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APPROXIMATE SOLUTION FOR AN INVERSE PROBLEM
OF MULTIDIMENSIONAL ELLIPTIC EQUATION WITH
MULTIPOINT NONLOCAL AND NEUMANN BOUNDARY
CONDITIONS

CHARYYAR ASHYRALYYEV, GULZIPA AKYUZ, MUTLU DEDETURK

Communicated by Mokhtar Kirane

ABSTRACT. In this work, we consider an inverse elliptic problem with Bitsadze-
Samarskii type multipoint nonlocal and Neumann boundary conditions. We
construct the first and second order of accuracy difference schemes (ADSs)
for problem considered. We stablish stability and coercive stability estimates
for solutions of these difference schemes. Also, we give numerical results for
overdetermined elliptic problem with multipoint Bitsadze-Samarskii type non-
local and Neumann boundary conditions in two and three dimensional test
examples. Numerical results are carried out by MATLAB program and brief
explanation on the realization of algorithm is given.

1. INTRODUCTION

Theory and methods of solving inverse problems for differential and difference
equations have been comprehensively studied by several researchers (see [11, 2, [5], [6]
0, [0, 121 (13, (T3], (151 16, (177, 18], (19} 211 221, 23] 241, 251, 26, 271 28] 291 30} [31), 32}, 38] and
the references therein). In papers [6] [T} 12} T3] 14 15} 16l B0, [32] well-posedness of
various overdetermined elliptic type differential and difference problems are stud-
ied. Dirichlet type overdetermined problems for elliptic partial differential equation
(PDE) were investigated in [6l (15 [I6]. Neumann type overdetermined elliptic prob-
lems were studied in papers [11], 12, [T4].

In recent years, different types of elliptic nonlocal boundary value problems and
generalizations of such type problems to various differential and difference equations
have been extensively investigated (see [3} [8, @] [13] B2 34] and the bibliography
therein).

In this article, we study approximation of Bitsadze-Samarskii type overdeter-
mined elliptic differential problem with Neumann boundary conditions.
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Given an integer ¢ > 2, we assume that the nonnegative numbers ki, ..., kq,
A0y A1, ..., Ag satisfy the conditions

q
S ki=1, k>0,i=1,...,q, 0<A<..<X<1 0<X<I1 (L)
=1

Let Q = (0,/)" C R, be the open cube with boundary S, O = QU S. In
[0,T] x Q, we consider the inverse problem of finding function u(¢, z) and function
p(x) in Q for the following multidimensional elliptic PDE with multipoint nonlocal
and Neumann boundary conditions

—vu(t,z) = ) (ar(2)vg, )e, +ov(t,x) = g(t, 2) + p(x),
T

1
x=(x1,...,2) €Q, 0<t<T;

q

(T, z) — Zkiv(/\i,x) =n(z), v(0,z)=0a¢(x), v(h,z)="C_(x), x€,

=0, z€8, 0<t<T.

(1.2)
Here, 7 is the normal vector to S; a,, ©,1,&, and g are given smooth functions,
ar(z) > a >0 for all z € Q.

Well-posedness of problem was established in [I3]. In this article, we apply
a finite difference method to approximate the solution of problem . Namely,
we construct the first and second order of ADSs with respect to ¢t and second order
of ADS with respect to x for the approximate solution of problem. Stability and
coercive stability estimates for solutions of both difference schemes are established.
Later, we give two and three dimensional numerical examples with brief explanation
on the realization for inverse elliptic problem with multipoint Bitsadze-Samarskii
type nonlocal and Neumann boundary conditions.

The differential operator [10]

A%v(x) = — Z(ar(x)vxr)xr + ov(x) (1.3)
r=1
is a self-adjoint positive definite (SAPD) operator A = A* acting on Hilbert space
H = Ly(Q) with the domain D(A%)={v(z) € W2(Q), 88—73{ =0 on S}.

Therefore, primal problem corresponds to the following Bitsadze-Samarskii
type inverse elliptic problem of finding an element p € H and a function v €
C([0,T], D(A)) N C?([0,T],H):

—vu(t) + Av(t) = g(t) +p, te€(0,T),
q
w0) =6, w00 =C ofT) =Y aw(h) +n )
i=1

Let [0,T), = {tx = k7, k=0, N, N7 =T} be the set of grid points. Introduce
the notation

C= %(TA"‘ VAA 4 T2A2), R=(I+4+7C)71,
P=(I-RM)"' D=I+7C)2I+7C)'C™,
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where I is the identity operator. It is known that A > 61 (6 > 0), C is SAPD
operator and the bounded operator R is defined on the whole space H [10} B30].

Lemma 1.1 ([10]). The following estimates hold:

\ M(
|R¥|| g < M(0)(1+627)7 % ||OR¥||g—p < L,

kT
E>1L||1Plgog < M), 6>0.

The remainder of this article is organized as follows: In Section 2, we present two
difference schemes for approximate solution of inverse elliptic problem with
Bitsadze-Samarskii type multipoint nonlocal and Neumann boundary conditions.
In Section 3, we obtain the stability and coercive stability estimates for the solu-
tion of both presented difference schemes. Numerical results for two dimensional
and three dimensional elliptic equations are presented in Section 4. Finally, the
conclusion is given in Section 5.

2. DIFFERENCE PROBLEMS

The approximation of problem (L.2)) is carried out in two steps. In the first step,
we define the grid spaces

ﬁh:{x:x:xmz(hlml,...,hnmn), m=(my,...,My),
0<m, <M,, h,M, =¢, r:17...,n},

thﬁhﬁQ7 Sh:()hﬂS, h:(hl,...,hn)7
and assign the difference operator A7 to operator A® ([1.3]) by the formula

n
Aj"(@) = =Y (ar(@)ol )aym, + 00" (2),
r=1
acting in the space of grid functions v"(z), satisfying the condition D"v"(z) = 0
for all € S),. Here and in future D" is the approximation of operator %. It is
known that A7 is a SAPD operator (see [36} [37]).
By using A7, the overdetermined problem (1.2)) is reduced to the boundary value
problem for the system of ordinary differential equations
d>vh(t, x)
_T—i_AﬁUh(tvx) :gh(tam)+ph(m)7 te (OaT)a (EEQ}“
’Uh((),x) = ¢(x)a Uh(/\()’m) - Ch(x)v (2.1)
q
v"(T,x) — kah(ki,z) =n"(x),x € Q.
i=1
Denote A \
lzz[JL ,ui:J_liy 7::0,1,...,(],
T T
where [-] is standard notation for greatest integer function.
Let v} (z) = v (t, x), gl (z) = g"(tg,2),k =0, N.
In the second step, we apply the following approximation formulas

vh()\i, x) = vlh (z) + o(7),
oy ) = o} (2) + (o4 () — o (2)) + o(7?)
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for v (A, ), i = 0,1,...,q. Then problem (2.1)) is replaced by

—772 Jojt (2) — 208 (@) + vy (2)] + A () = gi(2) + " (@),
1<k<N-1, erh,

V(@) = 3 kivfy () + " (@),

vy (z) = ¢M(@), vi(z) = ¢"(@), z ey,

and

—77 % [ui41 (2) = 208 (2) + vy (2)] + AR (o) = gi(2) + " (o),

ISkSN*I, QSEQh,
h ! h h h h (2.3)
V(@) =) k(v (2) + (o] (@) = o (2))) + 0" (2),
i=1

vis (@) + po (v 1 () — vt (2)) = (@), vf(w) = ¢"(x), @€,

respectively.

By substituting
vp(@) = up(z) + (A5) (@), 2€Qn, 1<k<N-1, (2.4)
difference scheme (2.2)) is reduced to the auxiliary difference scheme

=772 [ui g (2) = 2u (@) + uji_y (2)] + Afuf(z) = gi (=),
lngN—l, {EEQ}L,

ug (x) — ujy (x) = ¢ (x) — ¢* (), (2.5)

q
uly(x) = Zkluf(m) +0(z), =€
i=1

The solution of system (2.5)) is defined by the formula

uj(z) = P [(RF — R*N"Fyub(z) + (RNF — RNH)] uly (2)
— P(RN™F — RN*F)D 3 (RN™7 — RN gl ()7
j=1 (2.6)

N-—1
+D Z(R'k—jl — R gh(2)r, k=T,N—1,
j=1
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where
q
ult(z) = F1 [(1 — RN =3 k(RN - RN ))G’f(x)
=1

+ (RY™" = RNP)Gh (@), ()
= A7 [(1 - RN — R+ RPN GY (2) + zq: ki(R" — RQN_li)G?(Z‘)} :

i=1

Fi = (1= R*N)(1 = R)(1 ZkRNl>(I—2q:kiRN‘(lo‘“)),
i=1

Gi(z) = P~ 1( ¢"(x) = ¢"(2)) + (RN™° — RV**)

-1
Z (RN — RN gl (a)r
P
N—-1
—P7'D > (R - R ()T,
=1
N—-1
Gh(@) = R{ (RN " = RN*1)D 37 (RN 1 = RNHI 1) gh ()
j=1

N—-1
TID Y (RIS R gl )+ P @),
j=1

(2.7)
Using (2.4, difference scheme ([2.3)) can be reduced to the auxiliary difference
scheme

=77 [uj g (2) — 20 (2) + ug_y (2)] + Afug (@) = gi (@),
1<k<N-1, z€Qy,

ug (@) + (po — Vug () — poug 41 (2) = ¢"(x) — (" (), (2.8)
q
R+ >k [~ Duf (@) — ey ()] = (@), @ € T
The solution of system (2.8)) is defined by formula (2.6)), where

uh(z) = F5 {1 RZN+Z/<: i — 1)(RY "1 — RN

B Z hgpua (RN 11 — RN+li+1):| Gh(x)

i=1
~ (o = V(RN ™10 — RNTh0) — pg(RY 101 — RNHo )G ()},

ul(z) = Fg_l{ [I— RN 4 (g — 1)(Rlo — R2N—lo)

q

— pro(R Y — BN )| Gl (a) — [ ks — D(RY = RV

=1
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q
=D ka(REF - RN |Gy

i=1

F2 — [I _ RZN (MO _ 1)(Rl0 _ RQN—ZO) _ MO(RlU—i-l _ RZN—lo—l)]
x |1 R2N+Zk i — )(RV i — RNV

q

- Z ki#i(RNfl"fl — RN+li+1)} (2.9)
— [(po — 1)(RN 7l — RNHlo) — pyo(RN=lo=t — RN +lot )]
g q
<[ DD k(s = DR = BN = k(R — RN,
=1 i=1
Gli(x) = P (9" (2) — ¢"(x))
+ [(po — 1)(RNl0 — RNFlo) — g (RN —lo=1 — RN+lo+1)]
N—1
x DY (RN77 — RNT)g;r — P'D
j=1
N—-1
X |: R|lo Jl Rlo+j) _ MO(R\ngrl—j\ N Rlo+j+1)} g?(:v)T,
j=1

q

GZ(-T) = Zkz [(Mz — 1)(RN—I, _ RN"Fli) _ ui(RN—l,-—l . RN+li+1)]

xDZRNJ RN gh(z)r + P~y (x) — P7'D

X z_: zq:kl[ (i — 1) Rlll—Jl Rli+)

=1 i=1

_ MO(R\lri-l—j\ _ Rli+j+1):| g?(l‘)T.

So, to find an approximate solution of ([1.2]), we consider the algorithm which
contains three stages. We find {u}'(z)}{’ as solution of (2.5 or (2.8) in the first
stage. Putting k = Iy and k = [y + 1, we get uﬁ) (x) and u?ﬁ_l(m), respectively. In

the second stage, we obtain p"(x) by
ph( ) Ch( ) hul ( )a l'Eﬁh,
for (2.2)), and
P (@) = A5CH () — A7 [(1 = po)edy () + poufy 1 ()] . € O,

for .

In the third stage, we use formulas

of(z) = uf(x) + ¢"(2) —uf (), €, 1<ESN -1,

(2.10)

(2.11)

(2.12)
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and
v () = ui(z) + ¢"(x) = [(1 = po)ui, (x) + pou, 11 (x)] , (2.13)

forz € Qp, 1 < k < N — 1, to obtain the solution {v}(x)}{¥ of corresponding
difference problems (2.2)) and .

3. STABILITY AND COERCIVE STABILITY ESTIMATES

Let Loy = Lg(ﬁh) and W3, = sz(flh) be Banach spaces of the grid functions
() = {f(hym1,..., hym,)} defined on y,, equipped with the following norms

10 = (17 @R )

erh
h _ || ¢k " By 12 1/2
1wz, = 15 o+ [ D2 DI e A
meﬁhr:1
n N ) 1/2
[ 2 U @ A )]
xeﬁhrzl

respectively. Denote by C’T( ) and C&*(H), the corresponding Banach spaces of
H-valued mesh functions ¢" = {gok}N on [0, T], with the following norms

— h
Iekllem = max | ligklla,
h n (N = 8)7)*((k + 5)7)" h
o, = S — .
Ietllcs = = leblewun + _ s e ke — ol

Let 7 and |h| = \/h? + - -+ + h2 be sufficiently small positive numbers.

Theorem 3.1. Under conditions ([L.1)), for the solution of difference problems .
and . ) the next stability mequalztzes hold:

ORI s (tan) < MG A0 ) [WHL% + 1P
1z + IR e o
19" 120 < MG, A )[||¢h||w2 11" s,
g, + g Mo o]

where M(8,\1,...,\,) does not depend on 7, a, h, o™ (2), (" (z), 0 () and {g} (x)}} .

Theorem 3.2. Under conditions (|1.1)), for the solution of difference problems (2.2))
and (2.3) the coercive stability inequality holds:

h ho o oh
Vg1 — 208 U 1 N
[ — I Moz o + MU Hloz=we,)
1

M6, A1, ..., A )[||¢h||w2 + ||Ch||W§h + " lwz, + ﬁ‘l{gk}l leze (Lol

where M (8, \1,...,A\g) does not depend on 7, v, h, ¢"(x), n"(x), ¢" (), or {gl(z)} N-1
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The proofs of Theorems [3.1] and [3:2] are based on the symmetry property of
operator A} in Loy, the formulas @), @7, @9, @10), @11), 2-12),(2-13) for

solution of correspondlng difference schemes and the following theorem on well-
posedness of the elliptic difference problem.

Theorem 3.3. [35] For the solution of the elliptic difference problem
Aful(z) = wM(z), =z € Qn,
D"u(z) =0, xSy,

the following coercivity inequality holds:
n
Z ||(uh)5‘qwq7jq HL2;L < MHwhHLmn

here M does not depend on h and w™.

4. NUMERICAL EXAMPLES

Now, we give two and three dimensional numerical examples with brief expla-
nation on the realization for Bitsadze-Samarskii type inverse elliptic multipoint
NBVP. These numerical results are carried out by using MATLAB program.

4.1. Two dimensional example. Consider the following two dimensional Bitsadze-
Samarskii type overdetermined problem with three point nonlocal boundary con-
ditions,

82 Po(t,x) 9 ov(t, x)
Or

S = (3 sin(ra) )+ ult,@) = g(t,2) + pla),

t,x € (07 1)a U(va) = d)(m)v U(O.l,l’) = C(x)v
1 1 7
v(l,x) — 10 v(0.3,x) — 51}(0.7, z) — —v(0.8,z) = n(x),

10
€[0,1], v(t,0)=0, wv(t1)=0, telo,1],

where
g(t,x) = [(1+47?) cos(nt) + (37% + 1)t] sm(mc) 72(cos(mt) + t) cos(2mx),

¢(x) = 2sin(mz), ((z) = (cos ( ) + TO + 1) sin(mz),
n(x) = —(% cos(%—) + % (%) 170 cos(%r) + %) sin(rz), =z €[0,1].

It is easy to show that exact solution of problem (4.1) is the pair of functions
v(t,x) = (cos(rt) +t + 1) sin(rz) and p(x) = (372 + 1) sin(rz) — 72 cos(2mx).
Denote by [0, 1], x [0, 1], set of grid points

[0,1]; x [0,1]p = {(tk,zpn) : tx = k7, k=0,N; &, =nh, n=0,M},
where 7 and h such that N7 =1, Mh = 1. Moreover,

1 1 1 7 \i \;
)\ = — )\ = — >\ — )\: = — lZ =|—] g = — — lia
T MT 10 Py Ty [T] He =7
1= 07 17 27 37 (an - (.’ﬂn), CTL = C(xn)v Nn = n(xﬂ)?

pn:p(xn)v TLZO,M, gn:g(tkaxn)a kZO,,N,TL:O,M
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The algorithm for solving (4.1)) contains three corresponding stages. In the first
stage, we find numerical solutions {u¥ : n =1,M — 1,k = 1, N — 1} of correspond-
ing the first and second order of ADSs for auxiliary problem

- K ko ok
bt — 2yk 4kt uk =20k k)

+ (3 +sin(mzy))

2 h2
Unet Mot gk TR E - TN
+T__gna n=1, 5 ] ) (42)
ulg = u’f, uﬁ/[ :uﬁ/kl, k=0,N;
uw? —ulo = ¢, — ¢ uNfiullflubflul?‘:n n=0M
n n n ns n 10 n 5 n 10 n n ’
and . i .
k+1 k k—1 —
urTt = 2uy +uy . Uy — 2Upy + Uy
- + (3 + sin(mx, ) —E 2
ko _ .k
n 7“"+12h“"—1 =gk n=1,M-1,k=1,N—1;
Suf —4uk +ub =0, 3ub, — 4k, | +uk, , =0 k=0,N;
u?z + (MO - 1)“5? - :UOUJ%r;H_l = ¢n - Cna (43)
1 1
up + M (1 = Dyt = w71 + £ [(12 = Dug? — pou*]
7
+— [(us — Dug — pguiz™']
10
= ’rln’ n= 07 M'
Difference schemes (4.2]) and (4.3]) can be presented in the matrix form
A(n)un—l-l +B(n)un+c(n)un—l :Ignv n= 17'-'7M717
. - (1.4)
u —ur =0, uy—upy—1=0,
and
A(n)unJrl +B(")un+c(")un71 =Ign, n=1,...,M—1, (4 5)

— —
3ug —4uy +u1 = 0, 3Bupy —4dupy 1 4+upy_1= 0,

respectively. Here, A", B0 C(™ and I are (N+1) x (N +1) matrices. Moreover,
0 N

I is identity matrix, gs = [¢0 ... gN]P and ug = [u? ... W], (s=n—-1,n,n+1)
are (N + 1) x 1 column matrices. Let
al™ = (3 +sin(rz,))h 2 + h7'/2,¢™ = (3 + sin(ra,))h ™2 — h™1)/2,
2 = 2772 _ 9(3 4 sin(nz,))h " r =772

Then, we have

A = diag{0, a™ a™ e, 0},

c™ = diag{0, ™ ™) 0},

groz:(bn_gn7 gr]y:nn7 n:17M_1

for both schemes (4.2]) and (4.3]). The elements bl(-Z-) of matrix B are defined by

) =2 )

1,8 ’ i—1,1

Il
DO

o =r, i= N =100 = 1, by v, =1
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N+l — T 5 N+l =~ qQ’ N+1,l3 — Ty N+1,l3+1 — 4

p Lo 3 m 1o 1

bg? =0 in other cases

for problem (4.2)), and

bz(‘z) = Z(n)’ bz(‘i)l,i = bz(‘z)fl =r, 1=2,N; bgnl) =5 bgill)o = o — 1,
n n n H1 n p1— 1
bg,l)o-&-l = —Ho, bSVJ)rl,N+1 = 1ab§\m)-1711+1 =Ty bg\u)rul =75
H) _ 3w 31w _ ke _Hs—l
N+1,lo+1 10 ’ N+1,l2 10 PYN+1,l5+1 9 ’ N+1,l3 2 )

bz(j;') =0 in other cases

for problem .

In the second stage, we find {p,} by and , respectively.

In the third stage, {v%} are calculated by v = uf + ¢, —vlo, and vF = v* +
Cn — (moubo™ — (po — 1)ulo), for the first and second order of approximations,
respectively.

By using MATLAB program and modified Gauss method ([33]), numerical cal-
culations are carried out for N = M = 20,40, 80,160. In the Tables we give
error of numerical solution for inverse problem and auxiliary NBVP. Table 1
contains error between exact solution of NBVP and solutions derived by difference
schemes and . Table [2| and Table [3| contain error between exact and
approximately solution of overdetermined problem for p and w, respectively.
Tables show that the second order of ADS is more accurate comparing with
the first order of ADS.

TABLE 1. Error for NBVP

order of ADS | N=M=20  N=M=40|N=M=80| N =M =160
first 0.65402 0.31258 0.1528 7.55x1072
second 0.10305 1.37x1072 1.98x1073 3.50x10~4

TABLE 2. Error of p for problem (4.1J)

order of ADS | N=M=20| N=M=40| N=M =80 | N =M = 160
first 0.70016 0.35855 0.18181 9.15x102
second 0.13998 2.32x102 4.78%x1073 1.13x1073

TABLE 3. Error of v for problem (4.1))

order of ADS | N=M =20 N=M=40 | N=M=80| N =M = 160
first 5.31x102 2.40x102 1.16x10~2 5.69x1073
second 5.45%10~3 6.45x10~4 8.51x107° 1.49x105
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4.2. Three dimensional example. Consider the three dimensional overdeter-
mined elliptic two point NBVP

)~ G~ S A )
=g(t,z,y) +p(z,y), 0<z<l, O<y<l O0<t<l,
v(0,2,y) = d(x,y), v(0.26,z,y) = ((z,y),
v(l,z,y) — %U(O.38,x,y) - %v(0.88,$7y) =n(z,y)
0<z<1, 0<y<l1,

v, (t,0,y) = v (¢, 1,y) =0, 0<y<1,0<t<]1,
vy(t,z,0) = vy(t,z,1) =0, 0<2x<1,0<t<],

(4.6)

where
g(t,z,y) = 2r%e " cos(mx) cos(my), é(z,y) = 2cos(mx) cos(my),
¢(z,y) = (e7*% + 1) cos(mz) cos(my),
1 1
-1 _ 1 —038 _
2° 2

n(x,y) = (e —0-88) cos(mx) cos(my).

The pair of functions
p(z,y) = (2% 4 1) cos(mz) cos(my), w(t,z,y) = (e~" + 1) cos(mz) cos(ry)
is an exact solution of (4.6)).
We use the notation [0, 1], x [0, 1]2 for set of grid points depending on the small
parameters 7 and h
[0,1], x [0,1]7 = {(tk, Tn,Ym) : t, = k7, k=0,...,N,
Tp =nh, Yn=mh, nm=0,...,M, Nt =1,Mh=1}.
Also suppose that

A A
)\0 = 026, )\1 = 038, )\2 = 088, lz = [7]’ M = *lz + 5

T

-

Pmn = tP(CCmym), wm,n = 1l)($n,ym)7 Cm,n = f(xnyym)a n,m = 0, M;
gﬁ,n:g(tkvmnvym% k:W, n,mZO,M.

In the first stage, we can write the first and order of ADSs for approximately

solution of corresponding NBVP in the following forms:

m,n m,n m,n—1
7-2 h2

k k k
u’m—i—l,n - 2u7n,n + um—l,n k
- h2 + U,

g E=TNLman—LH L
’U,g _U]f,n :07 ulfw,n_uévwfl,nzoa k= laN_]-v 'I’L:]_,M—]., (47)

,n

yktl 2u7’;7n 4+ yk-l B u’fan — Qufmn +uk

k k _ k k _ _ 1 N —_1 — 1 M — 1
Um0 — Upp1 =0, Upy pp — Uy pr—q =0, k=1,N—-1, m=1,M —1,
1
1 0 _ N N-1 l1+1 1
um,n - um,n = TPm,n, um,n — Ymn T g(um,n - um,n)
1

—s () —ul?) =, moan=T1M—1,
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and
fn-i,_'r% 2um n + ufn 71 ufmn-i—l - 2u1l?n,n + ufn,n—l
a 72 h 12
k k k
um n_2umn+umf n T Ty
+, h2, L +u%7n:g%7n, k=1,N—-1 mn=1,M —1,
3u§,n - 4u]1€,n + ug,n = 0’ 3u1]€\/[,n - 4“?\/1—1,71 + u?\/[—2,n = 0’
k=1,N—-1n=1,M—1,
3U§n,0 - 4“531,1 + Ufn,z =0, 3u’:n,M - 4“51,1\471 + ufn,M72 =0,
k=1,N—-1, m=1,M —1,
_3U9n + 4u1 — um n = 2TPm n,
Bupy , — dul o un - [(3 + 2p1 Ul — (4 + 4 )ull,
(U 2l ] 3 [+ 2u)uls ) — (4 + Aoz, + (14 2u2>uiz,n]
:QTwmmm m,n = 1,M_
(4.8)
respectively.

In the second stage, pm.» is calculated by formulas by (2.10) and (2.11]), respec-
tively.
In the last stage, calculation of {v¥} is carried out by

k k lo+1 l
Umn = Um,n + Cn m o Umn = Umn + Cm,n (MOU#LJ’;L (IU’O - 1)”7%,71)

in the cases corresponding to first and second order approximations.
Problems (4.7) and (4.8) can be presented in the matrix form

Aupy1 + Bup + Cup—y =1g,, n=1,M —1,

- = (4.9)
up—uy = 0, upy—uy_1=0,

and
Aupy1 + Bup + Cup—1 =1g,, n=1,M —1,
5 (4.10)

3u074u1+u1:6>, 3ups —4ups—1 +up—1= 0,

respectively.

Note that A, B, C, I are square matrices with (N +1)2(M + 1)? elements, and T
is the identity matrix, gs and us (s = n—1,n,n+ 1) are the column matrices with
(N 4+ 1)(M + 1) elements such that

_ [,0 N 0 N 0 N 1t
g = [ug, .. udy ul o oowdy ool v
_[,0 N 0 N 0 N 7t
gs=1[90s - 90s s - Grs - T gM7s] )
Denote
2 4 1
T

E:diag(O,a,a,...7a,O), O:O(N+1)><(N+1)'
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Then
O O O O
0O FE O O
A:C: e )
O O E
O O O O
fQ W Zz O O O]
O D O O O O
O O D O 0O O
B: .« .. “ e e .« .. .« .. .« . Y
O O O O O O
O O O O D O
O O O Z W Q

Q=Iny1)xnt+1), W=—-Iniixnty, Z=0,
dij=0b, di—1;=7r, dij_1=7r, 1=2,N; dig=-1, di2=1,

1 1
dyyiny1 =1, dyyinv=-1, dynyiy, = 5 dN+1,, = —5
1

y dN+1,l2+1 = 57

DN =

AN+1,0,+1 =
d; ; =0, for other cases,
g?n,n :T@m,na grjx,n :Twm,na n,m= 177M_1
for first order of ADS, and

Q=3I ny1)yx(n+1), W = —4l(nyiyx(v+1)s £ = IiNv1)x(N+1)s
di,i =0, difl,i =T, di,ifl =r, i1=2,N; d1,1 = -3,
dip=4, dizg=-1, dvyin+1 =3, dnyin=-—4 dyiinv—1=—1,

1
dNy10,41 = —5(3 +2u1),  dyyig, =2+ 2,
1
dNt1,0,-1 = —5(1 +2u1),  dANt1041 = —5(3 +2p2),

1
dn410, =24 202, dyyrg,-1 = _5(1 + 2u2),

d;j =0, for other i and j;
g?rhn — 27-%07”,71‘7 g’fX,TL = 27-1,[}7”77“ n7 m = m

for second order of ADS.

Numerical calculations are carried out by using MATLAB program and modified
Gauss method [33] for N = M = 10, 20,40. In Tables the numerical results for
both order of ADSs are given. Table [f] contains error between exact and approxi-
mately solutions of NBVP. Table [f presents error for u. Tables[6] includes error for
p. These tables show that the second order of ADS is more accurate comparing to

the first order of ADS.

Conclusion. In this research work, inverse elliptic problem with Bitsadze-Samarskii
type multipoint nonlocal and Neumann boundary conditions are discussed. First
and second order of accuracy difference schemes for this problem are presented.
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TABLE 4. Error analysis for NBVP

EJDE-2017/197

Difference scheme N=M=10| N=M=20| N=M =40
First order of ADS 0.0822 0.0392 0.0169
Second order of ADS 0.0226 2.02x1073 1.33x10~4

TABLE 5. Error analysis for p in example (4.6))

Difference scheme N=M=10| N=M=20| N=M =40
First order of ADS 0.8207 0.1693 0.1029
Second order of ADS 0.3266 0.0592 0.0106

TABLE 6. Error analysis for v in example (4.6))

Difference scheme N=10,M=10 | N=20,M=20 | N=40,M=40
First order of ADS 0.0291 0.0135 4.06x1073
Second order of ADS 0.0053 4.68x107% 3.03x107°

Stability and coercive stability estimates for solutions of corresponding difference
schemes are established. Then, numerical results for inverse elliptic problem with
multipoint Bitsadze-Samarskii type nonlocal and Neumann boundary conditions in
two and three dimensional test examples are illustrated. Numerical results are car-
ried out by MATLAB program and short explanation on the realization of algorithm
is given.

Moreover, applying the results of papers [4] 12}, 20] the high order of ADSs for the
numerical solution to the Bitsadze-Samarskii type overdetermined elliptic problem
with Neumann conditions can be presented.
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