Y1 = —D1,
Y2 = —p1 —P2—DP3, Y3=—PpP1—P2, Y4i=Dp1+Pp2+p3+ps.
Note that the total linear momenta p; + pa + p3 + ps = 0, then yo = py, y4 = 0.
Also the center of mass is assumed to be 0, thus

(2.1)

0 =m1q1 +ma2g2 +m3qz +maqs
=m (x4 — 23 — 22 — 1) + Ma(xg — 23 — T2) + mz(xg4 — 22) + Myxy.
It follows that

g, = T + z3(my +ma) + xa(my + ma + m3)
4 mi + mo + ms + my ’

Under the canonical transformation ([2.1)), we only have to consider the following
Hamiltonian system with 6 variables z;, y; (i = 1,2, 3):

Ty =Ey,, yr=—FEg;, (k=123) (2.2)
where £ =T — U and

1 22 N2 2 2
T — 7[y71 + (y1 —ys) + (ys — ¥2) + 972]7 (2.3)
2 mi mo ms3 my
mim mim mim mam mam msam
U= mme 1ms3 1My 2Ms 24+34. (2.4)
T Ty +x3 X1+ T2+ T3 T3 T2+ T3 T2

2.2. Limits at SBC. By our assumption, q; < ¢2 < g3 < qq, p1 > 0, p3s > 0,
p2 < 0 and py < 0 for any t € (—6,0). It implies that

x1>0, 22>0, 23>0, 24>0, y1<0, y2<0, foranyte(-40).

Since SBC happens at ¢ = 0, it follows that lim;_q x1(t) = lim;_¢ 22(¢) = 0. From
the Newtonian equation (|1.1), it is clear that

lim o2y = (g2 — 012 — ) = —(ma +ma), (25)
i w32 = lim (g4 — g3)° (Ga — G3) = —(mg + ma). (2.6)

By identities (2.5) and (2.6]), one can show the following result [J.

Lemma 2.1.

lim 2% = a, where o = (m /3 (2.7)
t—0 Tg ms3 + My
and
lim (g2 — 1)(d2 — 41)* = 2(m1 +mo), (2.8)
lim (qa — g3)(g4 — ¢3)* = 2(ms3 + ma). (2.9)

Proof. By identity ([2.5), it is clear that z; = g2 — q1 = O(t*/3). It follows that
(22 — 1) (g2 — @1)?

— — = —2.
t—=0 (g2 — q1)%(g2 — G1)

Hence,
tli_rf(l)(% —q1)(G2 — G1)* = 2(my + my).
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Similarly,
}LH(I)(CM —q3)(d1 — G3)* = 2(m3 + ma).

The ratio of idetities ([2.8) and (2.9)) implies the limit (2.7]). The proof is complete.
O

To introduce a Levi-Civita type canonical transformation, we first need to show
that 2197 and z2y3 are well-defined at SBC. Similar results can be found in [17].

Lemma 2.2. lim;_,¢ xly% and limy_,q xgyg exist, and

2
. 2 1 o 2(mimg)
lim z1y7 = lim x1p] = ————,
t—0 t—0 mi + mo

2
. 2 1 5 2(mamy)
lim xoy; = lim @opy = —————.
t—0 t—0 ms + My

Proof. First, we show that both z;y? and z2y32 are bounded when ¢ approaches 0.
By equation (2.4]),
mims mi1may maoms oMMy msmy

1 U =mimso + 11 + 1 +x1 + x1 +x1
1+ I3 1+ T + X3 I3 To + I3 T2

Note that lims—,21(¢) = lim;—g 22(t) = 0 and lim;—,g x3(¢) > 0. Then by Lemma

2.1

msm
T2
Let E =T — U = h be the Hamiltonian constant. It follows that

4
| = mymg + amsmy.

lim 21U = lim[mymg + x1
t—0 t—0

tlir% T = }ir% x1(U 4+ h) = mima + amzmy.

By equation ([2.3)),

1 —ya)2 —s)2 2
lim 2,7 = lim 7‘%.1[3/71_’_ (y1 — y3) + (Y3 — y2) +y72]
t—0 t—0 mq mo ms my

= myma+amgmy. (2.10)

In particular,
0< xlyf <2my(mimg + amsmy) and 0 < xlyg < 2my(mimg + amgmy).

Therefore, both x1y? and z9y3 = %xlyg are bounded at SBC.
Next, we apply the boundedness of z1y? and w232 and Lemma [2.1| to show the

existence of their limits. Note that y; = —p1, y2 = ps, Y3 = —p1 — p2, then
z1y; = x1p; and 2ay3 = zopi. By [2.8), 2.9), @.10):
. D1 P2 \2
| — - =) =2 2.11
tg%xl(ml m2) (mq 4+ ma), (2.11)
. P3 P4 2
| — - —)" =2 2.12
tgr(l)xg(mg m4) (ms + ma), ( )
p1+p2+p3+ps=0, (2.13)

2 2 2 2
lim oy [2L 4 P2 5 P4
t—0 mq mo ms nmy
By (2.14), we know that z1p?, x1p3, 1p2, z1p3 are all bounded when ¢ approaches

0.

= 2(myima + amsmy). (2.14)

Consider the equation for ys:
mims MMy maims Moy
x1+23)?2  (r1+ 22 + 23)2 (x3)? (2 + 23)%

5= By = ¢ (2.15)
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Since x3 = g3 —qo is strictly positive for —0 < t < 0, there exists a positive constant
B, such that 35 > B > 0. Integrating the above identity (2.15)) from —4 to 0 implies
that

0 < —y3(0) +y3(—0) < § - (mims + mima + mamsg + mamy).

B?
It follows that p1(0) + p2(0) = —y3(0) is bounded. Hence,

1
1' 2 = 1 = 1 —_— 2 - .
lim 2y (py +p2)” = 0, limaipi(py + p2) = lim PRl (p1+p2) =0

By (1),

2(m1 4+ ma)
7hmxl(ﬂ,7£)2:1mx1(7+p71,p71,1£ 2
t—0 ma mao t—0 mo mao meo
1 .2 1 . 2 2(m1 +m2) A
im x1p1( + mz) + 2 tgr(l)xl(m + p2) . tg%zmpl(m +p2)
1 .2
= lim z1p? (— + —
1( 1 mz)
Therefore,
. . 2(mymaz)?
| 21 PR L Ty
tgr(l) 1y tg%xlpl mi + Mo

Similarly, by considering equation (2.12]), one can show that

2
. 2 9. 2 2(m3m4)
lim xoy; = lim @opy = —————.
t—0 t—0 ms + My

]

2.3. New Hamiltonian F. The transformation in this subsection is inspired by
the book of Siegel and Moser [19]. To consider equations (|1.1]) at SBC, we introduce
a new independent time variable

t

mim msam.

s:/ (MM | MMy g, oy ),
T T To

where ¢ = 0 is the time of SBC. Let s = s; be the corresponding collision time
in the new time variable. Siegel and Moser [19] showed that ff Udt is finite, so

51 = ff(m;izw + 274 )dl is finite. Without loss of generality, we can assume s1 = 0.

Denote dzy/ds by zj, and dyi/ds by y;.. Then the Hamiltonian system (2.2
becomes

1 1
,T;c = mEyka y;c = _mEmm (k = 17233)a (216)
xr1 xr2 x1 x2

where £ =T — U, and

1 42 RY: RY: 2
2 "my mo ms3 my

mimeo n mims mimay moms moimay msmy

T =

U =

(2.18)
T x|+ T3 x|+ 29 + a3 T3 To + I3 To
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To restore (2.16) to a Hamiltonian form, we apply a device introduced by Poincaré
[19]. Let

1 E_h 1
mimao msma ( - ) — mima msma (
1 T2 1 T2

where E =T — U = h. For the solution of Hamiltonian system (2.2]) on the energy
surface E = h, we have

F= T—U-—h),

Fl’k: EIM FykziEy

mima mamaq mima mamaq
1 T2 1 x2

Consequently, (2.16) can be written as

ke

.%‘;f = Fyka y;c = —ka, (k; = 1,2,3), (2.19)
where
1
= S s (E = h).
il 2 *_ 22 4

The following result is due to Siegel and Moser [19].

Lemma 2.3. If (zg,yx) (k= 1,2,3) is a solution of the differential system (2.16))
on the energy surface E = h, then it is also a solution of the Hamiltonian system
(2.19) on the energy surface F' =0, where

— mims mszmy (
Xy )

E—h).

Similarly, if (xg,yx) (k= 1,2,3) is a solution of the Hamiltonian system F on the
energy surface F =0 and x, # 0 (k =1,2), it is also a solution of the differential

system (2.16)) on the energy surface E = h.

Proof. If (x,yx) (k= 1,2,3) is a solution of the differential system (2.16) on the
energy surface F = h, then the function

1 1
= mim mm(E_h’):mm mm(T_U_h)
;1 2 *ﬁ ;2 4 ;1 2 %7 i2 4
of zx, yr (k=1,2,3) satisfies
1 1
Fy, = Eay,  Fy, = mimg —mgmg L

mima + masamaq mima +,7n3"M
x1 To x1 x2

It follows that (2.16]) can be expressed as the Hamiltonian system
z,=Fy,, y,=—-F,, (k=1,23),

which is indeed satisfied by all solutions of the original equations of motion with
energy E = h, hence F' = 0.
Conversely, if FF'=0 and a2 # 0 (k = 1,2), then (2.16]) follows from (2.19). O

Remark 2.4. To study the solutions of (2.2)) with Hamiltonian E = h, it is equiva-
lent to find the solutions of the Hamiltonian F' = W (E —h) on the energy
3] xo

surface F' = 0.
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3. DECOUPLED CASE WITH TOTAL ENERGY FE=h =0

Let m1 = mgy = m3 = my = 1. In this section, we study a simple decoupled
case, in which we assume x3 = oo, y3 = 0, h = 0. Under these assumptions, the

formulas (2.17) (2.18)) become T = y? + y3, U = 3711 + i, and

2 2
_ vty 1. (3.1)

F 141
] T2

And the Hamiltonian system becomes

z,=F,, y,=-F,, (k=12) (3.2)
with Hamiltonian
2 2
k- R ' (3.3)
i T2

3.1. Equations for x; and y; (k= 1,2). We write the Hamiltonian system (3.2))
in explicit forms:

2y1 2y1T1 T2
=5 = (3.4)
e + 3 Tl T+ T2
2, .9
/ yity; 1 T3
_ L 7 3.5
U S W N A (35)
2y2 2yox1 T2
xh = T — = g (3.6)
e + 3 Tl T+ T2
2, .9
/ yr+y; 1 1
_ 1__ , 3.7
A o s N N R (37)

Lemma 3.1. If {z1,22,y1,y2} is a solution of the Hamiltonian system (3.2) on
the energy surface F = 0, then there exists a constant C' such that

1 1 T1Y2 — Toy3
2 2 1 2
=— 40, YP=—-C, =272
hn 1 + ’ Y2 T ) T1 + To
Proof. From equations (3.4) and (3.5)),
dyp oy 1
dry ) 2y122°

We separate the variables and integrate both sides:

-1
/Zyldyl Z/lej
)

1
y% = :E— +C, ie. ley% —Czy =1, (38)
1

Then

where C' is a constant, which only depends on the initial conditions. Similarly, we
have

1 - ~
y% =—+4+C, ie mgyg —Cxy =1, (39)
L2

where C' is another constant, which depends on the initial conditions.
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Adding up equations (3.8)) and (3.9) and applying the formula of F' (3.3)) in the
Hamiltonian system (3.2)), we obtain

11 - -
ity =—+—+C+C=yi+y3+C+C.
Ty X2

It follows that C' = —C.
Then equation (3.9) becomes

y% =——C, or x2y§ + Czs = 1. (3.10)

The difference of equation (3.8]) and equation (3.10) implies

2 2
T1Y7 — 2oys — C(xy +22) =0 thus C = %
1+ 22

O

Remark 3.2. By Lemma the first integral C' = y? — i is actually the total
energy of the collision pair: m; and mea.

Although we assume m; = mo = m3 = my = 1, the system is not necessary to
be symmetric since the positions and velocities of the four masses are arbitrary.

3.2. Levi-Civita type canonical transformation. Let s = 0 be the time of
SBC. In this subsection, we define a new Levi-Civita type canonical transformation,
which is a generalization of Siegel and Moser ’s work [I9]. The transformation is
defined as follows:

1
&G=-—myl, &=-w2w5, m=—, Mm=—.
Y1 Y2
Then z;, y; can be solved in terms of & and n; (i = 1,2):
1 1
= —=&mi, = —ns, y1=—, Y2=—.
m 72
Then the new Hamiltonian system becomes
E;c = me 77;@ = _F$k> (k = 1’2) (3-11)

with ) )
§1&2(nt +n3)

F=-22""- =° 1. 3.12

&g + Eam3 (3.12)

By Lemma we only need to consider the solution on the energy surface F' = 0.

3.3. First integral C in the transformed Hamiltonian system. The following
equations are the explicit forms of the Hamiltonian system (3.11):

, 266amn; (& — &)

G= (172 + Ean2)? (8.13)

;o 26&mni(& — &)

&= (&2 + &an2)? (8.14)
;i +n3)Ems
T @) (8.15)
. (nf + m3)&int (3.16)

2T (G and)?
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&6 (mitn)

Ry 1 = 0 implies that

Actually, the Hamiltonian constant F' =

ant + &my = —&&Mm; +03).

Hence the differential equations of ; and 75 can be simplified to:

U 115 S S (3.17)
Y@+ end)? & ni+ng’
2 2\ ¢2,2 1 2
g = m)&m 1 m (3.18)

P Emrem)? & i+
By Lemma the initial condition at SBC is

£1(0) = &(0) = =1, m(0) =n2(0) = 0. (3.19)
Similar to Lemma [3.1] we define f(s) to be the formula:
&
f(s)

Cani+ &’

It is clear that f(s) is not defined at s = 0. We want to show that f(s) is a first
integral of the Hamiltonian system (3.11]) for any s # 0.

Lemma 3.3. If {&1,&,m, 12} is a solution of the Hamiltonian system (3.11]) with
the initial condition (3.19)), then % =0 for any s # 0.

Proof. Note that

df

ds

_of o, 9of ., of ., of
_(9751 £1+8§2 £2+8771 m o M2

E(nf +m3)  26&mn3(&—&) | —&i +n3) —268mni(& — &)
(Gnt +&m3)?  (&ni +&n3)? (&ant + &m3)? (&an? + &am3)?

—26m (6 — &) EninE +n3) n —26m(61 — &) &Pt (nF +n3)

+
(&ni +&m3)2 (G +&n3)? (g +&m3)? (&nf + &n3)?
=0.
O
We denote the first integral f(s) by C, so
_ &8
&g + ams
Lemma 3.4. By the two first integral F' and C':
24 .2
0—p—_&mtm (3.20)
&y + &ans
§1— &
_ _S17% 3.21
&g + &an3 (8:21)
& can be solved in terms of n; (i =1,2):
1 1
& & = (3.22)

Tl ong —-1-Cn3’
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Proof. From identity (3.20)),
— &&0f +n3) = & + & (3.23)
Dividing both sides by &£1&2, we have
2 2
n n
i tm) =+ 2 (3.24)
& &
From identities (3.21]) and (3.23)), it follows that
&1 — & = Cl&ni +&n3) = ~C&& (i + n3).
Dividing both sides by (—£1£2) implies that
1 1
= — 7 = Cf +n3). (3.25)
& &
Then we can solve for Eil and é from equations (3.24]) and ([3.25)):
1 1
—=—1+Cn}, —=-1-Cni
§1 771 62 n2
Then (3.22) follows. O

Remark 3.5. Note that & = 1/(—1+ C7?) in Lemma then C' can be solved
in terms of & and 7;:

144
g
Since 71 = —&n? and & = —w1y?, it follows that
o tt& 1 -zt :y2,i
&g —1 Yoo

Therefore, the first integral C' in the differential system (3.13)—(3.18) is the total
energy of the left collision pair: m; and mso, which is the same constant as in
Lemma [3.11

Since & and & can be represented by 7; and 1y, we only need to solve the
equations of 77; and 7s:

2

’ 22 2

m=((—1+Cni)*- , 3.26

=l RN R 20
212 i

/

ny=(—1-Cn3)* 4, 3.27

2= D 20

with initial condition 7;(0) = 72(0) = 0. By considering differential equations
(3.13)) to (3.18)), we find an identity between n; and 7.

Lemma 3.6. 7, and 1y satisfy

m "2
=s. 3.28
1—-Cn? + 1+ Cn3 ’ (3:28)

Proof. From the differential equations (3.17) and (3.18]), we have

1 772 1 772 51772 + 52772

/ / 2 1 1 2
mé + e = — = = :
! 2 &1 77% + 77% &2 77% + 77% 5152(77% + 77%)
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By the first integral of F' (3.20)),

&t + Eams
§1&2(nf +13)

Then 0} &1 + nhéa = —1.
Similarly, by differential equations (3.13]) and (3.14)),

2663 (61 — &) 261&min (& — &)

—0.
(&anf + &2m3)? (E1n% + Eam2)2

méy + méy =
Therefore,
(mé&i +m2&2) = mé& +nhéa +m&; +méy = —-1+0=—1.
Since &1(0) = £2(0) = —1 and 71 (0) = n2(0) = 0, it follows that
mér + mée = —s.

Applying formula (3.22) of & and & in Lemma [3.4] we have (3.28). O

When C = 0, we have & = & = —1 and 7; = 72 = s/2. Consequently, x; = x2
and y; = Y2, which is the symmetric case. The two collision pairs have exactly the
same motion.

When C < 0, the equations (3.26)) and (3.27) can be written as

212 77%

!

m = (=1—|Cln;)”- :
! Yo+ n3
242 77%
!

ny = (=1+[Cn2)" 5.
? Yo+

Note that the solutions {7, 72} of the above two equations are exactly the solutions

{n2,m} of (3.26) and (3.27)) with Cy; =| C'|. Without loss of generality, we assume
C > 0 for the rest of this article.

Lemma 3.7. Let {n1,n2} be the solution of equations (3.26) and (3.27) with ini-

tial condition 11(0) = 12(0) = 0. Define Ni(s) = C'2n(zz) and Na(s) =

CY2na(5i). Then

tanh ™' (V) + tan"1(Ny) = s, (3.29)
Ny Ny
5 T 2
1-N? 1+ N;
Proof. Consider the ratio between the two equations (3.26)) and (3.27):
mo_ (L Cm)”
m o (=1=Cn3)* nt
Separate the variables and integrate both sides:

—s (3.30)

Ui U
M gy =
T+ Onpp ™ T W o
1 om B ltanh_l(Cl/zm) _ 1 N ltan’l(C’l/?ng) LT
20 -14+Cn} 2 C3 201+Cn3 2 C3 ’

(3.31)
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where C' is a constant. By the initial condition 7;(0) = 72(0) = 0, C = 0. Simpli-
fying the identity ((3.31] -,
01/2771 (/‘11/2772

— 4 tanh N (CY %) = ——2 — tan 1 (CV%p). 3.32

f1+cz+ anh ™' (C"/*ny) Tropg (C/ ) (3.32)
Note that from in Lemma it follows that
01/2772 01/21’]1
1+Cns  1- Cnf

), Na(s) = 01/2772(01/2 Then ) becomes ,
O

tanh ™1 (CV/25;) 4 tan™ 1 (CY %) = =2, (3.33)

Let Ni(s) = 01/2771(01/2

(13.30)).
In fact, the differential equations of 7; and 72 become the equations of N; and
Ng:
N2
N =(1—-N}? 2 3.34
(= 0-ND (3:34)
N?
2 i
Np= (L4 NP (3.35)
with the initial condition
N;(0) = N2(0) = 0. (3.36)

3.4. Existence and uniqueness of the solution {N;(s), N2(s)}. In this section,
we show the existence and uniqueness of the above initial-value problem ([3.34)) and

(3-35)) with initial condition (3.36]) in a small neighborhood of 0.

Theorem 3.8. The differential system (3.34]) and (3.35) with initial condition

(3.36]) has a unique solution (Ni1(s), Na(s)) which is analytic for small enough s.
By Lemma [3.7] the following identity holds for solution (N7 (s), Na(s)):

Ny Ny

tanh ™' (V) + tan ™! (Ny) =
anh ™ (M) + tan™(N2) = 3= + 7z

or
- - Ny No

—tanh ™" (Ny) — tan™! (V. =0. 3.37

anb™! (V) — o™ (V2) + T + T (3.37)

To prove Theorem we first introduce an extended implicit function theorem

and apply it to show that [Ny is analytic with respect to V5 is a small neighborhood

of 0.

Proposition 3.9 (Extended implicit function theorem). Assume (Ny(s), Na(s))

satisfies (3.37) and the initial condition (3.36). Then there exist intervals I =
(—01,01) and J = (—d2,92) and a unique function g, such that

g:J—1I, Ny Ny =g(Ns).
Proof. Let
N N
1 " 2 .
1-N? 1+ N2
By assumption, the identity (3.37] - holds, i.e. G(Ny, N3) = 0. Denote ch[:l by G§v1

the second partial derivative 2

G(Ny, Ny) = —tanh™*(N;) — tan 1 (Ny) +

ONQ by G%., and the third partial derivative 2 aNd by
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G;(}l. Differentiating G(N;, Na) with respect to Ny three times, we can find some
properties about the partial derivatives of G(Ny, Na):

G(O7O) :07 G3V1(07N2) :07 Xll(OvNZ) :07 %1(07‘7\72) :47£0
Because Gy (0, N2) = 4 > 0 and Gy, is continuous, there exists a rectangular area
R:

R:{(Nl,NQ): |N1 |< 01, |N2|<6/2},
such that

m = (NH]l\;I;ER %1(N1,N2) >1>0.
1,2

Since in the rectangular area R, G, (0, N2) = 0, G'{ (0, N2) > 0 and G’y (N1, N2)
is continuous and strictly increasing with respect to Ny,
N, (N1,N2) >0 for 0 < Ny < 4y,
/]([1(N17N2) <0 for —d; < Ny <O.
It follows that G’y (N1, Na) is strictly increasing with respect to N1 when 0 < Ny <
01 and G3V1(N1: Ny) is strictly decreasing with respect to N7 when Ny € (—4d1,0).
Note that G’y (0, N2) =0,
9V1(N17N2) >0 for0< N1 < (51,
/NI(NDNZ) >0 for —3§; < N; <O.
That is,
G/[V'I(N17N2) >0 for -6 < N1 < 51, Ny 75 0.
Also note that G(0,0) = 0, then
G(—(Sl, O) <0, G(51,0) > 0.
By continuity of G(N1, N2), there exists 0 < d2 < 85, such that when |Na| < 02,
G(—(Sl,Ng) <0, G(él,Ng) > 0.

Consider the intervals I = (—d1,60;) and J = (—d2,02). For any Ns in J, the
function G(N1, Na) is strictly increasing with respect to N7 in I, then by the inter-
mediate value theorem for continuous function, there exists exactly one N7 € I such
that G(N1, N2) = 0. By the definition of function, there exist a unique function g
such that
g:J— 1, Ny Ny =g(Na).

Hence, so far we have proved the existence and uniqueness of N; as a function of
Ny which satisfy G(N1, N3) = 0. O

It is necessary to point out that this extended implicit function theorem works
for any function G which satisfies the identity
G(0,0) :()a EVl(OaNQ) 207 ?(/'1 (O7N2) = 07 /1(/{1(07]\72) 7& Oa
where N; is in a small neighborhood of 0.

Proposition 3.10. Assume that (N1(s), Nao(s)) satisfies the identity (3.37) and
the initial condition (3.36]), then Ny is a real analytic function of Ny in a small
neighborhood of No = 0.
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Proof. From the definition of G(Ny, N3), there exists a small neighborhood V' of
(0,0), such that G(N7, N3) is analytic in V' with respect to (N7, N3). The Taylor
series expansion of G(Ny, N3) at (0,0) is

> 2n = 2n(—1)"
N2n+1 N2’n+1
; 2n + 1 +n§1 n+1 2
and N7 and N satisfy G(Ny, Na) = 0. Therefore, in the small neighborhood V/,
o0 oo
2n 2n(—1)"
N2n+1 N27L+1 =0:
;2n+1 ! +; 2n+1 2 ’
that is,
i 2n N2+l i 2”(*1)71“ N2nt+1
—2m+1 ! ~ w4+l 7
2 = 2 _ 52 = 2n(=1)"tt
N3(2 N=2) = N3 (= NI, 3.38
1(3+n§22n+1 ) 2(3+Z g1 ) (3.38)

For simplicity, let

oo

2
(V) =2+
) 3 Z2n+11 ’

2 2”(_)+1 2n—2
ho(Ns) = = § =) N2
2(N2) =3+ < mt1 7

By the ratio test, we see that hi(N7) and hao(N2) both are analytic in a neighbor-
hood of 0 and the radius of convergence is 1. Note that when r # 0, (1 + )" is
analytic for € (—1,1) and the Taylor series at 0 is

> —1r=2]...r—(k—1
oy =3l =2l = (o U]
k=0 ’
Let
3w 2n , 3 o= 2n(=1)"*tt
Ny) =2 N2n2 No) = 2 7]\72712
ur (V1) 2;2n+1 1 ua(N) 2; mt1 b
then

1/3

[ghl(Nl)} =1 +uy)/?

is an analytic function of u; and it is obvious that uq(N7) is also analytic with re-
spect to N;. It follows that [%hl(Nl)]l/?’ is analytic for /V; in a small neighborhood
Vi of 0, and so is [hy(N1)]*/3. Similarly, we can show that [hy(N2)]'/? is analytic
for N5 in a small neighborhood V5 of 0.

By equation ([3.38)),
N hi(Ny) = N3 - ha(No).

Taking the cube roots on both sides,
Ny - [ (N)]Y? = N - [ha(N2)] /2.

Let
T(Ny, Np) = Ny - [hy(N1)]Y? = Ny - [ha(N2)] /3,
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then by the above argument, I'(Ny, N3) is analytic with respect to (N1, N2) in a
small neighborhood of (0,0). It is clear that I'(0,0) = 0. To apply the analytic
implicit function theorem, we need to check the condition

%(0,0) = [h1(N)]Y3 + Ny - %[/M(NM_% CG(ND) |vy—o
/ 13-z
(3)13+0 5 (3750
-G 0,

By Cauchy’s analytic implicit function theorem, there exists 79 > 0, and a power
series

Ny = Nyi(Ny) Z%NZ

such that Ni(N2) = >0 a; N3 is absolutely convergent for [No| < ro and that
I'(N1(N2), N3) = 0. That is, N; is an analytic function of Ny when |Na| < r9. O

Proof of Theorem[3.8 Since (3.29) and (3.30) hold if Ny and N, satisfy the differ-
ential equations, That is
tanh ™' (V1) + tan "1 (Ny) =
Ny Ny
7+ 2
1-N2 "1+
By Proposition [3:10] and [3:9] NV, is an analytic function of Ny when N> close to 0.
By the setting,

= S.

N1 N1 NQ ZazNQ = qag +a1N2 +CL2N2
=0

ag = 0 since N1(0) = 0. First, we show that a; = 1. Because

i 2n N2+l i 2n(—1)"* N2+l
o1t ~ w4+l 7
2 4 2 4
Substituting Ny by Zfol a; N} and comparing the coefficients of N3 on both sides,

we have ga? = 57 it follows that a; = 1. Therefore, N1 /N> is also a real analytic

function of Ny and

Next, we show that both Ny and N, are analytic functions of s in a small enough
neighborhood of 0. Rewrite the differential equation of Ny as

N? 1

Ny = (1+N3)?. N2 =(14+N3)*[1-

When s — 0, N, also approaches 0, and

N, > .
— =14)>» a,N3 .
TP
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Let

N o0
W;F =1+ duNP =1+ ¢(Ny),
n=1

where ¢(No) = >"°° | d,, N3 is an analytic function of N5 in a small neighborhood
of 0.

1+ (M)2 7 2+ 6(Na) — 27 4 20 2

which is an analytic function of N5 in a neighborhood of 0 with radius of convergence
1. Therefore,

1 1 1 1 1 Z(_1>7L(¢(;V2))7z

n=0

NZ(Na)
NP(Na) + N3

o
T+ (52
is also analytic with respect to N3 in a small neighborhood of 0.
2
Note that N4(0) = 1, by Cauchy’s theorem, N = (14+N2)2—2102)_ N, (0) =0

(1+N3)? = (1+N32[1

]

NP(N2)+N3°
has a unique analytic solution Ny = Ns(s) in a small neighborhood of 0. Hence,
Ni(s) = Ny (Na(s)) is also analytic in a small neighborhood of 0. O

So far, we know that for any given constant C, the solution (1 (s, C),n2(s, C))

of the initial value problem (3.39)—(3.41]) is unique.

2
’ 22 "2
n = (—1+Cny) , (3.39)
! Vg
o2 T
/
= (1+Cn , (3.40)
? T
7 (0) = n2(0) = 0. (3.41)
Note that C = y? — L = 161 is the energy of one collision pair (m; and ms).

?1 51771

Therefore, in the decoupled system with total energy £ = h = 0, the following
theorems hold.

Theorem 3.11. In the decoupled case with total energy h = 0, the solutions
(&1,&2,m1,m2) of the transformed differential system of SBC are all analytic in a
small neighborhood of s = 0 and they form a one-parameter set, where the parameter
C satisfies

Gt +&mE x1 + 29

Proposition 3.12. For fized total energy E = h = 0, the variables (&1,&2,11,12)
are on a 3-dimensional hypersurface. In a small neighborhood of O on the energy
surface E = h = 0, the initial conditions leading to SBC' is 2-dimensional. Actually,
for any given small (n10,Mm20) = (€1, €2) leading to SBC, there exists unique sg, Co,
&10 and o9, such that

G—& myl-wayi+ash 5, 1
*(y1*;1'

€1 =Mm(s0,Co), €2 =mn2(s0,Ch),

1 -1
§10 = Col =1’ €20 = Cod+ 10

where (n1(s0, Co), n2(s0, Co)) is the solution of the system (3.39)—(3.41)).
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3.5. Decoupled system with total energy E = h. The goal in this section is to
show that Theorem [3.11] and Proposition hold for general total energy E = h.
To consider the solution of the decoupled system on the energy surface E = h, we
define a new Hamiltonian
_ ity —h

I3

Note that F' = 1. The differential equations are:

F

;o 2n ;o 2y
=T 1 2T T O
1 T 1 T2
yo= vitw—h o
' (35 + =)t z1(z1 +22)’
yl__y%—i_y%_h__ X1
2 — == .
(711 + i)%% xo(x1 + x2)

By a similar argument, we have

1 ~ 1
B=—+0 =40
X1 o

Then C + C; = h and

T1Yy7 — T2y3 + 22k O = Toy3 — T1Y3 + 1M

b)
T+ X2 T+ X2

C:

By the same canonical transformation, the new Hamiltonian becomes

_&&f +13) — h&i&ning

F =
&n? + &ns

and the equations become:

2
/ ~, 2 2 2
= 077 - 5 5 7 9 9
L O
AN, 2 2 ’7%
/
ny = [(h— C)nz — 1]

nt 3 — hning
Let D=C — %h, then the equations become

1 n2
/ 2 2 2
m=[(D+zh)n} —1|"—-"—5—, 3.42
1= (@ ghm —1] ni s — hnng (342
W=D+ Im 1P (3.43)
2 2 " ni 5 — hnins
with initial conditions
m (0) = 772(0) =0. (344)

For any given constant D, a similar argument shows that n; and 7y have unique
solutions (11 (s, D),n2(s, D)) in a small interval of 0. Note that
1 1

R Y L S
(D+5)nt -1 (—D + 2yn3 -1



22 T. OUYANG, D. YAN EJDE-2015/80

Theorem 3.13. In the decoupled case with total energy E = h, the solutions
(&1,&2,m1,1m2) of the transformed differential system of SBC are all analytic in a
small neighborhood of s = 0 and they form a one-parameter set, where the parameter
D satisfies

_ §1— & (&m3 — &uni)h
i +&ms 2(6nt + &an3)
(&m3 — &uni)h
2(&m3 + &n3)
B xlyf — xgyg + zoh _ ﬁ
x1 + To 2
h({L‘Q — 1‘1)
2z +x2)

As a consequence, the following proposition holds.

=C+

—C+

Proposition 3.14. For fized total energy E = h, the variables (£1,&2,m,12) are on
a 3-dimensional hypersurface. In a small neighborhood of 0 on the energy surface
E = h, the initial conditions leading to SBC is 2-dimensional. Actually, for any
given small (n10,120) = (€1, €2) leading to SBC, there exists some sg, Dy, &0 and
&0, such that

e1 =n1(s0, Do), €2 = 12(50, Do),
1 ¢ 1
———— &20= )
(Do + g)ﬁ% -1 (7D0 + %)6% -1

where (m1(s0, Do), n2(s0, Do)) is the solution of (3.42])—(3.44)).

4. UNDERSTANDING COLLISION FROM THE VARIATIONAL PERSPECTIVE

10 =

4.1. Regularization of binary collision in two-body problem. In this sec-
tion, we study the regularization of one-dimensional binary collision from the vari-
ational perspective. We show that the solution of binary collision can be realized
by the limit of non-collision solutions. This argument will help us understand the
regularization of the decoupled case of SBC.

Let my =mg =1, 2 = g2 — ¢1 and x(0) = 0 be a binary collision point. Assume
the center of mass and the total momentum to be 0, it follows that ¢1 = —qq
and ¢; = —¢z. In the one-dimensional two-body problem, the kinetic energy is
(4} + ¢3) = $4*. The action functional has the form
Alx) /1(1'|2+ )t (4.1)
x Y x 2] .

where

zeS={xeW"[0,1]) : 2(0) = 0, z(1) = a},
and « > 0 is some fixed number. without loss of generality, we assume x(t) > 0,
for ¢ € (0,1]. The binary collision happens at ¢ = 0. As we know, the stationary
points of the action functional A(x) are trajectories that satisfy the equations of
motions, i.e., Newton’s law of gravity. A new time variable s is defined by

s(t) = /Otidt.
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It is known that s(t) is finite for 0 < ¢ < 1. Under the new variable s, let u(s) = x(¢),

and u'(s) = 2. Then i(t) = u'(s)% = 1::((;)). Note that the first variation of (4.1))

1S

d d¢['1 :
FA@rro), o= ([ Glatront+ )| =0 @2

for any ¢ € C}([0,1]). Let 8 = s(1) = fol Ldt. Tt follows that the corresponding
first variational form is

7=0

%A(quTqS){T:O _ jT(/Oﬁ (i((u +u2¢)’)2 N u:7¢>%ds) L
_ ( /Oza ((u +2;;b)/¢’ N u—|—17¢)Ud5> . (4.3)

P
- | 5= 2as=o.

u
for any ¢ € C}([0,3]). Hence, the Euler-Lagrange equation of (4.1)) with variable
s is
o’ (u/)Q 1 _0
2u  2uz u

Since u(s) > 0, for 0 < s < G, multiplying —2u on both sides of the above equation

implies
(u(s)')”

u(s)

U(S)” _

with boundary conditions

+2=0, 0<s<§p, (4.4)

1
u(0) =0, wu(f)=c, wheref= / édt.
0

Next, we solve this boundary value problem. Both sides of (4.4) multiplying by
%, it becomes

’ _
Then ,
(v) ) 1
— = =0, 4.5
( 4u? U 0 (45)
where Cj is a constant, and 0 < s < 3. From (4.5)), we have
(u')?

| | =4Chu+4 < oo, ass— 0.
u

Therefore, (4.4) can be extended to the domain s € [—0, 5] and any solution u(s)
of equation (4.4]) for 0 < s < 3 can be extended to

u(s), 0<s<p,
u(s) =<0, s=0,
u(—s), —f<s<0.

Note that the Hamiltonian is constant

L we? 1 ey
h = T2 u(s)’ 0<s<pB; (4.6)
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it follows that Cy = —h, where h > 0. Actually, one can solve for u in equation

(4.6):
du

e

Integrating the above implies

=2ds, 0<s<p.

arcsin(2hu — 1) =25+ Cp, 0< s < f,
\/E ( ) 0 ﬂ

then R
oy sin(2v/hs + VhCy) + 1
2h ’
By the boundary condition u(0) = 0, it follows that Co = *ﬁ’ and

0<s<p.

1-— 2V'h hs*
u(s):MZSQ—i—i—... 0<s<p. (4.7)
2h 3
Note that % = u(s), it follows that
1 sin(2v/hs) 53 hs®
§—————)=———+4+... 0<s<g. 4.8
( Wi ) <p (4.8)

3 15
4.2. Regularization of SBC in the decoupled case. Let x1 = ¢ — q1, 22 =
qa — q3, and z1(0) = 22(0) = 0 be the collinear SBC in the decoupled case. Similar
to the case of binary collision, the action functional can be defined as

1 5.2 —p 1 1
A(z) = / (‘xi‘ +|xi| + o+ )t (4.9)
0

1] fa]

() =3,

where
(x1,29) € S = {x € WH2([0,1]) : 21(0) = 0,22(0) = 0,21(1) = a1, 22(1) = az},

and aq,as > 0 are fixed. A new variable s is defined by

t 1
s(t):/o (x—ler—Q)dt.

It is known that s(t) is finite for 0 < ¢ < 1. Under the new variable s, let ui(s) =
x1(t), uz(s) = z2(t) and uj(s) = d;s"’ (i =1,2). Then ;(t) = ug(s)% = u;(s)(ui1 +
7712) Let By = fol(;ll + %)dt. Note that the first variation of action form (4.9)) is

’
TiZO

d ol o 1 o 1 1
d—n(/0 1+ )P+ e+ raoe) Pt

for any ¢1, ¢2 € C3([0,1]) and i = 1,2. Then the corresponding first variational
form in variable s is din ( fol Eds) ’ (i =1,2), where

3 4 10 + (s + ma0) P] (o + )
( 1 n 1 ) 1
ur+Tidr Uz +Tade’ L+

ul

L

Therefore, the corresponding Euler-Lagrange equations in the variable s are

d o, 11 11
(2(u1+u2)) dIyL 5 < fo (4.10)

Ul
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duy 1 1 11
—— (s (—=+—)) =577 =0, 0<s< 4.11
d5<2(ul+u2)) it s<bo (4.11)
with boundaries
U |
ur(0) =u2(0) =0, wi(l) =ai, wuz(l)=as, whereﬂO:/ (*-i-f)dt
o 1 Z2
(4.12)

Next we try to solve the above boundary value problem. Multiplying —u} (-2 + 1)
on both sides of (4.10)), it follows that

1 1", 1 1 2 1 \2 ull u/2 1 1 u/l
Sl (— 4+ —)2 4 = A oDy ()4l =0, 0<s<f.
2ulul(u1 +u2) + 5 (1) ( 2 ug)(u1+u2)+u% s < fo
Then ) ) ) )
1\2 2 l
- 22— = =Ch, 0<s<fo. 413
4(U1) (u1 +u2) " 10 s < fo (4.13)
where Ch is a constant. Similarly, equation (4.11) implies
1,5, 1 1., 1 4
= — =2 = =Ca, 0<s<f. 414
4(U2) (u1 + u2) w 20 5 < B (4.14)

where 520 is a constant.
On the other hand, the total energies of collision pairs (g1, ¢2) and (g3, q4) are

1

AT el VA —

TGt )P =, (4.15)
1,,, 1 1., 1

- - — =h 4.16
T+ ) = =, (4.16)

where hi + ho = h is the total energy of the decoupled SBC system. It follows that

Cio=h1, Cag = ha.
Hence, the solution (uq,uz) of the boundary value problem (4.10)), (4.11)) and (4.12)
for s € (0, 0] is equivalent to the solution of (4.15)—(4.16). Then the solutions
u1(s),uz(s) s € (0, Bo] can be extended to s € [—fo, Bp] in the following way:

ui(s)  0<s < Po;

ui(s) =<0 s=0; , =12
ui(—=s) —fo <s<0,

5. COUPLED CASE

In this section, we consider the coupled case, which studies SBC in the collinear
four-body problem. The Hamiltonian F' in the coupled case is

1

F:T)’L1m2+TI’L3m4.(T7U7h)
Xy xro
_ 1 [ vio =) (s—y2)® v ]
—m;’lm + —m;’;“ 2my 2ma 2ms 2may
1 [mlmg mims mimy moms
4 mamL by T1+T3  T1+To+ T3 x3
maimy ms3ing

+ + h.
To + I3 T2 ]
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Let m)p = Mg = M3 = My = 1, then

1
FZT‘jﬂﬁ+ﬁ+ﬁ—mm—mw)

] X2
1 11 1 1 1 1
(o + + +h)
x—1+$—2 1 o xs3 1+ I3 To + T3 T1+ 22+ 23
vty ity 1 [iJr 1 L1
L4l L+1 =t ol ity zatas

S R )
£L’1+352+(£3 yS

We introduce a canonical transformation to simplify the Hamiltonian form of F'.
Set

1 1
Yi=y1—zys, Yo=92—-y3, Yz=uysz,

2 2
1 1
Xi=m, Xo=uz9 X3= 31+ 52 + T
Under this canonical transformation, the new hamiltonian becomes
Y2+ Y3 h—3Y§ 1 1
F?L+L”_L+L_L+LX;JX_H
X1 T X X: T X X T Xy 3T 2417 942
1 1
+ + + B
X3+ %Xl — %Xg X3+ %Xg — %Xl X3+ %Xl + %XQ
Let
A=A(X;,Y3)
B 1 . 1 . 1
Xs—1X1—1Xs X3+1X1-1Xo Xs5+31Xo-3Xy (5.1)
1
+ +h— Y7,
Xs+1iXi+1X 2°°
then
YZ +Y? 1
ottt A(X,.Ys) — 1. (5.2)

1 4+ L 11

X1 TX: X1 T X
Note that F'is a Hamiltonian if and only if £ =T — U = h. And F = 0 holds for
any solution on the energy surface E = h. So we only consider the case F' = 0.

5.1. New transformation. We introduce a canonical transformation similar to
the one defined in the decoupled case:

1 1
G =-X1Y7, L=-XoV7, &=X3 m=+-, =<, m=Ys
Y, Y,

And X;, Y; (i =1,2,3) can be solved in terms of & and n; (1 = 1,2, 3):
2 2 1 1
X1 ==&y, Xo=—-&mny, X3=4&s, }/'1:?77 YQZTTa Y3 = ns.
1 2

Then the Hamiltonian F' becomes

_ L&) 14 &1&min; [ -~ 1772
&n? + &n3 &n? + &n3 2"
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1 1
—am} — 1em + & - $6m — 16mi+ &
§1&amin; [ 1 n 1
i +&ams L—2bmi+ L6mi+ & 3&mt + 3&m3 + &)
and the corresponding differential equations are

;o 26&mn3 (& — &)

+

&= (€oP + Eard)? + My, (5.3)
¢ = —2&1&mam (&1 — &2) M, (5.4)

(Eanf + &am3)?
P Sm(n+ )

T G ey T o
b SR +n3)
e T AL >0
& =K1, (5.7)
s = Ko, (5.8)
€1(0) =&(0) = =1, m(0) =n2(0) =0, &(0) =&, ns(0) =75,  (5.9)

where M, M, , K; and K, are O(s); G1, Gy are O(s?).

Different from the decoupled case, the differential equations of &; and 7; (i =
1,2, 3) are much more complicated in this coupled case. Note that if 23 = oo and
73 = 0, the above system is exactly the system in the decoupled case. Actually, the
solutions in the decoupled case and the coupled case are closely related. The result
is shown in Lemma [5.2]in the next subsection.

5.2. Limits of «; and v; at SBC (i = 1,2). To study the solution of SBC, we
introduce another transformation as follows

;+1 i1 )
&T_ui) %_izvia 22172;

§3 =& +us, n3=713+03,

where 23 = lims_.g &3 and 73 = lim,s_,o 73 are the limits at SBC. By the definition
of ug and ws, it is clear that lims_,gu3 = limgz_,g v = 0. We first show that uy, us,
v1 and vy all have limit 0 at s = 0.

Lemma 5.1.

lim uq = lim ug = lim v; = lim vy = 0.
s—0 s—0 s—0

s—
Proof. We first show the limits of v; (i = 1,2) is 0. By Lemma we have
i 2 i YT o Y g TPE _ 20mama)? (mg +ma)

s—0 77% t—0 Y22 t—0 y% t—0 (Elpi (m1 =+ mg) 20[(77’L377’L4)27

where a = (%;iﬂp”g

Since mi; = mo = mg = my = 1, it implies that « = 1 and
2

lim 2 = 1.
20 12
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Note that when t € (—6,0), both y; and yo are negative. And when ¢ € (0,4), they

are both positive. So lim,_.q 77? is positive. Therefore

2,92/.2 | .2
Eamz (i +n3) + lim G

s~>0

By L’Hospital rule,
n_ hm 7y = lim
s—0 s=0 (E1mf + &2m3)?

If the limit on the right hand side is finite, then the limit on the left hand side also
exists and equals to the same value. According to section we have
li =1 =0 d =1 =—1.

imm = limn; =0, an lg(ljfl lim &2

So
2 771 771
lim &5 (i +n3) — i D2 045 ) _ 12 1
s—0 (51771 + §2n2) 5—0 (& + 52%) (—1-1) 2
2
Because lim,_.g G; = 0, it follows that
1
lim 7t = —, and lim — " _ Jim 2 . lim =
s—0 8§ 2 s—0 8§ s—0 ’r}l s~>0 S
Therefore, limg_ov; = limg_,g vy = 0. To find the limit of w; (¢ = 1,2), we consider
the differential equations of & (i = 1,2). Since lim;_0& = limg o0& = —1
limg o 2 = lim, o 2 = % and lim,_,o My = lim,_,g M> = 0, it follows that
2 _ _
lim (€] — &) = i 5152771772(7271 +772)2(§21 €2) _ oy S8
5—0 s—0 (51/’71 —+ 52772) s—0 S
By the definition of derivative, lim_, 51;52 = limg_0(&] — &). Therefore,
lim (€] — &) = 2lim (&} — &) = 0. (5.10)
Similarly,
2 2(6, — -9 2(¢. _
lim (] + €1) = lim 51527721772(51 2 5152;72771 (512 252)
5—0 s=0  (&mf +&m3) s=0  (&unf + &am3)
iy 288 (6 — &) 0 —m)
= lim 3 55 )
s—=0 (&uni + &2m3)
Note that
. o _ S ] 52 B N 1
iy = iy =1, B S0 2=
(5.11)

Then,
lim (€] +€) = 0.

From equations (5.11]) and (5.10)), it follows that lim,_,0 &} = lims_,0 &, = 0. Then

by L’Hospital rule,
. L&+l .
1 = lim >—— =1 =0.
SEI%) “ slj% S SLI% 51 0
O

Similarly, we have limg_.gus =0
Lemma 5.2. For any solution of (5.3)-(5.9), its limit by letting £&5 — oo and 3 — 0

is a solution in the decoupled system
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Proof. By Lemma5.1] it implies that the solution in the coupled system (5.3)—(5.9)
is C! with respect to s for s small enough. And the solution is continuous with
respect to Zg, and 7j3. If é\'g, — oo and 73 — 0, the limit of the solution satisfies the
decoupled system with initial condition

§1(0) = &(0) = =1, m(0) =n2(0) =0, &3(0) =00, n3(0) =0.
The hamiltonian F' converges to

_&i&ni + ) hé1anins

&int + &am3 &ing + &am3

uniformly when Eg — oo and 73 — 0. It follows that this limit is a solution of the
decoupled system. O

5.3. Analytic Solutions of u; and v; (i =1,2,3) at s = 0. By definition,

i+ 1 i1 .
5: = U4, %_521}% 7’:172a

~

& =&+ u3, n3=13+vs3.

The new differential system becomes

du1 d’Ul 1
S5 Am T ss = ke muim g,
d’LL2 d’UQ 1
Sgs im0 =l mum g,
d’LL3 d’l)g
—=F, —=-F
ds s &a)

with initial conditions u;(0) = v;(0) =0 (i = 1,2, 3).
We only consider the ejection solution, that is s > 0. Let s = e™7 > 0, this
system can be rewritten as a system with seven variables u;, v; and s:

dU1 dvl 1
G =ttt o =Fatndty,
du dv 1
2 =—Fptus, ——=Fg+v+ts,
dr dr 2
(5.12)
dU3 F d’Ug sF
— = —sF,,, — = sk,
dr B dr &
ds
— = —s.
dr
For simplicity, we use different notation:
dO’]C
. :2Z:1bklal+<pk, (k=1,...,7)
where 0 = (01,...,07)T = (u1,us,v1,v9,u3,v3,8)T. The initial value is o) = 0
(k=1,...,7) and ¢y are power series in o1, ...,07 beginning with quadratic terms,

and by are real constants. From the differential system (5.12]), we can calculate the
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7 x 7 linearized matrix (bg;) at s = 0:

0

(5.13)

CcCoo0oo 0O~
|
—
coocoococoo
coocoocooo
oo oo € &

o oo o

where w = $h — 75 + é
Theorem 5.3. The differential system

do
_SE:BO"F(P, (p:((pla'-'a(p7)T

)

has the initial condition o = (o1, ...,07)T =0 and B is define by (5.13), where w =
ih — %ﬁ% + é Also, i (k=1,2...,7) are power series in o1, ...,07 beginning with
quadratic terms. Then this system has an analytic solution o for s in a sufficiently
small neighborhood of 0.

Proof. Note that the eigenvalues of B are —1, —1, 0, 0, 1, 1, 3 and B is similar to
a diagonal matrix. The standard technique to prove this theorem is the method
of majorants, which can be found in Saari’s work [I8]. The details are omitted
here. (]

Theorem shows that any formal power series solution of the coupled system
is actually convergent in a small neighborhood of 0. That is, the coupled system
has analytic solutions passing through SBC. On the other hand, we know that the
solutions in the decoupled system form a one-parameter set, and all the solutions
are analytic in a small neighborhood of s = 0. Let
1 h 1 h
D = lim]| +§1 — 2] = lim[- +§2 + 7]

am 2 TS e 2
~ fim §1— & n (Eam3 — flﬂ%)h]
s=0 t6mi 4+ &ams - 2(6ami + Eam3)

Similar to the decoupled case, the physical meaning of D is C' — %, where C is the
total energy of the left collision pair (m; and msg) at SBC. Next, we show that
there is a one-to-one correspondence between solutions in the coupled system and
solutions in the decoupled system.

(5.14)

Theorem 5.4. Let E = h be the total Hamiltonian energy of the system in the
coupled case. In the differential system to of the coupled case, there are
infinitely many solutions (£1,&2,&3,m,12,m3). All of the solutions are analytic in a
small neighborhood of s = 0 and they form a one-parameter set, where D in
is the parameter. Furthermore, for any given initial condition

€(0)=6(0)=~1, 7(0)=n(0) =0, &(0)=8&, n3(0)=7s

at SBC and fixed total energy E = h, there is a one-to-one correspondence between
solutions (&1,&2,m1,m2) in the coupled system and the decoupled system.
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Proof. Let {fz(s D) n:(s, D)} (i = 1,2,3) be a formal series solution of the coupled
system (5.3)) to , where D as in formula (5.14]). By Theorem this series

solutlon is convergent and it is a real solution of the coupled system. Note that

D = lim [1+§1 —ﬁ]zé—ﬁ,
ST 2 2

where C is the total energy of the left collision pair (m; and my) at SBC. When
SBC happening, the total energy of the left collision pair (m; and ms) is arbitrary.
Hence, for any given constant Dj, one can construct such a formal series solution
{&(s,D1),m:i(s,D1)} (i =1,2,3), which is convergent. (The power series form can
be found in Appendices.) It follows that there exists a one-parameter set of analytic
solutions of the coupled system (5.3)) to (5.9).

On the other hand, we claim that all the solutions of the coupled system are
analytic. If there exists a non-analytic solution in the coupled system, By Lemma
its limit in the decoupled case is also non-analytic and this limit is a solution
in the decoupled case. However, theorem [3.14] implies that the solutions of the
decoupled system are all analytic and they form a one-parameter set with D as
the parameter. Contradiction! Therefore, for any given £3(0) = {Ag, 73(0) = 713 at
SBC and fixed total energy E = h, there is a one-to-one correspondence between
solutions in the coupled system and solutions in the decoupled system. O

APPENDIX

By calculation, the series solution of N; and N5 are as follows
1 1 1 29

N -5 — — — s
() = 28 205 * 160 36000
29
N. = — — — s 4 ...
2(s) = S * 208 * 160 "+ 3000
Then the solutions {51,52,171,7)2} for the decoupled system on the energy surface

E=h=0 are

7
s'+ ...,

1 1
C)=—-1—=-0s%— 7024 O30 Ctgd
a0 1" " T600" ° +288000 ot
1 1 7
C)=-1+-C 2——02 Rp— LR ——— L
52(53 ) +4 S 1600 s’ + 983000 s° + ,
C C? 29C3
C =35 3 5 7 ey
m(sC) =35~ 555 T 160° ~ 36000° T
1 C c? o 2903
70 a 3 - d — 7 ey
m(s:C) =55+ 555" 160° T 36000° T
where
1 2 _ 2 1 _
O —tim - Lyt T LG 66
t—0 xr1 t—0 xr1 + 2o s—0 51171 5—0 51771 + 52772

In the decoupled case with total energy E = h, the solutions are
1

11
D)= -1+ (—=h—-D)s? ——hQ——h —D%)s*
&(s, D) +(=gh=1D)s"+ (- 153 ~ gl
1 1 11 1
e W DKy — Dby —D? o)
+(~ 150" ~ 103 +67200 oo ) T O,

1, 1
(s, D) = —1+4 (- Sht ZD)s2 + (- @hz %hD — —DQ)
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+(- ﬁhf’ + ﬁmﬂ + %D% - Flong)Sﬁ +0(s%),
m(s, D) = %s + (- 4—18h - %D)s‘3 + (%h2 + %Dz + %hD)s5
+ (- 32;;60 "o 4418900 "D - 1311350()}”)2 a %DS)J +0(),
M5, D) = L5+ (— eh+ 2-D)s" 4 (osh® + 2 D* — 2 hD)s”
+ (- 32;;60 W+ 4418900 WD - 131134900 hD® + %DS)S? +0(s%),
where
po TWi—weys+ash b L e — 1) (&an3 — &ni)h

1+ X2 2 2(z1 4+ 32) 2(&m7 + &m3)

If h =0, D = C, the above solutions {&;(s, D), n:(s,D)} (i = 1,2) match the
solutions {&;(s,C),n:(s,C)} (i = 1,2) in the decoupled case with h = 0.

For the coupled system with m; = mo = mg = my4 = 1, the power series solutions
are

51:—1+(—1W—1D)32+(—iVV?—iWD—iDQ)s‘1

8 1 192 60 80
+ (- s L ppe + A pegy + LDB)sﬁ +0(s%)
11520 4032 67200 1600 :
1 1 1 1 1
=14+ (—=W+-D)s* + (- —=W?+ WD — —D?*)s*
& H(=gWH D)+ (- W+ g g0l )
1 1 11 1
—— W34+ —DW?+ ——D*W — ——D?3)s5 4+ 0(s¥),
+ (- 1520 * 1032 * 57200 Teo0 2 )¢ 1 O)
1 1 1 1 1 3
== ——W - —=-D)s* + (=—=W?+ —D?*+ —WD)s’
m=gs+ (- g5 50205 + (5™ + 1502 * g0 W D)s
17 . 19 139 , 2 L - .
_ ~ Y w2p_ p?—_="_p O
+(~ 353560 44800 134400 360002 )¢+ O,
1 1 1. 1 1 3 i
== - = —D)s* + (—W?+ —D*—- _—_WD)s®
m=gst (= gW+50)s + (5" + 1y 560"V D)s
17 . 19 139 , 2 . . .
_ —Y _w2p— WD? 4+ —_p 0(s?),
+(=355560" + 11800 134400 + 350002 )¢ TO6)
_A _A ]"\ 3 ]‘ ~ 5
53—€3+U3—§3+247738 +960W7738
1 6 ﬁ3 ]‘ 2 1 2 7 8
- B_—_w2____p O(s%),
28862 7 (1530 oo )5 +O60)
1 3 W 5

N =M +v3=7nN3— —=5 — — S
6 24082

7/7\3 6 1 151 2 1 2\ .7 8
S (- = w2y D o(s%),
14483 + 7533( 16080" tagel s TO6)

where

1 1
D = lim| +§1 _ﬁ] = lim[— +§2 +@]
s=0n &y 20 50 Sy 2

i | &1 —& n (Eam — 5177%)]1]
i+ &y 206t + Em3) Y

s—0
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and 1 1 1
_ —AlZp _ 252 — 1 =1
Wf4wf4[4h 8?73+€A3] ll_)I%A,
with A defined in equation (5.1). By comparing the series forms in the coupled
system and the decoupled system, it is clear that {&;,n;} (i = 1,2) in the coupled
system becomes the series solution {&;(s, D), n;(s, D)} (i = 1,2) in the decoupled

case if we set 7j = 1/&5 = 0.
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