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OPTIMAL ENERGY DECAY RATES FOR VISCOELASTIC
WAVE EQUATIONS WITH NONLINEARITY OF
VARIABLE EXPONENT

MUHAMMAD I. MUSTAFA

ABSTRACT. In this article, we consider the viscoelastic wave equation
t
uge — Au + / gt — s)Au(s)ds + aus | 2w, = 0
0

with a nonlinear feedback having a variable exponent m(z). We investigate
the interaction between the two types of damping and establish an optimal
decay result under very general assumptions on the relaxation function g. We
construct explicit formulae which provide faster energy decay rates than the
ones already existing in the literature.

1. INTRODUCTION

In this article we consider the problem

t
up — Au +/ g(t — s)Au(s)ds + a|ut|m(')72ut =0, inQx(0,7)
0

u=0, ondx(0,7T) (1.1)

u(z,0) =up(z), wu(z,0)=ui(x), x€Q,
a wave equation subject to the effect of an internal frictional damping and a vis-
coelastic damping. Here Q) is a bounded domain of R™ (n > 1) with a smooth

boundary 0f), a is a positive constant, g is a non-increasing positive function and
m € C(Q) is satisfying

1 <my <m(z) <mg <27, (1.2)
with
2n - ifp > 2
my = inf m(z), me =supm(z), 2" =72’
1= Jof m(@), me = supm(z) {oo, ifn =12,
and satisfying the log-Hélder continuity condition
A
Im(x) —m(y)] < ——, (1.3)
log |z — |

for a.e. z,y € Q with |z —y| <d6,0<d <1, A>0.
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In the absence of the viscoelastic term, when m is a constant satisfying 1 < m <
2%, there have been many results about the existence and energy decay rates of the
solutions, we refer the readers to [8, [15, 17, 29, [33] and the references therein. In
recent years, more attention has been paid to the study of mathematical nonlinear
models of hyperbolic, parabolic and elliptic equations with variable exponents of
nonlinearity. Some models from physical phenomena like flows of electro-rheological
fluids or fluids with temperature-dependent viscosity, filtration processes in a porous
media, nonlinear viscoelasticity, and image processing, give rise to such problems.
More details on the subject can be found in [4, B]. Regarding hyperbolic problems
with nonlinearities of variable-exponent type, only few works have appeared. The
issues of existence and blow up of solutions were treated in [2, 8] [I3] 21 23], [32].
For the stability, Messaoudi and Talahmeh [22] looked at

U — Au + a|ut|m(”)_1ut =0, (1.4)

with @ = 1 and 2 < m(z) < 2%, and proved decay estimates for the solution
under suitable assumptions on the variable exponent m. Mustafa et al. [25] 28]
obtained decay rate estimates for in bounded and unbounded domains with
1 <m(z) < 2* and a nonconstant time-dependent coefficient ().

On the other hand, when the unique damping mechanism is given by the memory
term, many stability results have been established with different types of relaxation
function g. When ¢ decays exponentially (resp. polynomially), we refer to [16], 24,
31] for subsequent results showing that the energy decays at the same rate of g.
For more general types of g, Messaoudi [19] used the condition

g'(t) < —€(t)g(t) (1.5)

where £ is a non-increasing differentiable function, and established a more general
decay result. Also, a condition of the form

g'(t) < —H(g(t)) (1.6)

where H is a convex function satisfying some smoothness properties, was introduced
by Alabau-Boussouira and Cannarsa [I] to obtain decay results in terms of H.
Mustafa [25] studied viscoelastic wave equations with relaxation functions of more

general type than the ones in (1.5)) and (1.6)), namely
g'(t) < =€) H (9(1)) (L.7)

where H is increasing and convex without any additional constraints, and estab-
lished energy decay results that address both the optimality and generality.

The interaction between viscoelastic and frictional dampings was given a great
deal of attention. We first refer to the work of Fabrizio and Polidoro [I0] who
studied the following equation

ugy — Au + /0 g(t — T)Au(r)dT + h(us) =0, (1.8)

with linear function h, and showed that the the viscoelasticity with poorly behaving
relaxation kernel destroys the exponential decay rates generated by linear frictional
dissipation. Cavalcanti and Oquendo [J] treated and established exponential
(resp. polynomial) stability for g decaying exponentially (resp. polynomially) and
h has linear (resp. polynomial) growth near 0. Recently, Mustafa [27] obtained
energy decay rates for with general h and general g satisfying .
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System (1.1)), with constant m satisfying 1 < m < 2* and g satisfying (L.5), was
investigated by Messaoudi [20] and stability results depending on m and £ were
obtained. Later on, Belhannache et al. [7] extended the result of [20] to the case
when g satisfies (L.7)). For variable exponent m(z), we refer to Gao and Gao [12]
and Park and Kang [30] who studied , with nonlinear source term, and proved
existence and blow up results. Hassan et al. [I4] treated (L.1), used condition
and provided general energy estimates, but their results lack optimality in some
cases.

Our aim in this work is to investigate , with m(z) satisfying and
and g satisfying . We study both cases when m; > 2 and m; < 2 and establish
explicit formulae depending on both m and g which combine the generality and
optimality and provide faster energy decay rates than the ones obtained in [I4].

2. PRELIMINARIES

In this section, we present some preliminary facts about Lebesgue and Sobolev
spaces with variable exponents (see [IT], [I7]) and introduce our assumptions. Let
p: ) — [1,00) be a measurable function, where  is a domain of R™. We define
the Lebesgue space with a variable exponent p(-) by

LrO(Q) = {u: Q@ — R, measurable in Q and g,.)(u) = / lu(z)|P®) dz < oo}
Q

Equipped with the Luxembourg-type norm
U

||u||p(.) = inf{)\ >0: Qp(.)()\) < 1},

LPO)(Q) is a Banach space. If 1 < p; < p(z) < pa < oo holds, then, for any
u € LPO)(Q),
ming Jull24 ), ull?2, } < opc) () < max{[ull2, Jull2, ).
We, next, define the variable-exponent Sobolev space
WhPO(Q) = {u € LPO(Q) : Vu exists and |[Vu| € LPO(Q)}.
This space is a Banach space with respect to the norm |[ully1o0)0) = [lullp) +
[ V| p(.y. Furthermore, we set Wy ") to be the closure of C§°(€) in W1r()(Q).

Here we note that the space WO1 »() (Q) is usually defined in a different way for the
variable exponent case. However, both definitions are equivalent under (1.3]).
Holder’s Inequality: Let p,q,s > 1 be measurable functions defined on €2 such that

1 1 + 1 for a.e c N
= , rae.y .
s(ty)  ply)  qly)

If f € LPO(Q) and g € L1O)(Q), then fg € L5 (Q) and

Ifallscy < 2 1 llpcyllgllac-

Poincaré’s Inequality: Let © be a bounded domain of R™ and p(-) satisfies (1.3)),
then

[ullpy < ClIVullpy, for all w e Wy P (),

where the positive constant C' depends on p1,p2 and € only. In particular, the

space Wol’p(')(Q) has an equivalent norm given by ||ul[;;1 = [[Vul[pey-
9

20 (@)
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Embedding Property: Let € be a bounded domain in R" with a smooth boundary
0. Assume that p,q € C(Q) such that

1<pr <p(x) <ps<+oo, 1<q <q(x)<gp<+oo, forallxel,
and ¢(z) < p*(x) in Q with

np(x) :
pH(z) = 4 ropae P2 <
00, if b2 Z n,

then there is a continuous and compact embedding W1?()(Q) «— LI0)(Q).
On the relaxation function g and the variable exponent m(z), we consider the
following assumption

(A1) m € O(9) is satisfying (1.2) and (1.3) and g : [0,00) — (0,00) is a C!

function satisfying

1- /+0° g(s)ds =1>0, (2.1)
0
g'(t) < —€(t)Hi(g(t)), Vt=0, (2:2)

where £ : [0,00) — (0,00) is a non-increasing differentiable function and
Hy : (0,00) — (0,00) is a C! function which is linear or strictly increasing
and strictly convex 2 function on (0,7], with H;(0) = H}(0) = 0.

Remarks. (1) The function Hs(t) = 37 s strictly increasing and strictly con-
vex when 1 < m; < 2. We will be using H(t) = min{H;(¢t), H2(t)} and r < 71 is
small enough so that either H(t) = Hy(t) or H(t) = Ha(t) on the interval (0, r].

(2) The well-known Jensen inequality will be of essential use in establishing our
result. If Y is a convex function on [dy,ds], y : Q — [d1,d2] and w are integrable
functions on 2, w(z) > 0, and fQ w(zx) dx = d3 > 0, then Jensen’s inequality states

(3) If H* be the convex conjugate of H in the sense of Young [0, p. 61-64], then
H*(s) = s(H') "} (s) — H[(H')"\(s)]
and H™* satisfies the generalized Young inequality
AB < H*(A)+ H(B). (2.3)

(4) If H is a strictly increasing and strictly convex ? function on (0, 7], with H(0) =
H'(0) = 0, then it has an extension H which is strictly increasing and strictly
convex 2 function on (0,00). For instance, if H(r) = a, H' (r) = b, H"(r) = ¢, we
can define H, for t > r, by

H(t) = gﬁ +(b—cr)t+(at gﬂ — br). (2.4)

At the end of this section, we state, without proof, the following existence and
regularity result.

Proposition 2.1 ([I1,30]). Let (uo,u1) € HE(Q) x L3(Q) be given. If (A1) holds,
then problem has a unique global (weak) solution

we L2((0,T); HE(Q)),u, € L=((0,T); L2(Q)) N L™ ((0,T) x Q).
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Moreover, if (uo,u1) € (H2(Q) N Hg(Q)) x HY(Q), then the solution satisfies
w € L((0,T); H*(Q) N Hy () N WH((0,T); Hy () N W2((0,T); L*(2)).

3. TECHNICAL LEMMAS

We introduce the energy functional

Et) = 1 u? +[1 - tg(s) ds)|Vu|?) dx + 1(g o Vu)(t),
2 Jo o 2

(gow)( // (t — s)|u(t) — v(s)|* ds da.

In this section, we establish several lemmas and construct a Lyapunov functional £
equivalent to F. We will use ¢, in this paper, to denote a generic positive constant.

where

Lemma 3.1. Let u be the solution of (1.1). Then the energy functional satisfies
1 1
E'(t) = 5(g' o Vu)(t) — §g(t)/ |Vul|? dz — a/ |1 | ™) da < 0. (3.1)
Q Q

Proof. By multiplying equation (1.1]) by u; and integrating over €2, using integration
by parts, hypothesis (A) and some manipulations, we obtain (3.1)). O

We consider the following partition of €2,
Q={xeQ:m(z) <2} and Q.. ={zeQ:m(z)>2}.
Lemma 3.2. The functional K, defined by
Kq(t) :== / uuy dx (3.2)
Q

satisfies, along the solution of (1.1]), the estimate

K1) <—f/ |Vu|2dx+/utzdx+%(hoVu)(t)+c/ g 22 i

2 (3.3)
+c/ s | ™) da
Q
for any 0 < a < 1, where
o) 2
g (S) ’
Ca:/ —=————ds and h(t) =ag(t)—g(t). 3.4
e (1) = aglt) ¢ (1) (3.4)

Proof. Direct computations, using (1.1)), (2.1)), and Young’s inequality, yield
K (t

(t)
/Qutzder/QuAudx/Qu/Otg(ts)Au(s)dsdxa/Qu|ut|m(x)2utdx
/utdx—(l—/t (s)d )/|Vu|2dx

/Vu / (t —s)(Vu(s) — Vu(t))dsda:—a/|ut|m(z)72utud$
0 Q

S/utdx—l/|Vu|2dx+l/ / (t — 8)|Vu(s) — u(t)|ds)2dw
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l
+Z/ \Vu|2da:+a/ \ut|m(”)_1|u|dx+a/ |1 | | daz.
Q Q. .

*

Using Cauchy-Schwarz inequality, we have

([ ote=swuts) - vt as)” ao

/ / \/agt_is) — \/ozg(tfs)—g’(t—s)wu(s)7vu(t)|ds)2dz
S(/o ag( a9 —g o)™ // ag(t —s) — ¢'(t — s)][Vu(s) — Vu(t)[]* ds de

< Cyu(ho Vu)( )

(3.5)
Now, using Young’s and Poincaré’s inequalities,

2
_ a m(z)—
a/ |ut|m(m) 1|u|dx§/ [(50|’U,‘2+ v |ut|2 (2) 2] dr
Q. Q. 0

a? -
SC‘sOHV“H%‘FE/ || 2™ =2 g,

On the other hand, If meas (Q.) # 0 so ma > 2, we use Young’s inequality with

p(x) = ngC() ; and p/(z) = m(x) for x € Q.. and the Sobolev embedding Hg () —

L™2(Q) to obtain

a/ |ut|m(1)*1|u\ de < a/ [{-:\u|m(m) + C’E(x)|ut|m(“’)] dx
(9 (97

< as/ (\u|2 + |u|m2) dzr + a/ Ce () Jue|™®) da
Q Q

* ok

< ce (IVulls + [IVullz™) +a / Ce () s dx
Qo
< ce (14| Vull3~ ) IVull3 +a/ Co () g™ @ da

< ce (1—|—E(O) ) ||Vu||2+a/ Co(x)|ug™ ) 4.

If we fix e = %, then
ac(14B0) %)

() = m(z) — 1

[m(a)] 7 e R

is bounded since m(z) is bounded, and we obtain
l
a/ e O | da < ~ || Vul|2 + c/ |1 | ™) d.
Q. 4 Q

Combining all the above estimates, with §p small enough, gives (3.3). ([
Lemma 3.3. The functional Ko defined by

—/ ut/ g(t — s)(u(t) — u(s)) dsdx (3.6)
o Jo
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satisfies, for any 0 < § < 1, the estimate

Ky(t) < </0tg(s)ds5)/9ufd:c+5/g|Vu|2dx+ C[C“; Y ihovuy )

(3.7)

2

eslgovu)(t) + o [ O d a/ s (2) e ™) d.
Q. Q

Proof. By using and integrating by parts, we have

/Vu / (t—s)(Vu(t (s))dsdx
- [ ([ st-spwuts >ds)( /Otgu $)(ult) ~ Vu(s))ds) da

/ut/ (t—s) ))dsdx — (/Otg(s)ds)/ﬂufd:c
+a/|ut| - u/ ~ ) t) — uls)) ds da

/ ds /Vu / (t — 8)(Vul(t () ds d

+/ ([ ot = oxwute) - Vats)as)” o

/ut/ (t—7) ))dr dz — (/Otg(s)ds)/gu?d:v
+/ g )~ u/ — 5)(u(t) — u(s)) ds da
vaf jum® 2y, /Otg(t — ) (ul(t) — u(s)) ds dz

Qs

Using Young’s and Poincaré’s inequalities and similar calculations as in (3.5]), we

obtain
( / ds /Vu/ (t —s)(Vu(t (s))dsdz
<

5/ IVl dr + SCulho V().

—Aut/otg'<t—s><u<t>— u(s)) ds dz
= [ u th( )) ds dz — /ut/ ag(t — s) )) ds d

<o [ utao 25/ /wms VAl — s)lu(s) <>\ds) da

« Q(/Otgu—s)m( )~ i) o

§5/Qufd (fo 6 )(hou)(t)—i— 2§a(hou)(t)

+
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< 5/ w? dz + g(hoVu)(t) + %(howm,
Q

and

a wg | )2, t —s)(u(t) —u(s)) dsdx
/Q*|| /Ogu (u(t) — u(s)) dsd

t 2 a2
S/ (/ g(t*S)(u(t)*U(s))ds) der—/ g 2@ =2 e
Q. ~Jo 4 Jo.
2
< CollioVa)(®)+ 5 [ w2 da,
Q,

On .., we use a similar argument as in Lemma [3.2] to obtain

a / P2 /tg@—s)( (t) - u(s)) ds da

<a5/ ‘/ t—s )g™ ) (t—s)(u (t)—u(s))ds’m(w) dx

—I—a/ Cs () |ug|™®) da

<as [ / )" ([ gt = ult) - u(e)"ds) do

+ a/ Cs () |ue| ™ da
Qs

t —8) (Ju(®) = u(s)]? + |u(t) — u(s)|™2) dsdz
<t [ [ alt =) (u(0) = ule) -+ ) — (o)) dsd

+ a/ Cs () |ug|™® da
(9
t

< as/otg( — 8) (IVu(t) — Vau(s) |2 + [IVu(t) — Vu(s)||22) ds
ra [ ool do

< cé/otg(t—s) (1+ [Vu(t) — Vu(s)||22) [ Vu(t) — Vu(s)|2 ds
ra [ oo™ da

< s (14 B(0)™F ) (g0 Vu)(t Jra/2 o)™ d

Combining the above estimates, (3.7) is established. O

Next, we use the functional

_ /Q/Ot F(t — 8)|Vu(s)|? ds da (3.8)

where f(t) = [ g(s)ds.
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Lemma 3.4. The functional K3 satisfies, along the solution of (L.1), the estimate
1
K4(t) < 3 (g 0 Vu)(t) +3(1 - l)/ V()2 da. (3.9)
Q

Proof. By Young’s inequality and the fact that f'(t) = —g(t), we see that

O)/Q|Vu(t)|2dx—/Q/Otg(t—s)|Vu(s)|2dsdm
~ [ [ ot svuts) - vutoy s

) QVu(t)~/0 g(t—s)(Vu(s)—Vu(t))dsdx—i—f(t)/ﬁ\Vu(t)| da.

But
) / Vu(t) - / ot — $)(Vu(s) — Vu(t)) ds do
2(1—1 / |Vu(t)|? de + fo / / )| Vu(s) — Vu(t)|? ds dz.
Then, as f(t) < f(0) = (1 —1) and fo s)ds < (1 —1), we obtain (3.9). O

Lemma 3.5. The functional L defined by
L(t):=NE(t) + N1 K1 (t) + N2 Ks(t)
for suitable choice of N, N1, Ny > 0 and for all t > ty, satisfies
1
L'(t) < —4(1—1)/ |Vul|? dx—/ u? dx—l—z(goVu)(t)—i—c/ e | =2 dg (3.10)
Q Q Q.
and
L(t) ~ B(t) (3.11)

which means that, for some constants a1, as > 0,

a1 E(t) < L(t) < asE(t).

Proof. Let g1 = fo s)ds > 0 for some fixed t; > 0. By combining (3.1] , ,
(13.7), recalling that g = (ag — h), and taking § = 1/(8¢cNz), we obtain that for all
t 2 tla
L£'(t)
l 1

1
S—(ZM—%)/QWUPW—(QlNz—g—Nl)/Q“?dx

+ (%N + é)(g o Vu)(t) — (%N —8¢*N3 — Ca[%

2
- / (aN — Ny — aCy(x)Na) [ue| ™ dz + (N1 + %Nz) / g |72 d
@ 0

*

N1+ 8¢ N3]) (ho Vu)(t)

Now we choose N; large enough so that

I 1
INp - — > 4(1—1
4t 8c>( ),
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and Ny large enough so that
1
glNQ—f—Nl > 1.
8c

As § now is fixed and Cs(z) is bounded, we have
—(aN — ¢Ny —aCs(x)N3) < — (aN — ¢Ny — ¢N>) .

% < g(s), it is easy to show, using the Lebesgue dominated

convergence theorem, that

Next, as

o 2
aCa:/ L(S)ds—>0 as o — 0.
0o ag

(s) —g'(s)
Hence, there is 0 < ag < 1 such that if a < «g, then
1
aC, <

16[1 N1 + 8c2N3]
Let us choose N large enough and choose « satisfying

1 1
aN — ¢Ny — ¢Ny > 0, ZN—8c2N§>0, @ =3 <

which implies
1 1
3N - 8c? N3 — C’a[ﬂNl + 8¢ N3] > 0.

So, we arrive at

1
0 §—4(1—l)/ |Vu|2dx—/ufdx+1(goVu)(t)+c/ g |25 =2 .
Q Q

*

On the other hand, we find that
[L(t) = NE(t)|
< MK (t)] + No|Ka(t)]

gNl/Quut|dx+N2/Q|ut/0tg(t—s)(u(t)—u(s))ds‘dm

t
< B [ M [ s B2 ) [ - 9w - uopasf aa
2 Jo 2 Q 2 Ja'Jo

< c[/ |Vu|2dm+/ u da + (g0 Vu)(1)|
Q Q
< cE(t).
Therefore, we can choose N even larger (if needed) so that (3.11)) is satisfied. O

4. MAIN RESULT

Theorem 4.1. Assume that (A1) holds. Then there exist positive constants eg < T,
k1 <1, and ko such that the energy functional satisfies

E(t) < ko Hy" (k-1 /Ot g(s)ds) (4.1)
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where
1 1 .
ftl mds, Zf mi 2 2
f ———ds, if 1 <mq <2 and H;y is linear
H (t) B tl sH)(eos)
R mds, if § <my <2 and Hy is nonlinear
1

I

————ds, ifl1<mp < % and Hy is nonlinear.
SH/(€052m172)

Here, Hy is strictly decreasing and convex on (0,r], with limy_,q Ho(t) = 400.
Proof. We start by estimating the last term in (3.10). When m; > 2, we have that

meas (Q.) = 0 — / g [2m®)=2 g — .
Q.

But, if 1 < m < 2, with

Ql = {’JJ € Q* : |Ut| < 1}, QQ = Q*\Ql

and 2m(z)—2 > 2mqi—2
m(z) mi

/ |ut|2m(9c)—2dm:/ ‘ut‘Qm(a:)—de_i_/ |ut|2m(ac)—2dx
Q. Q1 (92

2m(x)—2
:/ [|Ut|m(9¢)] m(z) dil?—l—/ |ut|m(w)+m($)_2 da
Q 0,

2mq —2
< g | ™)) T dx—i—/ wg| ™) d
J,, e o, " (12)

2mq —2

|:/ |ut|m(r) dm] " +/ |ut|m(m) dx
Ql Q2

2mq—2

<A-E'1)] 7 —cE(t)
— cHy ' (~E'(t) — cE'(1

, we use Jensen’s inequality to obtain

IN

and use Young’s inequality to obtain

2—mq 2mq —2 mq
E(t)z=2 [-FE'(t)] ™ E(t)T—2 — C.E'(t C.E'(t
Ol 27m(1 I <t (0 5=y (®) =cE(t) - 727(")1
E(t)Tm-2 E(t)zm-2 E(t)zm-2
With e = % and by = min{2(1 — 1), 1/2}, this yields
b E'(t
c/ || (®) =2 dyp < EOE(t) - 072Q —cE'(t). (4.3)
Q. E(t) Zmy—2

Next, we prove that

e 4
/ E(s)ds < o0, ifmg > -,
0 3

W

oo m
/ E(s)2m11*2ds <oo, ifl<m < 3
0
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For this purpose, we use Lemmas [3.4] and [3.5] to deduce that L(t) = L(t) + K5(t)
is nonnegative and it satisfies, for all £ > t1,

1
L'ty <—|1-1 Vul?de+ | v?dz+ ~(goVu)| +c¢ w2 =2 gy
t
Q Q 4 Q

*

< —boE(t)—i-c/ g | =2 g

*

(4.5)
If mq > 2 then meas(Q.) =0, so L'(t) < —boE(t) implies
bo / B(s)ds < — / L/(s)ds < L(0) — L(t) < L(0).
If 1 < my < 2, then, using (4.3)), (4.5) becomes
b E'(t
L't < —2p@) - 67(1 —CcE'(b).
2 E(t)7m-2
Here, when 4/3 < my < 2, we notice that
t_cE! 2 -9 3mq—4 3mq—4
| =B s = BB [t )
c(2my —2) 3my —4
< - ‘' F 0)2m1i—2 = d
- 3m1 —4 ( ) ' 0
implies
b t t E' (s
2 [ E(s)ds < 7/ [L’(s) +cE'(t) + % ds < L(0) + cE(0) + do
2 Jo 0 B(t)7m-2

which gives (4.4);. Otherwise,
2—m b m
B() 5% [L/(t) + B/ (1)) < — 3 B() ™ — cB'(0).

This means, as E(t) is decreasing, that

2—mq

Lo(t) = E(t)2m-2 [L(t) + cE(t)] + cE(t)
is nonnegative and

Ly(t) < —%OE( )2"?;1*2, for all t > ¢,

which now gives (4.4)).

To this end, we multiply by £(t) and use , the fact that £ is non-
increasing and the functional F := £L£ + cF satisfies F' ~ E and deduce, for some
constant m > 0 and for all t > ¢4,

pip) < {TEOE®) + €t u)o), it m, > 2
—mE)E(t) + c£(t)(go Vu)(t) + cE(t)H Y (—E'(t)), ifl<mg <2.
(4.6)
Case 1: H; is nonlinear on [0,7] and 1 < m; < 4/3. First, we define

/ /|Vu — Vu(t — s)|* dzds
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and consider H to be an extension of H such that H is a strictly increasing and

strictly convex ? function on (0,00) [see (2.4)], then the use of hypothesis (2.2)),
(3.1), and Jensen’s inequality leads to

/ / |Vu(t) — Vu(t — s)|* de ds

Sﬁ/@ H_l( {g(/s(;))/ |Vu(t) — Vu(t — s)|* de ds

<ItH (%t) Ot (_gg(/£;>) |Vu(t) — Vu(t — s)|? do ds) (4.7)
< I(t)ﬁ_l(l(t)lf(t) /075 ( q'( / |Vu(t) — Vu(t — s)|? dxds)
<07 (i)

Inserting (4.7)) into (4.6))2, defining

Fo(t) =T (eo[]’;f((ﬁf)} =) (1)

with £9 < r, and using the fact that E/ <0, H >0, and H > 0, give
Fy(0) < 7 (sal 0 ™) P
— E(t) Ly
< —meO B (<o g5) )
et OIOH " (7o) ) (ol
+ee(t)H (B () (o] g(“))] w’f”—z).

=)

IfA=H (ao[g((t))] 2”7:11*2) and one time B = Fﬁl(l(i])z ((Z))) and another time B =

ﬁil(—E’ (t)) are used in the generalized Young inequality (2.3), we obtain

Fy(0) < ~méOEOH (20 511 ™)
E()

T T E(t) Tz ) _ g
m] H (EO[E(())] ) cE'(t)

+ eso€ (1) [g((é))] T (=0 g((é))} ) — et (1B (1),

+ ceo€(t)I(t) [

2—m
Using that E(t)2m1 = (t) is uniformly bounded by some constant C' because of
.2 and H (50 [g(((t)))] 2m11’2> =H' (50[%] 27:;1—2), the choice of gg, yields

D) < B (sl ) )+ esnet) s (o gy ) =)

—cE'(t).
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Consequently, with F} = Fy + cE, which for some a1, as > 0 satisfies
Olel(t) S E(t) § OZQFl(t), (49)

and with a suitable choice of €y, we obtain, for some constant £ > 0 and for all
t Z tla

() < kg(t)(f;(%;)ﬂ' (<ol 5((3))} ) = ke(t) s 5(([?)) (4.10)

where Hs(t) = tH' (60152"?11—2). Using the strict convexity of H on (0,r|, we find
that Hs(t), Hi(t) > 0, and Hs(t) < tH'(r) on (0,1]. Thus, with

OélFl (t)

R(t) = "5

taking in account and , we have
R(t) ~ E(t) (4.11)
and, for some k; > 0,
R'(t) < =k &(t)H3(R(t)), WVt > ty.

Then, the integration over (¢1,t) yields, for some ko > 0,

t *R/(S) t R(t1)
/ ——ds >k &(s)ds = ds > k1/ (s
H3(R(s)) tlt R(t) (4.12)
:>Rt<H‘1k/ ds) = ) < ko H, k/ )ds)
(t) < 0(1t15(5)5)by E(t) 2 1 £(s)ds)
where Ho(t ft o S) ds. Here, we have used, based on the properties of Hs,

the fact that Hy is a strictly decreasing function on (0, 1] and lim;_,o Ho(t) = +o0.
Also, it is easy to notice that we can start the 1ntegration inside at zero where if
k1 < kq is chosen so that k4 Jo € tl s)ds = ky ft tl s)ds, then, as Hy ' is decreasing,

E(t) < ko H, kl/ f dS < koH, k‘l/ 5 dS Yt > 2t (413)

and so (4.1)4 is established.
Case 2: H; is linear on [0, 7] or my > 4/3. If Hy is linear then

/ / |Vu(t) — Vu(t — s)|*deds < —cE'(t)

orifm; >4/ 3 then 1(t), used above, is itself uniformly bounded by some constant C
because of (4.4 1 This enables us to repeat exactly the same steps starting at (4.8]),

but with H (50 E( )) instead ofH (50 [E(((%] 7= #m1=2) and with Hs(t) = tH’(eot), and

similarly obtain , and so 17273 [
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Applications. Here, we give applications of our result to some concrete examples.
my

If assumption (A1) is satisfied with Hy(t) =¢P,1 < p < 2 and Hy(t) = t?>1-2, then

H(t) = min{H;(t), H2(t)} = t? on the interval (0,1] where ¢ = max{p, 27;2172}'

Hence, (4.1)) and simple calculations lead to

ke=*1 o £(s)ds ifm; >2andp=1
k2<1 + f(fg(s)ds)_z;’zl”j, if1<mi<2andp=1

Ble) < k3(1+f0t£sds)%, ifm1>%and1<p<2 (4.14)
a1 +fg§(s)ds)_%, if1<mi<%andl<p<2

o If g(t) = titp7> for v > 1, then g'(t) = —&(t)H1(g(t)) where Hy(t) = tP, with
p= ”vil, and £(t) = constant. By (4.14))5 4,
-1
k(1 +t)7=t if 3
By < QDTS ifm >
ks(L41)" M, if 1 <my < 4.
o If g(t) = TTomarar: for v > 1, then g'(t) = —&(t)Hy (9(t)) where Hy(t) = t?,

with p= UTﬂv and f(t) = [lnét""e)‘i‘”] By -3 45

E(t) Sk(l—i—/ot Mds)iqo < E((t+e)%ln(t—|—e)>7qo

av (S + 6)1_ for large t

{qil’ if myq >%
=9 2m—2 . 4
ml(;_l), if1<m; <3.

o If g(t) = aexp(—tY), for 0 < v < 1, then ¢'(t) = —&(¢t)H1(g(t)) where Hi(t) = ¢
and £(t) = vt*=1. By (@101,
ekt if my > 2
(t) < _2my -2
kg(l + tv) 2-myp ifl<mg <2

where

(4.15)

But, for 0 < v < 1, ¢’ can also be written as ¢'(t) = —Hi(g(t)) where Hy(t) =

W satisfies (A1) on the interval (0,r;] for any 0 < r; < a. If 1 <my < 2,

then % > 1 and Hs(t) = t2 T s strictly convex and one can easily discover

that H(t) = min{H, (t), H2(t)} = Ha(t) near the origin. By Theorem [4.1} we obtain
ke~kat" if my > 2
2mq —2
E(t) <ko(l4+8) 27m,  ifd<my <2

(2m1—2)2

k3(14+t)" me=m0, ifl<m; <3
which gives better rates than (4.15)) in the case 4/3 < m; < 2.

Conclusions. In this paper, the important issue of stabilization of the wave equa-
tion was addressed. The main contribution of this work is studying the competition
between two different types of dissipative mechanisms and establishing, by carefully
tailored techniques, explicit formulae for the energy decay rates with very general
assumptions on the relaxation function and with variable exponent of the feedback,
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which is more useful from the physical point of view and needed in several ap-
plications. Our results combine the generality and optimality and improve earlier
related results in the literature. We provided some numerical examples of expo-
nential, polynomial or logarithmic energy decay estimates and all the rates in these
examples are faster than the rates obtained in [I4]. Our paper opens the door
for further research and new suggestions that may be addressed in the future, for
instance the control of the system by such types of damping but located on the
boundary.
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