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EXISTENCE OF SOLUTIONS FOR SINGULAR ELLIPTIC
PROBLEMS WITH SINGULAR NONLINEARITIES AND
CRITICAL CAFFARELLI-KOHN-NIRENBERG EXPONENT

MOHAMMED EL MOKHTAR OULD EL MOKHTAR

ABSTRACT. In this article, we consider a singular elliptic problem with singu-
lar nonlinearities and critical Caffarelli-Kohn-Nirenberg exponent. By using
variational methods and Palais-Smale condition, we show the existence of at
least two nontrivial solutions. The result depends crucially on the parameters
a,b, N,B,~v,\, u.

1. INTRODUCTION

In this article, we consider the existenceof multiple nontrivial nonnegative solu-
tions of the problem

Vu u |u u
—di ( )— —h inQ, x40
VAps) " pe T MO e T apay TR0 gy

u=0 x€dN

2,—2

where €2 is a smooth bounded domain in RN, N > 3, —co < a < %, a<b<a+l,

0<8< 2—]\_(_1(2* +9-1),0<y<1, 2, = #J;(b—a) is the critical Caffarelli-

Kohn-Nirenberg exponent, —oco < p < jig = [%]2
h is a bounded positive function on R¥.
In recent years, people have paid much attention to the singular elliptic problem

, A is a real parameter and

—Au — plz|%u = h(z)|uP~>u + Auin Q

1.2
u=10 on J, (12)

where ) is a smooth bounded domain in RY (N > 3), 0 € QA > 0,0 < u <
fio := (N —2)?/4 and 2* = 2N/(N — 2) is the critical Sobolev exponent, see [6] [7]
and references therein. Ali and Iaia [I] studied the existence and nonexistence for
singular sublinear problems on exterior domains when g = 0. Some results are
already available for . Wang and Zhou [I3] proved that there exist at least
two solutions for with @ = 0, 0 < p < fip = (N — 2)?/4. Bouchekif and
Matallah [4] showed the existence of two solutions of under certain conditions
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on a weighted function h, when 0 < p < fig, A € (0,A), —00 < a < (N —2)/2 and
a <b<a+1, with A, a positive constant.

The regular problem corresponding to a = b = p = 0 was considered on a regular
bounded domain Q by Tarantello [T0]. She proved that, with a nonhomogeneous
term f € H=(Q), the dual of H}(Q), not identically zero and satisfying a suitable
condition, the problem considered admits two distinct solutions.

Before formulating our results, we give some definitions and notation. We denote
by H,, = H,.(), the closure of C5°(2\{0}) with respect to the norms

1/2
fudlo = ( | a1-2IVuf* o)

and
1/2
Jully = ([ (el 9al? = pfal 0y de) ™ for 00 < p <
Q
From the weighted Hardy inequality [6] that is

1
/|x|*2<a+1>u2dxg 7/ 2V u|? da (1.3)
Q Ha Jo

it is easy to see that the norm |lu||, is equivalent to ||u||o. More explicitly, we have

(1~ i =) o <l < (1 (VFw —@)27) "l

with 4™ = max(p,0) and p~ = min(u, 0) for all u € H,,.

Next wee list here a few integral inequalities. It is clear that degeneracy and
singularity occur in problem (pl). In these situations, the classical methods do not
directly apply so that the existence results may become a delicate matter that is
closely related to some phenomena due to the degenerate (or singular) character
of the differential equation. The starting point of the variational approach is the
following Caffarelli-Kohn-Nirenberg inequality in [5] which states there is a positive
constant C, ; such that

1/2. 1/2
(/ a2 ) < ca,b(/ ]2 |Vuf? de (1.4)
Q Q
for any u € H,, where —oo<a<¥,a§b<a+l, 2*:%'
We consider the approximation equation
Vu u |ul*2u A

—di — =h in Q\{0

Mape) ~ e <M T Er gy MM 1)
u=0 x €99,
for any 6 > 0.

We look for solutions of problem (1.5)) by finding critical points of C'-energy
functional defined in [10],

Ia(u) = (1/2)|ull}, - (1/2*)/Qh(w)lfv|_2*b|u

by + Lol gl
— / (™ +6) 3 dx .
I=vJa ||

2 dx
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A point u € H,, is a weak solution of (1.5) if it satisfies
1

VuVp up 2=y
(JA(u), ) = /Q( _N|x‘2(a+1)> de — [ h(z) |z |2+ dz

|2[2a Q

®p
—AN| —————dzx =0, forall -
/Q(u++9)7x|5 T , forall p € H,

Here (-, -) denotes the product in the duality ’H;“ of H,,. We consider the following
assumptions:
(A1) h e L*>®(R), esslim||_o h(x) = ho € (0,00) and h(x) > ho a.e. in Q;
A2) (a,p) € (=1,0) x (0, Ma—b)U[ 32) x (ala = N +2), fia —b);
) (a, 1) € [0, 552) x [0, ia);
)
)

N > 2(|b| 4+ 1) and (d1),
N >3 and (A2) holds.
Xuan et al. [I2] proved that when (A2) holds for each € > 0, the function

(
(A3
(A4
(A5

Ha—Pa—H

Fa=ph =2
:0052%—2[55#& VIS (1)

with a suitable positive constant Cy, is a weak solution of
2,2

u u

. U U
fdlvf(mlga) ‘m|2(a+1) | |2*b

in Q\{0}.

Furthermore,
>

Vyel* v N [ v
|z |2 M|x|2 oty ) W= q [z[2?

In addition, we have that

D,= inf FEu) =FEQy.),
T (u) = E(ye)

is the best constant with
Jo (272 Vul? — pla| 2D |u)?) do
(Jo |72 |+ da)?/2-

Kang et al. [9] obtained that, when (A3) holds for each € > 0, the function

E(u) =

=2
ve = [2,26(j10 — )] o] VI VT e 4 [ (e mAVETE) | T (1)

with a suitable positive constant Cy, is a weak solution of

. Vu U |u]** 72w .
_dlv(\x|2“) _M|x|2(“+1) = PR in Q\{0},

and satisfies
2.

|V, |? v2 |ve
/Q( |l‘|2a - ﬂ|x‘2(z+1))dl‘ = o |x 2.5 d.T

= inf  E(u) = E(v.
G et oy (u) = E(ve)

Also we have that

is the best constant.
In this work we prove the existence of at least two critical points of Jy. The
first is found by the Ekeland Variational Principle [8] with negative energy and
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the second by Mountain Pass Theorem without Palais Smale conditions [2] with
positive energy. Now, we define

_ Jy- if (A2) holds |} D, if (A2) holds
" v if (A3) holds, "1 G, o if (A3) holds.
Now we can state our main result.
Theorem 1.1. Assume that —oco < a < %, a<b<a+1,0<8< %(2* +

v—1), —oo < p < fig = [%]2, 0 <~v <1, (Al) holds and (A4) or (A5) are

satisfied. Then there exists Ag > 0 such that for each 0 < A < Ag, problem (1.1)
has at least two nontrivial solutions.

This article is organized as follows. In Section 2, we give some preliminaries.
Section 3 is devoted to the proof of Theorems 1.1
2. PRELIMINARIES

Definition 2.1. Let ¢ a real number, ' a Banach space, and I a function in
Cl(E,R).
(i) (un)n is a Palais-Smale sequence at level ¢ (in short (PS).) in E for I if
I(up) = ¢+ 0,(1) and I' (uy,) = 0,(1),

where 0, (1) tends to 0 as n goes at infinity.
(ii) We say that I satisfies the (PS). condition if any (PS). sequence in F for
I has a convergent subsequence.

Lemma 2.2. Assume that —co < a < %, a<b<a+1,0<8< %(2* +7),

—00 < p < fig = [W]z and let (u,) C H, be a Palais-Smale sequence ((PS).
in short) of Jy, i.e.,

Ia(tn) = ¢ and J}(un) — 0 in H,,( the dual of H,) as n — oo (2.1)
for some ¢ € R. Then u,, = u in H, and Ji(u) = 0.

Proof. Let Ry > 0 such that Q C B(0, Ry) = {x € RY : |z| < Ro}. Let r = |z|. By
Hoélder’s inequality which states that

/Q|fg‘dx§ (/Q|f|pdw)1/p(/9|g|qu)l/q,

for f € LP(Q?) and g € L9(2) with % + % =1, and from (|1.3)), we obtain

+)1—v 1—v
Q r Q T
_ |u|1_W b(1-7)-8 ¢4
= Jo = )" v

a5 b\ 2
<[ 1) 7 (f o)
Q Q

2x 12777 Ro 2, 2*;'171
< (CAIuE) ™ ox [ rrp iz )
2,
2, 1=y RN+[b(1—7)7ﬁ]m 2e47-1
<) (o B
>~ a,b” w NN—"—[b(l—’y)—ﬁ]#
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1oy
<ACT Nl

N
where oy = 252

my i the area of the (N — 1)-dimensional unit sphere, C, 3 defined
2
in (1.4), and

24
=" P R o S ks S N s e
T2* ? )

b 5 7
[ 27‘('%(2* +v-1) }%RT’L(2*+771)7[5
NE()[2- +7 - 1) = By + 1) ’

From (2.1, we have

In(un) = (1/2)Junllf — (1/2*)/911(96)@ o
A [ (uf 0 — 0t
k

— d
-~ EE !
=c+o,(1)

i}

)

*
K

A:

> 0.

un|? dx

and

(T (1)) = [l — / W)l

=o0,(1), for n large,

2% gy A/ (uf +6)'7 -6 dx
Q |2|?

where 0,(1) denotes 0,(1) — 0 as n — co. Then

+ 0n(1) = Jalitn) = 5 (5 1))

1 1 9 1 1 (uf +0)=7 — 01—

> (5= gl - A= ) [, e
LT I ;_7 e

2 (5= gl = A= =~ ) Aluall Gy

and so {u,} is bounded in H,,(Q?). Going if necessary to a subsequence there exists
u € H,,(2) such that

up —u, in H,(Q),
up, —u, inLy(RN), (1<¢<2,)

Up, = u, in Lo (),

Uy —> u, a.e. on ),

there exists ¢ € Ly(2) (1 < ¢ < 2,) such that |u,| and |u| < |¢]|, a.e. in Q, where
the last conclusion is from [I4, Lemma A.1]. From (1.4)), we obtain

T o

2 (N—p)+N
Since 1 < % < 2* we have ¢ € L™ 2@-5 (Q), then

1 ®
— [ *.4
av/mzv* !

1 1
< = —d
_m|/9\so||$|ﬁ z

< |y | < 2
[z[f07 ~ |x[PoY
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2*(N—B)—N+28

1 2*(N—B)+N % 1 2*(N=B)+N 2*(N-B) TN
—_ |¢\ T2(N-B) x) ( ( 6)2*(N7ﬁ)7N+2B dx)
9 B(0,R) ||

2(N—8)

2¥(N=B)+N ﬁ)+N SFIN_—BVLN
/W NN ) =+
2*(N—B)—N+28

N R
271-2 B(2* (N—B)+N) SE N TN
rN—1—2*(N7ﬂ>7N+2ﬂdr 2X(N—B)+N
r(3)

P) 0

co\,d

2% (N — L—}) N+28 2(N—-B)

) e
S~ _
(N - 2*(N75)7N+2ﬁ>1—‘(7)

N_ BET(N-B)+N) W#
X (R T2F(N-B)-N+F2 ﬁ)

2(N—8)
2*(N—-B)+N [3)+N FN=B) TN
[ 1o 5 ) ,

with
C(m, R)

B ( or )2*2(5<Nﬁ>ﬁ>li§2ﬁ (RN_ B(2* (N=)+N) )2*§§<Nﬁ)mﬁ§w
o B2*(N—B)+N) N
(N — 2*(N—B)—N+25)F(?)

2 (N—B)-N+28

and

BREN-B)+ N _(N-p[2"(N-p)—N]
2*(N—B)—N+238  2*(N-p8)—N+23
From the cacluations above, we know that W € LY(2). Thus, applying the
Dominated Convergence Theorem, one has

N — > 0.

I 4 / d

im ——dz= | ————dx

nH Jo TalPut + 07 7 Jo Pt 07

Consequently, J3 (u) = 0. O
Lemma 2.3. Assume that —oo < a < 852, a <b<a+1,0 < < 785 (2.49-1),

—00 < p < flg = [W] and let (un) C M, be a Palais-Smale sequence (PS).
of Jx for some c € R. Then, u, — v in H, and either
1 1 _
Up = u or c¢>Jy(u)+ (5 - Z)(ho 2/2*Su)2*/(2*_2)~

Proof. We know that (u,) is bounded in H,. Up to a subsequence if necessary, we
have that

U, = u in H,
up(z) = u(z) a.e. in Q.

We denote v,, = u,, — u. Then v,, — 0. As in Brézis and Lieb [3], we have

lim h(x)(|x|’2* —u2*)dx:/h(x)|x\’2*b|u
Q Q

Up |
n—oo
un + 61177 Iuo +0]'
HX)/ T — (2.3)

eodr (2.2)

—24b
— || Un,

and
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On the other hand, we can prove that

dz = 0.

lim [ (h(z) — ho) .

n—oo Q
Fix € > 0. By assumption (A1), there exists 7. > 0 such that
|h(x) — ho| = h(z) — ho <& for a.e. x € 2\ B(0,7).

Next we have

2.
[ 0e) = hoy 2t
Q |z]
‘Unl > |Un| >

:/ (h(z) — ho) 22 dx—i—/ (h(w) — ho) 2L gy

Q\B(0,r:) |z B(0,7¢) ||

|Un‘ > [on| >

Se/ 5 dm+(|h\oo—h0)/ 5y dx.

Q\B(0,r.) || B(0,7¢) |z

Since v, — 0 in H,,, the Caffarelli-Kohn-Nirenberg inequality implies that {v,} is
bounded in L?+. Moreover by u, — 0 in H, it follow that v, — 0 in (#, \ {0}).
The above relations yield

24
limsup/ (h(z) — ho)M dx < C.,
Q

24b

for some constant ¢ > 0 independent of n and . Since € > 0 was arbitrarily chosen,
we conclude that

lim [ (h(z) — ho)—x

n—oo Q

From (2.2)), (2.3) and (2.4) we deduce that

Ia(un) = Jx(u) + (1/2)[[vallf = (ho/2:) /Q 2| oal? +oa(1)  (2.5)

dz = 0. (2.4)

and
2 4 0,(1).

0 4 (T (ttn), tn) = [[tm]2 — ho /Q 12|22 v,
Then we have

vn|2* =1>0.

: 2 _ : —2,b
i el = ot [
If { = 0 then |lu, —ul|, — 0 as n — oo.
Otherwise if [ > 0, by the definition of S,,, we have
1> 8,(lhg")??,

so that 0. )2 2)
—2/2, o) (20—
1> (hg**5,) :

Thus we obtain

1 1
c=Jx(u) + (5 - 2*)1 taking limits in 1'
L1y o2, o 12./(2.-2)
> J)\(’U,) + (5 — 27)(]7’0 / SM) .
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3. PROOF OF THEOREM [I.1]

The proof is given in two parts.

3.1. Existence of a local minimizer. We prove that there exists

2, — 2 -0+ 1 — 1
M= 5o (S = =0, F >0,
with
_ [ 27% (2. +y— 1) AT )-8
NT(5)[(2e +7 = 1) = (v +1)] ’

such that for any A € (0, A1), Jy achieves a local minimizer. First, we establish the
following result.

Proposition 3.1. Suppose that —oco < a < %, a <b<a+1 0L

B
T 2+ — 1), —00 < p < flg = [(M=2letl)12 0 < 4 < 1, (A1) hold and (A4) or
)‘1);

(A5) hold. Then there exist positive reals A1, 0 and 0 such that for all A € (0,
In@) 2 6>0 for Jully = o (3.1)

we have
Proof. By the Holder inequality and the definition of S, for all u € H,\{0} we
have

Ia(u) = (1/2)[[ulf - (1/2.) /Q h(@) |z~ |ul* da
b\ + L) — gl
B / (ut +6) h g
I=7vJa |z
2 2. AA 1—v #
> (1Dl = (Mo /22)S, s = 2= JullyC,

Taking ¢ = |lul/,, then there exist o > 0 small enough and a positive constant X\;
such that

Ja(u) >8>0 for |ull, =0 and X € (0, ). (3.2)
This completes proof. O

Since fQ % dr >0 and 0 < vy < 1, it follows that for ¢t > 0 small,

In(te) == (£*/2)ll9]* — (tZ*/Q*)/ h(z)|z| | ¢|* da
@ (3.3)
- AL Jul' dxr <0
L—vJo |z|? .

We also assume that ¢ is so small enough such that ||t¢||,, < 0. Thus, we have
c1 = inf{Jx(u) : v € B,} <0, where B, ={ueH,, |ul, <o} (3.4)

Using Ekeland’s variational principle, for the complete metric space B, with respect
to the norm of H,,, there exists a (PC)., sequence (u,) C B, such that u, — u;
for some uy with |luq]], < .
Now, we claim that u, — u; in H,,, if not, by Lemma we have
1

1 - —
c1 > Ia(ur) + (5 _ 27) (ho 2/2*3“)2*/(2* 2)



EJDE-2023/54 ELLIPTIC PROBLEM WITH SINGULAR NONLINEARITIES 9

>t (5= 5 ) (80 s,

which is a contradiction. Thus u, — u; in H,.
Then we obtain a critical point uy of Jy for all A € (0,A1) satisfying ¢; =
Jx(u1) < 0. Thus u; is a nontrivial solution of (1.5) with negative energy.

3.2. Existence of mountain pass type solution. We use the mountain pass
theorem without Palais-Smale conditions to prove the existence of a nontrivial
solution with positive energy. For this, we need the following Lemma. Set

cx = _z/)z(l + 7) {%(1 - 7)] = i (1 _ i) (haz/z*SO?*/(?rZ),

2 2 27 2,
with ) ) ) )
—(A—)
= (5-5) and o =A(;—— -5 )AC,,’
wl (2 2*) an ¢2 1— o 2. Oa,b

Lemma 3.2. Let \* > 0 such that c¢§ > 0 for all A\ € (0,\*). Then, there exist
A€ (0,X*) and p. € H,, for e > 0 such that

sup Jy(tpe) < ¢y,  for all A € (0,A).
>0

Proof. Let

(&) = ws(2) = {y if (A2) holds (55)

ve if (A3) holds,
where y., v, are defined in (1.6) and (1.7 respectively.

Now, we consider the functions
f(t) = Ia(tee),
F@#) = #/2)lee(@)} - (tz*/%)ho/Q ||~ |pe (@)

Then, for all A\ € (0,\*) we obtain that 0 = f(0) < ¢}. By the continuity of
f(t), there exists ¢1 a sufficiently small positive quantity such that f(t) < ¢} for all
t € (0,¢1). On the other hand, we have

2« dx.

£ 1 1 —2/2. 2./(2.—2
I?ggif(t) = (5 - Z)(ho Sp)?e/ 32,
then, we obtain
L N T T BN S B 2
sup Ja(tp:) < (= — =—)(h *S - A dx .
0 i) < (5 = 5) (7 50) 1= Jo TP
Taking A > 0 such that
1—v 1— —(1—
t lpe|' 7 - =4 _
A de > (1/2,2)(2, —1)(2, —2)7V2X24C 7 |te||L77,
=7 o wp (1/2.2)( ) ) ap” el
we obtain
0< A<,
where
1- _
tl 7 |§06|1 K

=222, —2)"22, — 1)) dz.

1—vJo |2/
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Setting A = min{A\*,I"*} we deduce that
sup Ji(tpe) < ¢y for all A € (0,A).
>0

This completes the proof. (I

Proof of Theorem , Since lim;—, oo Jr(te) = —00, we can choose T' > 0 large
enough such that Jy(T'y.) < 0. From Proposition we have Jyjpp, > 0 > 0 for
all A € (0,\1). By the mountain pass theorem without the Palais-Smale condition
[2], there exists a (PC')., sequence (u,) in H, which is characterized by

= inf Ir(O(t 0 > 0 with § ind dent of 6
2 élell“tren[gbﬁ] AO(t) > 6 >0 wi independent o

with
I'={6€C([0,1],H,),0(0) =0, 6(1) =Te.}.
Then, (u,) has a subsequence, still denoted by (u,) such that w,, — ug in H,. By
Lemma ([2.3)), if w,, does not converge to us, we obtain
1 1 — 2./(2.—2 *
c2 > Jy(u2) + (5 - 2*) (ho 2/2*5'“) /@272 5 s
what contradicts the fact that, by Lemma [3.2] we have

sup Jy (tee) < ¢,
>0

for all A € (0,A). Thus u, — us in #H,. Thus, we obtain a critical point uy of J
for all A € (0, A1) with
Ag := min{)\;, A}
satisfying Jy(uz) > 0. Now we prove that uy # us.
We have wu; is the first solution of (|1.1)) where

Ix(u1)]o=o = Inf{Jx(u)|p=0 : u € By} =1 < 0.

On the other hand, for 6 € (0, 1), (1.5) has at least a mountain pass solution {ug}
with Jy(ug) > ¢ > 0. Thus, there exists {6,} C (0,1) with 6,, — 0 as n — oo, such
that (ug, ) is a sequence mountain pass solutions of ([1.5)) with

Jx(ug) > 8§ > 0, by Proposition 1,
then, lim,,_,~ ug, = ug is the second solution of (1.1]) and
JA(U2)|9:0 = li)m J)\(UQTL) > 6> 0.

So,
Ja(u1)lo=o < 0 < Jx(u2)|o=o,
which implies that u; # us. O
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