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NON-LOCAL PROBLEMS WITH INTEGRAL GLUING
CONDITION FOR LOADED MIXED TYPE EQUATIONS
INVOLVING THE CAPUTO FRACTIONAL DERIVATIVE

OBIDJON KH. ABDULLAEV, KISHIN B. SADARANGANI

ABSTRACT. In this work, we study the existence and uniqueness of solutions
to non-local boundary value problems with integral gluing condition. Mixed
type equations (parabolic-hyperbolic) involving the Caputo fractional deriva-
tive have loaded parts in Riemann-Liouville integrals. Thus we use the method
of integral energy to prove uniqueness, and the method of integral equations
to prove existence.

1. INTRODUCTION AND FORMULATION OF A PROBLEM

The models of fractional-order derivatives are more adequate than the previously
used integer-order models, because fractional-order derivatives and integrals enable
the description of the memory and hereditary properties of different substances [23].
This is the most significant advantage of the fractional-order models in comparison
with integer-order models, in which such effects are neglected.

Fractional differential equations have recently been proved to be valuable tools
in the modeling of many phenomena in various fields of science and engineering.
Indeed, we can find numerous applications in viscoelasticity, neurons, electrochem-
istry, control, porous media, electromagnetism, etc., (see [6l [7, [8 15 [I8], [19]).
There has been a significant development in fractional differential equations in re-
cent years; see the monographs of Kilbas, Srivastava, Trujillo [14], Miller and Ross
[20], Podlubny [23], Samko, Kilbas , Marichev. [28] and the references therein.

Very recently, some basic theory for the initial boundary value problems of frac-
tional differential equations involving a Riemann-Liouville differential operator of
order 0 < o <1 has been discussed by Lakshmikantham and Vatsala [16] [I7]. In a
series of papers (see [4,[5]) the authors considered some classes of initial value prob-
lems for functional differential equations involving Riemann-Liouville and Caputo
fractional derivatives of order 0 < a < 1: For more details concerning geometric
and physical interpretation of fractional derivatives of Riemann-Liouville and Ca-
puto types see [24]. Note that works [3], [12] 13 22] are devoted to the studying of
boundary value problems (BVP) for parabolic-hyperbolic equations, involving frac-
tional derivatives. BVPs for the mixed type equations involving the Caputo and
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the Riemann-Liouville fractional differential operators were investigated in works
10, [11].

For the first time it was given the most general definition of a loaded equations
and various loaded equations are classified in detail by Nakhushev [21]. Note that
with intensive research on problem of optimal control of the agro-economical system,
regulating the label of ground waters and soil moisture, it has become necessary
to investigate BVPs for such class of partial differential equations .More results on
the theory of BVP’s for the loaded equations parabolic, parabolic-hyperbolic and
elliptic-hyperbolic types were published in works [9, [I]. Integral boundary condi-
tions have various applications in thermoelasticity, chemical engineering, population
dynamics, etc. Gluing conditions of integral form were used in [2] 27].

We consider the equation:

1

Uz —c Dgyu —i—p(x,y)/ (t —2)° 'u(t,0)dt =0 for y >0

L (1.1)
Upg — Uyy — (2 + y) / (t—x—y)" "u(t,0)dt =0 fory <0,
T4y
with the operator
1 v Y
cDgy f = Ti—a) /0 (y =) f'(t)at, (1.2)

where 0 < o, 8,7 < 1, p(z,y) and ¢(z + y) are given functions. Let 2 be domain,
bounded with segments: 4142 = {(z,y):x =1, 0<y < h}, Bi1Bs = {(z,y) : x =
0, 0<y<h}, BoAs ={(z,y) : y = h, 0 <z < 1} at the y > 0, and characteristics
: AiC:x—y=1; BiC: x+y =0 of the equation at y < 0, where A;(1;0),
Az(1;h), Bi(050), B2(05h), C(1/2;-1/2).

Let us introduce: §(z) = C”T‘*‘l 4 i%—l, 2= —1,
1 a
D; 7 x:—/ t—2)Lf)dt, 0<pB<1. 1.3
f(z) T(ﬂ)m( )T () (1.3)

Qr=0Nn(>0),0 =Ny <0), L ={z:i<z<1}, L={y:0<y<h}.
In the domain  we study the following problem.

Problem I. Find a solution u(z,y) of equation (1.1)) from the class of functions:
W = {u(z,y) : u(z,y) € C(Q)NC?*(Q7), Uz € C(QT), oDgu e C(Qh)},

that satisfies the boundary conditions:

w@,y)| 4, 0, = 9W), 0<y<h (1.4)
W@ 9)|pop, = ) 0y <h (15)
%u(@(m)) = a(z)uy(z,0) + b(x)ug(z,0) + c(x)u(z,0) + d(z), z€l, (1.6)

and gluing condition
1
1im+0 y' %y (z,y) = M (z)uy(z, —0) + )\g(a:)/ r(t)u(t,0)dt, 0<xz<1l (1.7)
y— x

where ¢(y), ¥(y), a(z), b(z), c(x), d(z), and A;(z), are given functions, such that
Y5 \2(x) #0.
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2. UNIQUENESS OF SOLUTION FOR PROBLEM I

It is known that equation (|1.1)) on the characteristics coordinate £ = x 4+ y and
n=x —y at y <0 has the form

Uy = q(f)/g (t — &) tu(t, 0)dt. (2.1)

We introduce the notation: u(z,0) = 7(z), 0 <z < 1; uy(z,—0) =v (2),0< z <
L

lim y'~%u,(z,y) =vi(z), 0<z<l.

y—+0

A solution of the Cauchy problem for the equation (1.1]) in the domain Q= can be
represented as

_ Ty
Tty +rz—y) 1 / v (1)t
2 2 z+y

1 T—y T—y 1 (22)

bi [ e [ an [ a9 nw
z+y § 3
After using condition (|1.6) and taking (1.3]) into account, from (2.2)) we obtain
(2a(z) = v~ (z)

1—=z — , (2.3)
= L(v)g(z)D, (1(x) + (1 — 2b(x))7'(x) — 2¢(x)7(x) — 2d(z).

u(z,y) =

Considering above notation and gluing condition (1.7)) we have
1

vi(z) = M(z)v(z) + )\g(m)/ r(t)T(¢t)dt, (2.4)

T

Further from (1.1)) at y — 40 considering (1.2]), (2.4) and
lim D§™ f(y) = D(e) lim 5"~ f (y),
y—0 y—0

we obtain kl1:
1
' (z) — T(a) M\ (z)v () — F(a))\Q(:r)/ r(t)r(t)dt + T(8)p(z, O)DflﬁT(x) =0.

x

(2.5)
Main results.
Theorem 2.1. If the given functions satisfy conditions
Aa(7) A1(0)q(0) / A2(0)
() 20 Seo12® OO0 P <0 20 (26)
(1 —2)q(@) M () c(z)M(z) (1 —2b(z)) M ()
( 2a(x) — 1) = @aa) —1) = ( 2a(x) - 1) ) <o @D

then, the solution u(x,y) of the Problem I is unique.

Proof. Known that if homogeneous problem has only trivial solution, then we can
state that original problem has unique solution. For this aim, we assume that the
Problem I has two solutions, then denoting difference of these as u(z,y), we get
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appropriate homogenous problem. Equation (2.5) we multiply to 7(x) and integrate
from 0 to 1:

/01 x)dx — T /)\1 (x)dx
~ (o) / Nala)r(@)d / F()7(H)dt + () / ' (@)pl,0) D (a)d = 0.

We investigate the integral

/ M (@)r(2)v (2)dz + D(a) /O o) (@) / (bt

~T(8) / r(2)p(, 0) D5 (x)da

Taking (2.3) into account at d(x) = 0, we obtain

o 1 — X X
I _ F( )2F(')/) /O (;a(x))z(l)Al(m)T(x)Dzl'yT(x)d‘T
VA @M@ ) 5
+F(a)/0 o (e () — 21 )/0 @)
1 T 1
() [ Na(o)r(e)ds / )7t =T(9) [ r@hp(e. 00D r(w)da
F (a (1—x) ! y—1
_ /0 Vr(2)da / (t — 2)7 " Lr(t)dt (2.8)
F(a) 1—2b( ) 9
e L )
1 1 2
~ 90(a) /0 ;\;Ei;(1)72(x)da:—r(2® /0 f(f))d( / r()r(t)dt)

1 1
— T(x)p(x T —x ’6717— .
/O (2)p(z, 0)d / (t — 2) Lo (t)dt

Considering 7(1) = 0, 7(0) = 0 (which deduced from the conditions (1.4)), (1.5)
in homogeneous case) and on a base of the formula [29]:

1
() cos 27
After some simplifications from we obtain

|x —t|77 = / 2 reos[z(x —t)]dz, 0<y<1
0

_ I'(a)q(0)A1(0) a2 )
 4(2a(0) = 1)P(1 —7)sin % 7/0 2 [M7(0,2) + N*(0, 2)ldz

F(O‘) /0 e / [M2(z, 2) + N2(a, z)}d[xl(x)m}

B 704) ( 1— 2b )>/d _9l(a / (m)c(x)TQ(x)dx
! r

2 2a(z) — 1
DA 1 ) [
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B p(0,0)
2I(1 — ) sin 22

I
2sin Z2T(1 - )

/OO 27 PIM%(0, z) + N?(0, 2)]dz
0

0 13
27 Pdz —plz 2(z, 2 X(z, 2)]dx .
| [ b ol ) + Nl (29)

where M (z,2) = [} 7(t) cos ztdt, N(z,z) = fxl 7(t) sin ztdt.
Thus, owing to (2.6),(2.7)) from (2.9) it is concluded, that 7(z) = 0. Hence, based
on the solution of the first boundary problem for the (1.1)) [TT} 25] owing to account

(1.4) and (1.5) we obtain u(x,y) = 0 in a Further, from functional relations
(2.3)), taking into account 7(x) = 0 we obtain that v~ (z) = 0. Consequently, based

on the solution (2.2)) we obtain u(z,y) = 0 in closed domain © . O

3. EXISTENCE OF SOLUTIONS FOR PROBLEM I
Theorem 3.1. If conditions , and
pla,y) € COAF)NCHAT), q(z+y) € C(Q)NC*HQ); (3.1)
e(y), (y) € C(I) N C(I2);a(x),b(x), c(x), d(x) € CH(T) N C* (1) (3.2)
hold, then the solution of the investigating problem exists.

Proof. Taking ([2.3) into account from (2.5)) we obtain

7'(z) = A(@)7' (@) = f(z) = B(x)7(x) (3.3)
where
fla) = NN () — D (@)t 010, 7(0)
) (3.4)
T (@)A1 (x)d(x)
T D(0)Aa () / r{t)r(a)a — =50
~ Tla)Ai(z)(1 —2b(x)) _ 2T () A (x)e(x)
Aw) === B =T (3.5)
The solution of with conditions
7(0) = 9(0),  7(1) = »(0) (3:6)
has the form
) = w0+ ) [ (B0 - sy 0+ EO D)
Al(LE) 1 Al(t)
-0 | @ - o4 i (3.7)
’ oy )
+ [ B - 1) g
where ,
Aq(zx) :/0 exp (/0 A(z)dz)dt. (3.8)

Further, considering (3.4]) and using (1.3)) from (3.7) we obtain

7(x)
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— (@) + Ay /B (£)dAy (1)
 T(a )/ (1-HM(t)g ()dAl(t)/l(T(S)ds

2 2a(t) — 1 s—t)1=7

+ Ay (2) / A (#)dt / p(£,0)(s — )71 — D(a) Ao () (s)]7(s)ds

- jﬁ; dt+/ T ((I;))p (,0)dt (s — )P (s)ds
Ay () Al(t) (1 —t)A(t)q(t )(S—t) -
+F(a)A1( )/0 T (t)dt/t [ 2Qa(t) — 1) — X (t)r(s)]7(s)ds
M) 1 A o [T A
Ol LG O)dt/t (s =0 r(sds + [ GHE By
T(a) / ((i))dt / [“(223)1() g)( T e ()] (s)ds (3.9)
where
Ji(x)
L Av@), 7 2r(a)d() A () (1)
T w1 "
e /1 d(t);jé;)(t))\ll(t) N (3.10)
(@) Lo @d® AN () . Ai()
a0 ] A ) L GO e 0) + v,
After some simplifications we rewrite in the form

7()
1 s
= Al(:c)/ T(s)ds/ [p(t,0)(s — t)ﬁfl —T(a)Aa(t)r(s)]A'1(t)dt

—F(a)Al(x)/x T(S)ds/: (s—t)7—1WA’ (1)t
A(t)

: T - OMO),
~T(a) / 7(s)ds / o s =07 D)) e

+L T(s)ds/om (s—t)ﬁ_lil((t)) (t,0)dt + A (z / A () B(t)r(t)dt

+T(a) (3” / d/ S)_t)y 1—A2(t)r(s)} jl(t) dt

— A1(5€)/0 T(s)ds/o (s —t)°~ 1:/1((”) (t,0)dt — iig; ) jl(é))B(t)T(t)dt

—I—/Omr(s)ds/os( —t)ﬁ1 A p dt+/ A/

—T(a) /03” 7(s)ds /05 [—( 2(263(/2)1(??5 )(5 — ) ot )T(S)} j/ll((i)) dt + fi(x)
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i.e., we have the integral equation:

(@) = /O K )yt + (), (3.11)
where
S P e an
L
- r(a)(iﬁ)) + 1)7“(.9) /0 " o(t) 21’11((?) dt (3.13)
- (G O -0 gre o 250
Kol s)
— @) (410686 - T8 [yt LRI )

g, o
AP TR [

_ F;) OJC (1147125?1(%( )a ())(S — o la

+(1- iﬁ;)/o Al(tﬁ,l(t;)ﬁ_lp(w)dt-

Owing to class (3.1), (3.2]) of the given functions and after some evaluations from

(13-13), (3.14) and (3.10}), (3.12) we conclude that

|K(x,t)] < const, |fi(z)| < const.

Since kernel K (z,t) is continuous and function in right-side F'(z) is continuously
differentiable, solution of integral equation (3.11)) we can write via resolvent-kernel:

- / R ) (D), (3.15)

where R(z,t) is the resolvent- kernel of K(x,t). Unknown functions v~ (z) and
vt (z) we found accordingly from (2.3) and (2.4):

v (z) = m /m (t— ) Ldt /0 R(t, ) f1(s)ds

(1 —=z)q(x) ' v-
+2(2a(x)—1)/1. (t—a)" " fi(t)dt
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1 — 2b(z) 1—2b(z) ' OR(z,t)  2(@)
+ 2a(z) — f1( ) — 2@(1)71/0 B f1(t)dt Sa(a) f1( )

240 [ e | _2dG)

2a(z) — 1 /0 Rz, A ()t 2a(x) — 1

and vt (z) = Az)v~(z).
The solution of Problem I in the domain Q1 can be written as [I1],
y y
= / Ge(x,y,0,m)y(n)dn — / Ge(x,y,1,m)p(n)dn

/ Gole — €, y)r(€)de — / / G, 9,0, m)p(€)déd / (t— &% ()t
where

Yy
C;’O(Jj - gay) = ﬁ/@ niaG(x7ya§7n)dna

_ \a/2—-1 ® _
G,y gm) = LD SN [rorz( o €4 2]y

2 S (y —n)/?
1,a/2(_ |$+5+2”‘)}
LelZ\ (y =)/

Is the Green’s function of the first boundary problem (I.1)) in the domain Q1 with
the Riemanne-Liouville fractional differential operator instead of the Caputo ones
[26],

15, w— 2"
() = 2 G gy

is the Wright type function [26]. Solution of the Problem I in the domain 2~ will
be found by the formula (2.2)). Hence, the proof is complete. O

We remark that if a(z) = 1/2, then from (2.3]) we find 7(z) as a solution Volterra
type integral equation. After that we can find v*(x) from the first boundary value
problem problem for the (1.1]), and v~ (z) will be defined from the gluing condition

(2.4).

REFERENCES

[1] O. Kh. Abdullaev; About a method of research of the non-local problem for the loaded mixed
type equation in double-connected domain, Bulletin KRASEC. Phys. Math. Sci, 2014, vol.
9, no. 2, pp. 11-16. ISSN 2313-0156

[2] Abdumauvlen S. Berdyshev, Erkinjon T. Karimov, Nazgul S. Akhtaeva; On a boundary-value
problem for the parabolic-hyperbolic equation with the fractional derivative and the sewing
condition of the integral form. AIP Proceedings, Vol. 1611, 2014, pp.133-137.

[3] E. Y. Arlanova; A problem with a shift for the mixed type equation with the generalized oper-
ators of fractional integration and differentiation in a boundary condition, Vestnik Samarsk
Gosudarstvennogo Universiteta. (2008) vol. 6, no. 65, pp. 396-406.

[4] A. Belarbi, M. Benchohra, A. Ouahab; Uniqueness results for fractional functional differential
equations with infinite delay in Frechet spaces. Appl. Anal. 85(2006), No. 12, 1459-1470.

[5] M. Benchohra, J. Henderson, S. K. Ntouyas, A. Ouahab; Existence results for fractional order
functional differential equations with infinite delay. J. Math. Anal.Appl. 338(2008), No. 2,
1340-1350.



EJDE-2016/164 LOADED MIXED TYPE EQUATION WITH FRACTIONAL DERIVATIVES 9

(6]

(7]

=)

[10]

(11]

(12]

(13]

14]

(15]
[16]
(17]
(18]

(19]

[20]

(21]
(22]

23]
[24]
[25]
[26]

27]

(28]

29]

K. Diethelm, A. D. Freed; On the solution of nonlinear fractional order differential equations
used in the modeling of viscoelasticity, in: F. Keil, W. Mackens, H. Voss, J. Werther (Eds.),
Scientific Computing in Chemical Engineering IIComputational Fluid Dynamics, Reaction
Engineering and Molecular Properties, Springer-Verlag, Heidelberg.(1999), pp. 217-224.

W. G. Glockle, T. F. Nonnenmacher; A fractional calculus approach of self-similar protein
dynamics, Biophys. J. 68 (1995) 46-53.

R. Hilfer; Applications of Fractional Calculus in Physics, World Scientific, Singapore, (2000).
B. Islomov, U. Baltaeva; Boudanry-value problems for a third-order loaded parabolic-
hyperbolic type equation with variable coefficients. Electron. J. Differential Equ., Vol. 2015
(2015). No. 221. pp 1-10.

B. J. Kadirkulov; Boundary problems for mixed parabolic-hyperbolic equations with two lines
of changing type and fractional derivative. Electron. J. Differential Equ., Vol. 2014 (2014),
No. 57, pp. 1-7.

E. T. Karimov, J. Akhatov; A boundary problem with integral gluing condition for a
parabolic-hyperbolic equation involving the Caputo fractional derivative. Electron. J. Dif-
ferential Equ., Vol. 2014 (2014) No. 14. pp. 1-6.

A. A. Kilbas, O. A. Repin; Analogue of the Bitsadze-Samarskiy problem for an equation of
mixed type with a fractional derivative; Differentsialnye Uravneniya. (2003) vol. 39, no. 5,
pp. 638-719, Translation in Journal of Difference Equations and Applications. (2003). vol.
39, no. 5, pp. 674-680.

A. A. Kilbas, O. A. Repin; An analog of the Tricomi problem for a mixed type equation with
a partial fractional derivative, Fractional Calculus and Applied Analysis. (2010) vol. 13, no.
1, pp. 69-84.

A. A. Kilbas, H. M. Srivastava, J. J. Trujillo; Theory and Applications of Fractional Differ-
ential Equations, in: North-Holland Mathematics Studies, vol. 204, Elsevier Science B.V.,
Amsterdam. (2006).

J. W. Kirchner, X. Feng, C. Neal; Fractal streamchemistry and its implications for contami-
nant transport in catchments, Nature 403 (2000), 524-526.

V. Lakshmikantham, A. S. Vatsala; Basic theory of fractional differential equations. Nonlinear
Anal. 69(2008), No. 8, 2677-2682.

V. Lakshmikantham, A. S. Vatsala; Theory of fractional differential inequalities and applica-
tions. Commun. Appl. Anal. 11(2007), No. 3-4, 395-402.

B. N. Lundstrom, M. H. Higgs, W. J. Spain, A. L. Fairhall; Fractional differentiation by
neocortical pyramidal neurons, Nat. Neurosci. 11 (2008), 1335-1342.

F. Mainardi; Fractional calculus: some basic problems in continuum and statistical mechan-
ics, in: A. Carpinteri, F. Mainardi (Eds.), Fractals and Fractional Calculus in Continuum
Mechanics, Springer-Verlag, Wien.(1997), pp. 291-348.

K. S. Miller, B. Ross; An Introduction to the Fractional Calculus and Differential Equations,
John Wiley, New York, (1993).

A. M. Nakhushev; The loaded equations and their applications. M. Nauka, (2012). 232.

V. A. Nakhusheva; Boundary problems for mixed type heat equation, Doklady AMAN (2010)
vol. 12, no. 2, pp. 3944. In Russian.

I. Podlubny; Fractional Differential Equations, Academic Press, New York, (1999).

I. Podlubny; Geometric and physical interpretation of fractional integration and fractional
differentiation. Dedicated to the 60th anniversary of Prof. Francesco Mainardi. Fract. Calc.
Appl. Anal. 5(2002), No. 4, 367-386.

A. V. Pskhu; Uravneniye v chasnykh proizvodnykh drobnogo poryadka. (in Russian) [Partial
differential equation of fractional order] Nauka, Moscow, (2005). 200 pp.

A. V. Pskhu; Solution of boundary value problems fractional diffusion equation by the Green
function method. Differential equation, 39(10) (2003), pp. 1509-1513

M. S. Salakhitdinov, E. T. Karimov; On a nonlocal problem with gluing condition of integral
form for parabolic-hyperbolic equation with Caputo operator. Reports of the Academy of
Sciences of the Republic of Uzbekistan. (DAN RUz), No 4, (2014), 6-9.

S. G. Samko, A. A. Kilbas, O. I. Marichev; Fractional Integral and Derivatives: Theory and
Applications, Gordon and Breach, Longhorne, PA, (1993).

M. M. Smirnov; Mized type equations, M. Nauka. (2000).



10 O. KH. ABDULLAEV, K. S. SADARANGANI EJDE-2016/164

OBIDJON KH. ABDULLAEV
DEPARTMENT OF DIFFERENTIAL EQUATIONS AND MATHEMATICAL PHYSICS, NATIONAL UNIVERSITY
OF UZBEKISTAN, 100114 UZBEKISTAN, TASHKENT, UZBEKISTAN

E-mail address: obidjon.mth@gmail.com

KISHIN S. SADARANGANI
DEPARTMENT OF MATHEMATICS, UNIVERSITY OF LAS-PALMAS DE GRAN CANARIA, 35017 LAS PAL-
MAS, SPAIN

E-mail address: ksadaran@dma.ulpgc.es



	1. Introduction and formulation of a problem
	2. Uniqueness of solution for Problem I
	Main results

	3. Existence of solutions for Problem I
	References

