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MEMORY BOUNDARY FEEDBACK STABILIZATION FOR
SCHRÖDINGER EQUATIONS WITH VARIABLE COEFFICIENTS

ABDESSELAM NAWEL, KHALED MELKEMI

Communicated by Jesus Ildefonso Diaz

Abstract. First we consider the boundary stabilization of Schrödinger equa-
tions with constant coefficient memory feedback. This is done by using Rie-

mannian geometry methods and the multipliers technique. Then we explore

the stabilization limits of Schrödinger equations whose elliptical part has a vari-
able coefficient. We established the exponential decay of solutions using the

multipliers techniques. The introduction of dissipative boundary conditions of

memory type allowed us to obtain an accurate estimate on the uniform rate
of decay of the energy for Schrödinger equations.

1. Introduction

Let Ω be an open bounded domain in Rn with boundary Γ := ∂Ω. It is assumed
that Γ consists of two parts Γ0 and Γ1 such that Γ0,Γ1 6= ∅, Γ0 ∩ Γ1 = ∅. We
consider the mixed problem for Schrödinger equation

yt − iAy = 0 in Ω× R+, (1.1)

y(0, x) = y0(x) in Ω, (1.2)

y = 0 on Γ0 × R+, (1.3)
∂y

∂νA
= u on Γ1 × R+, (1.4)

where

Ay =
n∑

i,j=1

∂

∂xi

(
aij(x)

∂y

∂xj

)
,

the functions aij = aji are C∞ functions in Rn,

∂y

∂νA
=

n∑
i,j=1

aij(x, t)
∂y

∂xi
νi,
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ν = (ν1, ν2, . . . , νn) is the unit normal of Γ pointing toward the exterior of Ω,
νA = Aν, and A = (aij) is a matrix function. We assume that

n∑
i,j=1

aij(x)ξiξj > α1

n∑
i=1

ξ2
i ∀x ∈ Ω, ζ ∈ Cn, ζ 6= 0, (1.5)

for some positive constant α1, and

u = −
∫ t

0

k(t− s)ys(s)ds− byt .

Then we transform the boundary condition in Γ1. Suppose that y0 = 0 on Γ1, by
integration by parts∫ t

0

k(t− s)yt(s)ds = [k(t− s)y(s)]t0 +
∫ t

0

k′(t− s)y(s)ds

=
∫ t

0

k′(t− s)y(s)ds+ k(0)y(t)− k(t)y0

=
∫ t

0

k′(t− s)y(s)ds+ k(0)y(t).

Throughout the paper we assume that

u = −
∫ t

0

k′(t− s)y(s)ds− k(o)y(t)− byt. (1.6)

where k : Γ1 × R+ → R+ ∈ C2(R+, L∞(Ω)) and b : Γ1 → R+ ∈ L∞(Ω). We define
the corresponding energy functional by

2E(t) :=
∫

Ω

|∇gy|2g dΩ +
∫

Γ1

k|y|2 dΓ1 −
∫ t

0

∫
Γ1

k′(t− s)|y(t)− y(s)| dΓ1ds. (1.7)

Our goal is to stabilize the system (1.1)–(1.4) and (1.6); to find a suitable feed-
back u = F (x, yt) such that the energy (1.7) decays to zero exponentially as t→ +∞
for every solution y of which E(0) < +∞. The approach adopted uses Riemannian
geometry. This method was first introduced to boundary-control problems by Yao
[10] for the exactly controllability of wave equations.

The stabilization of partial differential equations has been considered by many
authors. The asymptotic behaviour of the wave equation with memory and linear
feedbacks with constant coefficients has been studied by Guesmia [4], and by Aassila
et al [1] in the nonlinear case. This study has been generalised by Chai & Guo [2]
for variable coefficients by using a very different method, namely, the Riemannian
geometry method.

On the other hand, the stabilization of the Schrödinger equations has been stud-
ied by Machtyngier & Zuazua [9] in the Neumann boundary conditions, and by
Cipolatti et al [3] with nonlinear feedbacks. This study has been considered by
Lasiecka & Triggani [8] with constant coefficients acting in the Dirichlet boundary
conditions.

The objective of this work, we consider the boundary stabilization for system
(1.1)–(1.4) and (1.6) with variable coefficients and memory feedbacks by using
multipliers techniques.
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Our paper is organized as follows. In subsection 1.1, we introduce some notation
and results on Riemannian geometry. Our main results are studied in section 2.
Section 3 is devoted to the proof of the main results.

1.1. Notation. The definitions here are standard and classical in the literature,
see Hebey [5]. Let A(x) and G(x), respectively, be the coefficient matrix and its
inverse

A(x) = (aij(x)), G(x) = [A(x)]−1 = (gij(x)) (1.8)
for i, j = 1, . . . , n; x ∈ Rn.

Euclidean metric on Rn. Let (x1, . . . , xn) be the natural coordinate system in
Rn. For each x ∈ Rn, denote

X · Y =
n∑
i=1

αiβi, |X|20 = X ·X, for X =
n∑
i=1

αi
∂

∂xi
, Y =

n∑
i=1

βi
∂

∂xi
∈ TxRn .

For f ∈ C1(Ω) and X =
∑n
i=1 αi

∂
∂xi

, we denote by

∇0f =
n∑
i=1

∂f

∂xi

∂

∂xi
and div0(X) =

n∑
i=1

∂αi(x)
∂xi

(1.9)

the gradient of f and the divergence of X in the Euclidean metric.

Riemannian metric. For each x ∈ Rn, define the inner product and the corre-
sponding norm on the tangent space TxRn by

g(X,Y ) = 〈X,Y 〉g = X ·G(x)Y =
n∑

i,j=1

gij(x)αiβj

|X|2g = 〈X,Y 〉g for X =
n∑
i=1

αi
∂

∂xi
, Y =

n∑
i=1

βi
∂

∂xi
∈ TxRn

Then (Rn, g) is a Riemannian manifold with a Riemannian metric g. Denote the
Levi-Cevita connection in metric g by D. Let H be a vector field on (Rn, g). The
covariant differential DH of H determines a bilinear form on TxRn × TxRn. For
each x ∈ Rn, by

DH(X,Y ) = 〈DXH,Y 〉g,∀X,Y ∈ TxRn

where DXH is the covariante derivative of H with respect to X. The following
lemma provides some useful equalities.

Lemma 1.1 ([10, lemma 2.1]). Let f , h ∈ C1(Ω) and let H,X be a vector field on
Rn. Then using the above notation, we have

(i)
〈H(x), A(x)X(x)〉g = H(x)X(x), ∀x ∈ Rn (1.10)

(ii) The gradient ∇gf of f in the Riemannian metric g is given by

∇gf(x) =
n∑
i=1

( n∑
j=1

aij(x)
∂f

∂xj

) ∂

∂xi
= A(x)∇0f. (1.11)

(iii)
∂y

∂νA
= (A(x)∇0y).ν = ∇gy.ν. (1.12)
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(iv)
〈∇gf,∇gH〉g = ∇gf(h) = ∇0f ·A(x)∇0h. (1.13)

(v)

〈∇gf,∇gH(f)〉

= DH(∇gf,∇gf) +
1
2

div0(|∇gf |2gH)(x)− 1
2
|∇gf |2g div0(H) x ∈ Rn.

(1.14)

(vi)

Ay = −
n∑

i,j=1

∂

∂xi
(aij(x)

∂y

∂xj
)

= − div0(A(x)∇0y) = −div0(∇gy), y ∈ C2(Ω).

(1.15)

2. Statement of main result

To obtain the boundary stabilization of problem (1.1)–(1.4) and (1.6), we as-
sumed that there exists a vector field H on the Riemannian manifold (Rn, g) such
that:

∀X ∈ TxRn, ∃a > 0, 〈DXH,X〉g ≥ a|X|2g, (2.1)

H(x) · ν < 0 on Γ0, (2.2)

H(x) · ν ≥ 0 on Γ1. (2.3)

k ≥ 0 and k′ ≤ 0, on Γ0 × R+. Moreover,

ϕ = inf
(x,t)∈Γ0×<+

(−k′) 6= 0, (2.4)

k′′ ≥ 0 . (2.5)

We have the following result of existence and uniqueness of weak solution to
(1.1)–(1.4) and (1.6).

Theorem 2.1. For all initial data y0 ∈ V = H1
Γ0

(Ω) = {y ∈ H1(Ω); y = 0 on Γ0},
problem (1.1)–(1.4) and (1.6) admits a unique global weak solution y ∈ C(R+, V ).
Furthermore, if y0 ∈ H3(Ω)∩H1

Γ0
(Ω) and ∂y0

∂νA
= − 1

2ky(0) on Γ1, then the solution
has the regularity

y ∈ C 1(R+, V ).

Proof. Existence of a solution is proved using Galerkin method [6].
Suppose y is the unique global weak solution of problem (1.1)–(1.4) and (1.6).

The variational formulation of the problem is∫
Ω

ytv dΩ = i
∫

Ω

Ayv dΩ

= i
n∑

i,j=1

∫
Ω

∂

∂xi

(
aij(x)

∂y

∂xj

)
v dΩ

= i
n∑

i,j=1

∫
Γ1

aij(x)
∂y

∂xi
νiv dΓ1 − i

n∑
i,j=1

∫
Ω

aij(x)
∂y

∂xi

∂v

∂xj
dΩ

= i
n∑

i,j=1

∫
Γ1

∂y

∂νA
v dΓ1 − i

n∑
i,j=1

∫
Ω

aij(x)
∂y

∂xi

∂v

∂xj
dΩ
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for v ∈ V , and∫
Ω

ytv dΩ = i
∫

Γ1

(−
∫ t

0

k′(t− s)y(s)ds− k(0)y(t)− byt)v dΓ1

− i
n∑

i,j=1

∫
Ω

aij(x)
∂y

∂xi

∂v

∂xj
dΩ.

We introduce the following notation: 〈·, ·〉 is the scalar product in L2(Ω),

a(y, v) =
n∑

i,j=1

∫
Ω

aij(x)
∂y

∂xi

∂v

∂xj
dΩ,

β(t, y, v) =
∫

Γ1

(−
∫ t

0

k′(t− s)y(s)ds− k(0)y(t))v dΓ1 β(0, y, v) = 0.

We have
〈yt, v〉+ ia(y, v) + iβ(t, y, v) = −i〈byt, v〉

Uniqueness. Let y and z be two solutions. then w = y − z satisfies

wt − iAw = 0 in ]0,+∞)× Ω (2.6)

w(0, x) = 0 in Ω (2.7)

w = 0 on ]0,+∞)× Γ0 (2.8)

∂w

∂νA
= −

∫ t

0

k′(t− s)w(s)ds− k(0)w(t)− bwt, on ]0,+∞[×Γ1 . (2.9)

Multiplying (2.6) by wt, integrating over Ω. Applying the Green formula, we obtain∫
Ω

|wt|2 dΩ− i
n∑

i,j=1

∫
Γ1

aij(x)
∂w

∂xi
νiwt dΓ + i

n∑
i,j=1

∫
Ω

aij(x)
∂w

∂xi

∂wt
∂xj

dΩ = 0 .

Taking the imaginary part of above equation,

Re
∫

Γ1

∂y

∂νA
wt dΓ1 = Re

∫
Ω

∇gw∇gwt dΩ

=
1
2

∫
Ω

[ d
dt
|∇gw|2g

]
dΩ

=
1
2
d

dt

∫
Ω

|∇gw(t)|2g dΩ .

For t = 0, we have∫
Ω

|∇gw|2g dΩ +
∫

Γ1

k|w|2 dΓ1 −
∫ t

0

∫
Γ1

k′(t− s)|w(t)− w(s)|2 dΓ1ds = 0

so ∫
Ω

|∇gw|2g dΩ = −
∫

Γ1

k|w|2 dΓ1 +
∫ t

0

∫
Γ1

k′(t− s)|w(t)− w(s)|2 dΓ1ds.

We deduce ∫
Ω

|∇gw|2g dΩ ≤ 0

and so ∇gw = 0, this with the condition at limit, w = 0 �
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2.1. Existence of solutions. Let (en)n∈ℵ be a set of functions in V that form an
orthonormal basis for L2(Ω). Let Vm be the space generated by (e1, . . . , em), and

ym(t) =
m∑
i=1

αim(t)ei.

be a solution of the Cauchy problem

〈ymt , v〉+ ia(ym, v) + iβ(t, ym, v) = −i〈bymt , v〉 .

With v = ymt , we have

〈ymt , ymt 〉+ ia(ym, ymt ) + iβ(t, ym, ymt ) = −i〈bymt , ymt 〉 .

Taking the imaginaire part, it results

Re
( n∑
i,j=1

∫
Ω

aij(x)
∂ym

∂xi

∂ymt
∂xj

dΩ
)

= −
∫

Γ1

b|ymt |2 dΓ1 − Re
(∫

Γ1

∫ t

0

k′(t− s)ym(s)ymt (t)ds dΓ1

)
− Re

(∫
Γ1

∫ t

0

k(0)ym(t)ymt (t)ds dΓ1

)
.

However,

−
∫
b|ymt |2 dΓ1 − Re

(∫
Γ1

∫ t

0

k′(t− s)ym(s)ymt (t)ds dΓ1

)
− Re

(∫
Γ1

∫ t

0

k(0)ym(t)ymt (t) dΓ1

)
= −

∫
Γ1

b|ymt |2 dΓ1 +
1
2

∫
Γ1

k′|ym|2 dΓ1

− 1
2

∫
Γ1

∫ t

0

k′′(t− s)|ym(t)− ym(s)|2 ds dΓ1

+
1
2
d

dt

[ ∫
Γ1

k|ym|2 dΓ1

]
+

1
2
d

dt

[ ∫
Γ1

∫ t

0

k′(t− s)|ym(t)− ym(s)|2 ds dΓ1

]
,

so

Re
( n∑
i,j=1

∫
Ω

aij(x)
∂ym

∂xi

∂ymt
∂xj

dΩ
)

= −
∫
b|ymt |2 dΓ1 −

1
2

∫
Γ1

k′|ym|2 dΓ1 −
1
2

∫
Γ1

∫ t

0

k′′(t− s)|ym(t)− ym(s)|2 ds dΓ1

− 1
2
d

dt

[ ∫
Γ1

k|ym|2 dΓ1

]
+

1
2
d

dt

[ ∫
Γ1

∫ t

0

k′(t− s)|ym(t)− ym(s)|2 ds dΓ1

]
.

We have

−
∫

Γ1

b|ymt |2 dΓ1 +
1
2

∫
Γ1

k′|ym|2 dΓ1−
1
2

∫
Γ1

∫ t

0

k′′(t−s)|ym(t)−ym(s)|2 ds dΓ1 < 0,
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thus

Re
( n∑
i,j=1

∫
Ω

aij(x)
∂ym

∂xi

∂ymt
∂xj

dΩ
)

≤ −1
2
d

dt

[ ∫
Γ1

k|ym|2 dΓ1

]
+

1
2
d

dt

[ ∫
Γ1

∫ t

0

k′(t− s)|ym(t)− ym(s)|2 ds dΓ1

]
.

We deduce that

Re
( n∑
i,j=1

∫
Ω

aij(x)
∂ym

∂xi

∂ymt
∂xj

dΩ
)
≤ 0 .

On the other hand,

Re
( n∑
i,j=1

∫
Ω

aij(x)
∂ym

∂xi

∂ymt
∂xj

dΩ
)

=
1
2
d

dt

( n∑
i,j=1

∫
Ω

aij(x)
∂ym

∂xi

∂ym

∂xj
dΩ
)

=
1
2
d

dt

(∫
Ω

|∇gym|2g dΩ
)
.

Therefore,
1
2

∫
Ω

|∇gym(T )|2g dΩ ≤ 1
2

∫
Ω

|∇gym(0)|2g dΩ,

from where

|ym|2V ≤ |y0m|2V
and vm → v in V , or

〈ymt , vm〉+ ia(ym, vm) + iβ(t, ym, vm) = −i
∫

Γ1

bymt v
m dΓ1. (2.10)

For ζ ∈ D(]0, T [), we put

ψm = ζvm and ψ = ζv ;

so we have

ψm → ψ in L2(0, T, V ) .

Multiplying (2.10) by ζ and integrating over ]0, T [, we find∫ T

0

〈ymt , ψm〉dt+ i
∫ T

0

a(ym, ψm)dt+ i
∫ T

0

β(t, ym, ψm)dt

= −i
∫ T

0

∫
Γ1

bymt ψ
m dΓ1dt .

Passing to the limit,∫ T

0

〈y, ψt〉dt+ i
∫ T

0

a(y, ψ)dt+ i
∫ T

0

β(t, y, ψ)dt = −i
∫ T

0

∫
Γ1

byψt dΓ1dt

for all v ∈ V and all ζ ∈ D(]0, T [). y ∈ C]0, T [, V ).
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Regularity. We have

〈ymtt , v〉+ i
∫

Γ1

(
−
∫ t

0

k′′(t− s)ym(s)ds− k(0)ymt (t)
)
v dΓ1

+ i
n∑

i,j=1

∫
Ω

aij(x)
∂ymt
∂xi

∂v

∂xj
dΩ− i

∫
Γ1

bymtt v dΓ1 = 0 .

Putting v = ymtt ,

〈ymtt , ymtt 〉+ i
∫

Γ1

(−
∫ t

0

k′′(t− s)ym(s)ds− k(0)ymt (t))ymtt dΓ1

+ i
n∑

i,j=1

∫
Ω

aij(x)
∂ymt
∂xi

∂ymtt
∂xj

dΩ − i
∫

Γ1

bymtt y
m
tt dΓ1 = 0 .

Taking the imaginary part,

Re
( n∑
i,j=1

∫
Ω

aij(x)
∂ymt
∂xi

∂ymtt
∂xj

dΩ
)

= −
∫

Γ1

b|ymtt |2 dΓ1 − Re
(∫

Γ1

∫ t

0

k′(t− s)ymt (s)ymtt (t)ds dΓ1

)
− Re

(∫
Γ1

∫ t

0

k(0)ymt (t)ymtt (t)ds dΓ1

)
,

we have

−
∫

Γ1

b|ymtt |2 dΓ1 − Re(
∫

Γ1

∫ t

0

k′′(t− s)ym(s)ymtt (t)ds dΓ1)

− Re(
∫

Γ1

∫ t

0

k(0)ymt (t)ymtt (t) dΓ1)

= −
∫
b|ymtt |2 dΓ1 −

1
2

∫
Γ1

k′′|ymt |2 dΓ1

+
1
2

∫
Γ1

∫ t

0

k′′′(t− s)|ymt (t) + ym(s)|2 ds dΓ1

− 1
2
d

dt

[
−
∫

Γ1

k′|ymt |2 dΓ1 −
1
2

∫
Γ1

∫ t

0

k′′(t− s)|ymt (t) + ym(s)|2 ds dΓ1

]
.

We deduce that

−
∫

Γ1

b|ymtt |2 dΓ1−
1
2

∫
Γ1

k′′|ymt |2 dΓ1+
1
2

∫
Γ1

∫ t

0

k′′′(t−s)|ymt (t)+ym(s)|2 ds dΓ1 ≤ 0;

so

Re(
n∑

i,j=1

∫
Ω

aij(x)
∂ymt
∂xi

∂ymtt
∂xj

dΩ)

≤ −1
2
d

dt
(−
∫

Γ1

k′|ymt |2 dΓ1 +
1
2

∫
Γ1

∫ t

0

k′′(t− s)|ymt (t) + ym(s)|2 ds dΓ1) .
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On the other hand,

Re
( n∑
i,j=1

∫
Ω

aij(x)
∂ymt
∂xi

∂ymtt
∂xj

dΩ
)

=
1
2
d

dt

(∫
Ω

|∇gymt |2g dΩ
)

and
1
2
d

dt
(
∫

Ω

|∇gymt |2g dΩ)

≤ −1
2
d

dt

(
−
∫

Γ1

k′|ymt |2 dΓ1 +
1
2

∫
Γ1

∫ t

0

k′′(t− s)|ymt (t) + ym(s)|2ds dΓ1

)
.

Therefore,

−1
2
d

dt

[
−
∫

Γ1

k′|ymt |2 dΓ1 +
1
2

∫
Γ1

∫ t

0

k′′(t− s)|ymt (t) + ym(s)|2ds dΓ1

]
≤ 0,

1
2
d

dt

(∫
Ω

|∇gymt |2g dΩ
)
≤ 0 .

We have
1
2

∫
Ω

|∇gymt (T )|2g dΩ ≤ 1
2

∫
Ω

|∇gymt (0)|2g dΩ,

|ym0 |2V ≤ |y0m
0 |2V

Our main result is the following theorem.

Theorem 2.2. Assume (1.5)–(1.7) and (2.1)–(2.5), and that the problem

yt − iAy = 0 on Ω
y = 0 in Σ0

∂y

∂νA
= 0 in Σ

has y = 0 as the unique solution. Then for all given initial data y0 ∈ H1
Γ0

(Ω), there
exist two positive constants M and ω such that

E(t) ≤Me−ωtE(0), for t > 0.

3. Proof of main result

For simplicity, we assume that y is a weak solution. By a classical density
argument, Theorem 2.2 still holds for a weak solution.

Lemma 3.1. The energy defined by (1.7) is decreasing and satisfies

E(T )− E(0) = −
∫ T

0

∫
Γ1

|yt|2 dΓ1dt+
1
2

∫ T

0

∫
Γ1

k′|y|2 dΓ1 dt

− 1
2

∫ T

0

∫ t

0

∫
Γ1

k′′(t− s)|y(t)− y(s)|2 dΓ1 ds dt,

whenever 0 < T <∞.

Proof. Differentiating the energy E(·) defined by (1.7) and using Green’s second
theorem, we have

2E′(t) =
∫

Ω

∇gyt∇gy dΩ +
∫

Ω

∇gy∇gyt dΩ +
∫

Γ1

k′|y|2 dΓ1
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+ 2 Re
∫

Γ1

kyty dΓ1 −
∫ t

0

∫
Γ1

k′′(t− s)|y(t)− y(s)|2 dΓ1 ds

−
∫ t

0

∫
Γ1

k′(t− s) d
dt

(y(t)− y(s))(y(t)− y(s))ds dΓ1.

Then

E′(t) = Re
∫

Ω

〈∇gyt,∇gy〉g dΩ +
1
2

∫
Γ1

k′|y|2 dΓ1+

+ Re
∫

Γ1

kyty dΓ1 −
1
2

∫ t

0

∫
Γ1

k′′(t− s)|y(t)− y(s)|2 dΓ1ds

− Re
∫ t

0

∫
Γ1

k′(t− s)yt(t)(y(t)− y(s)) dΓ1ds.

Then

E′(t) = Re
∫

Γ1

∂y

∂νA
yt dΓ1 +

1
2

∫
Γ1

k′|y|2 dΓ1

+ Re
∫

Γ1

kyty dΓ1 −
1
2

∫ t

0

∫
Γ1

k′′(t− s)|y(t)− y(s)|2 dΓ1ds

− Re
∫ t

0

∫
Γ1

k′(t− s)yt(t)(y(t)− y(s)) dΓ1ds

By the boundary condition, we have Re
∫

Γ1
yyt(k − k(0)−

∫ t
0
k′(t− s)ds) dΓ1 = 0.

Then we find that

E′(t) = −
∫

Γ1

b|yt|2 dΓ1 +
1
2

∫
Γ1

k′|y|2 dΓ1

− 1
2

∫ t

0

∫
Γ1

k′′(t− s)|y(t)− y(s)|2 dΓ1ds.

This completes the proof. �

Lemma 3.2. For all 0 ≤ S < T <∞ we have∫ T

S

∫
Γ1

( ∂y
∂νA

)2 H · ν
|νA(x)|2g

dΓ1ds−
∫ T

S

∫
Γ1

|∇gy|2gHν dΓ1ds

+ 2 Re
∫ T

S

∫
Γ1

( ∂y
∂νA

)
H(y) dΓ1ds+ Im

∫ T

S

∫
Γ1

yytHυ dΓ1ds

= 2 Re
∫ T

S

∫
Ω

DH(∇gy,∇gy) dΩ ds−
∫ T

S

∫
Ω

|∇gy|2g divH dΩ ds

+ Im
∫

Ω

ytH(y) dΩ
∣∣T
S

+ Im
∫ T

S

∫
Ω

yty divH dΩ ds

Proof. We multiply (1.1) by H · ∇y and integrate over ]S, T [×Ω, to obtain∫ T

S

∫
Ω

ytH · ∇y dΩ ds− i
∫ T

S

∫
Ω

AyH · ∇y dΩ ds = 0 . (3.1)
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We have∫ T

S

∫
Ω

ytH · ∇y dΩ ds

=
∫

Ω

yH · ∇y dΩ
∣∣T
S
−
∫ T

S

∫
Ω

yH · ∇yt dΩ ds

=
∫

Ω

yH · ∇y dΩ
∣∣T
S
−
∫ T

S

∫
Γ

yytH · ν dΓds+
∫ T

S

∫
Ω

yt div(y.H) dΩ ds.

(3.2)

Substituting (3.2) in (3.1), we obtain∫
Ω

yH · ∇y dΩ
∣∣T
S
−
∫ T

S

∫
Γ

yytH · ν dΓds

− i
[ ∫ T

S

∫
Ω

(AyH · ∇y +AyH · ∇y) dΩ ds
]

+
∫ T

S

∫
Ω

yty divH dΩ ds = 0.

Hence

2 Re
∫ T

S

∫
Ω

AyH · ∇y dΩ ds

= Im
∫

Ω

yH · ∇y dΩ
∣∣T
S
− Im

∫ T

S

∫
Γ

yytH · ν dΓ ds

+ Im
∫ T

S

∫
Ω

yty divH dΩ ds

(3.3)

Using (1.14), we rewrite the integral on the left-hand side of (3.3) as∫ T

S

∫
Ω

AyH · ∇y dΩ ds

=
∫ T

S

∫
Γ

∂y

∂νA
H(y) dΓds−

∫ T

S

∫
Ω

DH(∇gy,∇gy) dΩ ds

− 1
2

∫ T

S

∫
Ω

div(|∇gy|2.H) dΩ ds

+
1
2

∫ T

S

∫
Ω

|∇gy|2g divH dΩ ds

(3.4)

Recalling the boundary condition (1.2), on Γ we have

y = yt = 0, |∇gy|2g =
1

|νA(x)|2g
(
∂y

∂νA
)2, H(y) =

H · ν
|νA(x)|2g

( ∂y
∂νA

)
. (3.5)

Thus using this equation and (1.3), we find that this simplifies the sought-after
identity. �

Completion of the proof of theorem 2.1. Set C0 =
(
α1 supx∈Ω

|H|2
|H·ν|

)2, C1 =
α1
2 supx∈Ω |divH|,

C2 =
α1

2ε
sup
x∈Ω

|∇g(divH)|+ 1
4

sup
x∈Ω

|divH|+ εα1

2
sup
x∈Ω

|H(x)|,

C3 = 2
[ |k(0)|L∞(Γ1)

eδf
+ |h|L∞(Γ1)

]
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where h(x) = k(0)
δ(1+ek′(0)) , x ∈ Γ1. From assumptions (2.1), (2.2) (2.3), we deduce

that

2a
∫ T

S

∫
Ω

|∇gy|2g dΩ ds

≤ −
∫ T

S

∫
Γ1

|∇gy|2gH · ν dΓ1ds+ 2 Re
∫ T

S

∫
Γ1

( ∂y
∂νA

)
H(y) dΓ1ds

+ Im
∫ T

S

∫
Γ1

yytH · ν dΓ1ds+
∫ T

S

∫
Ω

|∇gy|2g divH dΩ ds

− Im
∫

Ω

yH(y) dΩ
∣∣T
S
− Im

∫ T

S

∫
Ω

yty divHdQ

(3.6)

Also for an arbitrary positive constant ε we have the estimates

−
∫ T

S

∫
Γ1

|∇gy|2gH · ν dΓ1ds+ 2 Re
∫ T

S

∫
Γ1

( ∂y
∂νA

)
H(y) dΓ1ds

≤ C0

∫ T

S

∫
Γ1

( ∂y
∂νA

)2
dΓ1ds,

(3.7)

∣∣ Im ∫ T

S

∫
Γ1

yytH · ν dΓ1ds− Im
∫

Ω

yH(y) dΩ
∣∣T
S
|

≤
supx∈Ω |H|

2α1

∫ T

S

∫
Γ1

|y|2 dΓ1ds

+ 2α1 sup
x∈Ω

|H|
∫ T

S

∫
Γ1

|yt|2 dΓ1ds+ ε sup
x∈Ω

|H(x)|E(S)

+
(εα1

2
sup
x∈Ω

|H(x)|
)
|y|2C([S,T ],L2(Ω)),

(3.8)

|
∫ T

S

∫
Ω

|∇gy|2g divH dΩ ds− Im
∫ T

S

∫
Ω

yty divH dΩ ds|

≤ C1

∫ T

S

∫
Γ1

( ∂y
∂νA

)2
dΓ1ds+

ε

2

∫ T

S

∫
Ω

|∇gy|2g dΩ ds

+
(α1

2ε
sup
x∈Ω

|∇g(divH)|+ 1
4

sup
x∈Ω

|divH|
)∫ T

S

∫
Γ1

|y|2 dΓ1ds,

(3.9)

∣∣ ∫
Σ1

(
∂y

∂νA
)2dΣ1

∣∣ ≤ 3[
∫ T

S

∫
Γ1

(
−
∫ t

0

k′(t− s)y(s)ds
)2

dΓ1ds

+
∫ T

S

∫
Γ1

k(0)|y|2 dΓ1ds+
∫ T

S

∫
Γ1

|yt|2 dΓ1ds].

(3.10)

Now using a compactness-uniqueness argument in the style of [7], we deduce

|y|2C([S,T ],L2(Ω)) ≤
∫ T

S

∫
Γ1

|yt|2 dΓ1ds (3.11)



EJDE-2017/129 MEMORY BOUNDARY FEEDBACK STABILIZATION 13

Inserting (3.7), (3.8), (3.9) and (3.11) in (3.6), leads to

2a
∫ T

S

∫
Ω

|∇gy|2g dΩ ds

≤ 3(C0 + C1)
[ ∫ T

S

∫
Γ1

(−
∫ t

0

k′(t− s)y(s)ds)2 dΓ1ds
]

+ 3(C0 + C1)
[ ∫ T

S

∫
Γ1

k(0)|y|2 dΓ1ds+
∫ T

S

∫
Γ1

|byt|2 dΓ1ds
]

+ C2

∫ T

S

∫
Γ1

|y|2 dΓ1ds+
ε

2

∫ T

S

∫
Ω

|∇gy|2g dΩ ds

+ ε sup
x∈Ω

|H(x)|E(S) + 2α1 sup
x∈Ω

|H|
∫ T

S

∫
Γ1

|yt|2 dΓ1ds

+ (
εα1

2
sup
x∈Ω

|H(x)|)|y|2C([S,T ],L2(Ω))

(3.12)

Choosing ε so that 4a− ε > 0, we obtain

(4a− ε)
∫ T

S

E(t)dt

≤ [3C3(C0 + C1) + ε sup
x∈Ω

|H(x)|]E(S) + 2α1 sup
x∈Ω

|H| 1
supx∈Γ1

|b|
E(S)

+ [3(C0 + C1)|k(0)|2L∞ + C2]
1
ϕ
E(S)

+ [3(C0 + C1) +
εα1

2
sup
x∈Ω

|H(x)|] sup
x∈Γ1

|b|E(S),

where ∫ T

S

E(t)dt ≤ CE(S),

C =
1

(4a− ε)
[3C3(C0 + C1) + ε sup

x∈Ω

|H(x)|+ 2α1 sup
x∈Ω

|H| 1
supx∈Γ1

|b|

+ [3(C0 + C1) +
εα1

2
sup
x∈Ω

|H(x)|] sup
x∈Γ1

|b|

+ [3(C0 + C1)|k(0)|2L∞ + C2]
1
ϕ

].

Letting T → +∞, we obtain for every S ∈ R+,∫ +∞

S

E(t)dt ≤ CE(S).

The desired conclusion follows now from Komornik [6, Theorem 8.1].

Acknowledgments. I would like to thank to Prof. S. E. Rebiai for support re-
ceived about the regularity questions for the Schrodinger equation.
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