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VARIETY OF SOLUTIONS AND DYNAMICAL BEHAVIOR FOR
YTSF EQUATIONS

WEI CHEN

ABSTRACT. We construct non-homogeneous polynomial lump wave solutions
of the Yu-Toda-Sasa-Fukuyama (YTSF) equation, based on a bilinear ap-
proach, enriching the formal diversity of lump waves. By studying the in-
teraction between the lump solutions of the YTSF equation and the solitary
wave solutions, we find a new aggregation effect and elastic collision effect. We
obtain exact solutions, such as the solution of separated variables and periodic
nonlinear wave solutions, by applying the Lie symmetry group method and
the bilinear method.

1. INTRODUCTION

The integrability and exact solutions of nonlinear evolution equations play an
important role in the field of nonlinear science, such as condensed matter physics,
solid state physics, aerodynamics, plasma physics, fluid dynamics and many other
fields [7, [13],[I7]. This article will focus on exact solutions to the (341)-dimensional
Yu-Toda-Sasa-Fukuyama (YTSF) equation [I], as well as the interactions between
these exact solutions, using the bilinear method and Lie symmetry method [111 [12].

The standard form of the YTSF equation is

(—4uy + d(w)us)y + 3uy, =0,

1.1
d(u) = 0% + 4u + 2u,0; *, (1)

in which u = u(t,z,y, z) is an analytic function of the scaled spatial coordinates
x,vy, z and the temporal coordinate t. The YTSF equation is derived by applying
a strong symmetry to the 2-dimensional Bogoyavlenskii-Schiff equation, which de-
scribes an elastic quasi-plane wave in a lattice or an interfacial wave in a two-layer
liquid [20]. The typical way to explore exact solutions of the YTSF equation is to
use classical methods such as the Bécklund transformation method [2I], the bilin-
ear methods [10], elliptic function expansions [I5] and Lie symmetry group method
[16], which can bypass integration to derive explicit solutions. Yan [22] used the
auto-Béacklund transformation to study and found a nonlinear wave solution to
Chen [2] applied Hirota bilinear formulation to study the lump solution of
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with the finding that the lump solution consists of a 2-fold homogeneous polyno-
mial, but the lump solution in the form of non-homogeneous polynomial has not
been found yet [T]-[14].

The rest of this article is organized as follows. In Section 2, we use the bi-
linear method to construct the lump solution of the YTSF equation with a non-
homogeneous multinomial function. After constructing the solution, we further
study the interaction between lump solution and soliton solution. In Section 3, we
apply the Lie symmetry method to obtain a new non-traveling wave solution with
an arbitrary function.

2. LUMP SOLUTION AND VARIABLE SOLITON FOR THE YTSF EQUATION

In this section, we start with the lump solution of the special form of the YTSF
equation, then we analyze the interaction between the lump solution and the soliton
wave.

2.1. Two-lump solution to the YTSF equation. By the traveling wave trans-
formation n = x + ¢z — at, the equation ([1.1]) reduces to

Suyy + (dawy, + 3(u?), + ctiyyy)y = 0. (2.1)

It is easy to see that the real constant wug is the trivial solution of the YTSF
equation, where ug can be arbitrary. By the second order logarithmic derivative
transformation

u=ug + 2(In F),,, (2.2)
the equation can be changed into
(3D7 + kD] + ¢D;)F - F =0, (2.3)
where £ = 2(2a + 3cug). In order to search the two-lump solution, we choose
F = (Man? + A39%)% + Aan + sy + Xen®y® + Mn? + Asy® + i, (2.4)

where A\; (1 = 1,2,...,8) are constants to be determined. Substituting (2.4) into
(2.3), we obtain the nonlinear algebraic equations of undetermined parameters,
from which we obtain

3 2
A= —15(@&) . Ag= gAQ, A= 28
K K

2.5

176 4 3 ? 4 19 213 (2:5)
)\5 = —T)\Q, )\6 = —300)\2, )\7 = _125?A2, )\8 = ;(5C) )\27
where cAak # 0. Substituting ([2.5)) into (2.4]), we have
) 2 1
F =X [(772 + §y2)3 — %n“ — %y“ — 30en’y?
(2.6)

125¢2 19 5¢c\ 3
- 26 n? + —(5¢)%y? — 15(—0) }
K K K
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Thus, from (2.2))-(2.6]), we know that equation [1.1] has the rational solution of the
form

_ 9 . K 9\ o 9 K 9.2 300c , 5 2502
u._u0+2(mun-+§y)n 60 + 5y°) — ="~ 60cy’ — = )
. ((772 + gyz)g _ 25c 4 17S)C“y4 — 30612y
125¢2 5, 19, 5, 5¢.°
- (50— 15() )
2t (50)7y ()

2.7
100cn3 27)

25021\ 2
— 60eny? — c 77) )

K
2(6( 2, K o9y
+ gy )°n e
K 25¢ 17¢ck
+U¥+§ff—7;¢——§mkﬂwﬁf
125¢2 19
- nz‘%‘;;(56)2y2‘* 15(

50)3’)2.

R

2.2. Aggregation effect and elastic collision of two-lump wave. To bet-
ter understand these solutions, we now consider their dynamical behaivors. From
graphs of solutions as shown in Figure [I}3, it is possible to see clearly the height
and positional behaivor of the waves. The corresponding solutions u(z,y, z,t) in
different planes are shown in Figure [I[}3. We observe that the solution u contains
three troughs and two peaks in non-standard formation. Therefore, this solution is
also called two-lump solution. The physical behaivor influenced by the parameter
ug will be explored.

Figure shows the two-lump solution of the form in the (¢,y) plane. It can
be seen that the middle trough changes correspondingly along the u axis with the
change of the value of ug and the distance between the left trough and the right
trough changes symmetrically at the same time. In Figure[I|g) and (h), it can be
seen that increasing the parameter ug will cause the background plane wave to rise,
which can be verified from the solution formula (2.7). In Figure [[[a), (b) and (c),
it can be observed that increasing the value of ug will increase the width of the
wave when ug < 0. When ug > 0 , it appears that increasing the value of ug leads
to a decrease of the width of the wave. When ug = 0, the distance between the left
trough and the right trough is the widest.

Figures [2 and [3] mainly reflect the influence of variable ¢ upon the two-lump
solution. Figure a) shows the two-lump solution of the YTSF equation in the
(z,y) plane when ¢ = 0. One can also see that when (z,y) — (00, 00), u = —1, and
the two-lump solution is travelling horizontally on the (z,y) plane. The two-lump
solution will not disappear as the time evolves. Figure c) shows clearly how the
waves move: the position of the two-lump solution changes correspondingly with
time evolution while maintaining its structure.

Figure [3| shows the two-lump solution of the YTSF equation in the (z,y) plane.
The motion behaivor in Figure |3|is the same as the one observed in Figure

From Figures [2[ and [3] we can see that the two-lump solution in the (z,y) and
(z,y) planes always preserve their shape, amplitude and velocity while traveling.

2.3. Interaction between two-lump wave and soliton wave. In this section
we will study the interaction between two-lump solution and soliton wave solution
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FIGURE 1. Two-lump solution of the form in the (¢,y) plane
with y =z =1and ¢ = —1,\; = A2 = 1 with (a) up = =2, (b)
ug = —1.5, (¢) ug = —1, (d) up =0, (e) up =1, (f) up = 1.5. The
black dashed line, the blue line and the magenta point of (g) curves
correspond to (a), (b) and (c) respectively. The red line, the blue
line and the black line of (h) curves correspond to (d), (e), and (h)
respectively. The red and black lines of (i) curves correspond to
(b) and (f).

by choosing

F =X+ (an? + 2392)% + an® 4+ Ay

2.8
+ X6y + A? 4 Agy? + AgerronTAny Az, (28)
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= A A

(c) t = —10,0,10

FIGURE 2. (a) Two-lump solution of the YTSF equation in the
(z,y) plane given by with parameters \a = A3 = 1, ¢ =
ug = —1, and z = 1. (b) is the density plot corresponding to (a).
(c) is the evolution of the two-lump solution when ¢ = —10 (red),
t = 0(blue), t = 10(black).
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(c) t =—10,0,10

FIGURE 3. (a) Two-lump solution of the YTSF equation in the
(z,y) plane given by with Ao = A3 =1, ¢c = ug = —1, and
z = 1. (b) is the density plot corresponding to (a). (c) is the
evolution of the two-lump solution when ¢ = —10 (red), t = 0
(blue), t = 10 (black).

where X\; (i =1,2,...,12) are constants to be determined. Substituting (2.8) into
(2.3), we obtain the nonlinear algebraic equations with undetermined parameters,
from which we have

2
C:)\3:)\5:)‘6:)\8:>\11:07 Uoz—ga. (29)

Substituting (2.9) in (2.8) yields

F = 20°% 4+ 2an* + Mn? + A + Ngetronthiz, (2.10)
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Substituting (2.10) into (2.2)) with n = x + ¢z — at, we obtain a hybrid solution to
equation [[.T] as

u= %a + 2(30/\§’(fat + )t + 120 (—at + )% + 2);
n )\9)\306,\10(—at+z)+,\12)
+ (/\g(fat +2)% + M(—at +2) + M(—at +2)° + N
+ )\9€A10(—at+z)+>\12>
- 2(6A§(—at +2)° + Ay (—at + 2)° + 207 (—at + )
n )\9)\106,\10(—%+x)+x12)2

+ (Ag(—at + )%+ M=t + 2) + Ar(—at 4 2)2 + Ay + Agetro(-at+a) 4 )\12>.

(2.11)

The expression [2.11] is a linear superposition of two-lump wave and soliton wave,
which is also an interaction solution to equation [L.1

FIGURE 4. Interaction between two-lump wave and soliton wave
of the YTSF equation given by (2.11). (a) @ = =1, Ay = Ag =
)\4:)\7:)\9:)\10:)\12:1. (b)a:)\4:—1, )\1:)\2:)\7:
Ao = Ao = A2 = 1.

Figure [ illustrates the interaction between two-lump wave and soliton wave.
As the exponential changes from negative to positive, the sum of the exponential
function and the polynomial changes from a polynomial control to an exponential
control. The results obtained here show that the two-lump soliton degenerates to
a rouge wave and then to a soliton and finally disappears with a spatio-temporal
variation, which has not been found in the previous literature.

3. VARIOUS SOLUTIONS AND DYNAMICAL BEHAIVOR OF THE YTSF EQUATION

Consider the potential form of the TYSF equation

Vgaas + VgVss + 20020, + 3Uyy — 4vge =0, U = V. (3.1)
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This equation has a movable logarithmic branch point in the sense of WT'C method
[18]. Assume that equation (3.1]) has the traveling wave solution in the form

v=w(n), n=pr+qy+rz—st, (3.2)

where p,q,r and s are real constants to be determined. Substituting (3.2]) into
equation (3.1) and integrating once leads to

p37“wm7n + 3p27“w% + 3q2w,7 + 4psw, + C; = 0. (3.3)

Settin w,, = f(n), then (3.2)) is reduced to a second-order nonlinear ordinary
differential equation,

P37 fon + 3071 2 + 342 f + dpsf + C1 = 0. (3.4)

Multiplying (3.4) by f,, integrating once with respect to n and taking the integra-
tion constant to be Cy, we have

p37"f72, + 2% f3HApf?s + 3f%¢% + 20, f + 2C, = 0. (3.5)

Using the Jacobi elliptic function expansion method [15] to find the periodic
wave solution of (3.5, we can expand the solution to equation (3.5)) in the form

f(n) = aysn*(bn, m) + ag, (3.6)

where sn(bn, m) is the Jacobi elliptic sine function with the modulus m € (0, 1), and
ag, a1 and b are non-zero constants to be determined. Substituting into
leads to an algebraic system. By assuming the coefficients of sn* (k = 0,2,4,6) to
be zero, we obtain

pra?(20*m?p + a;) = 0,
a2 (4b*m>*p3r 4+ 4b*p>r — 4p3rag — 4ps — 3¢%) = 0,
a1(2b%p3ray + 3p*rak + 4psag + 3¢*ag + C1) = 0,
2p2ra8 + 4p5a(2) + 3q2ag + 2C1ag +2C3 = 0.
If 1664p57r2 (m* —m2+1) —16p?s% —24pg*s —9¢*) +12C p?r = 0 and (4b°p3r(m?+

1)—4ps—3q2) (4b%p>r(2m? —1)+4ps+3q?) (4b?p>r(m? —2) —4ps—3q?) —216Cap*r? =
0, then the coefficients are

A pPr(m? + 1) — 4ps — 3¢?
N 6p3r ’

Combining (3.6) and (3.8]), we have

(3.7)

a; = —2b*m?p. (3.8)

ao

4b2p3r(m? + 1) — 4ps — 3¢>

= —2b’m?psn®(b 3.9
Fa(n) = ~25m?psn? (bn, m) + o (39)
When m — 1, equation (3.9) reduces to the shock wave solution
8b%p3r — dps — 3q¢°
_ 2 2
fa(n) = —2b°p tanh(bn) + G . (3.10)
In view of w,, = f(n), we deduce
wy = —2bpE(sn(bn, m), m) + p1n, (3.11)

where E is an elliptic integral of the second kind and
wy = bpIn(tanh?(bn) — 1) + pan, (3.12)

4b%p3r(m? —2)—4ps—3q¢°>

8b%p3r—4ps—3q°
6p2r .

6p2r

where p; = and pg =
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In (3.7), replacing sn(bn,m) by cn(bn,m) and repeating the same process as
above, we find a new triangular periodic solution

w3 = 2bpE(sn(bn, m), m) + p3n (3.13)
and a new Jacobi doubly periodic solution
wy = 2bp arctan(sinh (bn)?) + pan (3.14)
hore py = G20 S e (=2n) g, APt

As m — 1, the Jacobi biperiodic solution (3.13|) degenerates to the triangular
periodic solution (3.14). From (3.11)-(3.14), we obtain the following solutions to

equation [3.1}
vy = —2bpE(sn(b(px + qy + rz — st),m),m) + p1(px + qy + rz — st),
vy = bpIn(tanh®b(pz + qy + rz — st) — 1) + po(pr + qy + 12 — st),
vy = 2bpE(sn(b(pr + qy + rz — st),m),m) + ps(px + qy + rz — st),

vy = 2bparctan(sinh (b(pz + qy +rz — st))?) + pa(px + qy + 2 — st),
where E is an elliptic integral of the second kind.
3.1. Lie symmetry reduction of the YTSF equation In this subsection,
we concentrate on finding the exact solution to the YTSF equation using the Lie

symmetry method. According to the Lie group theory [14], we know that o must
satisfy the equation

Oy + 405055 +402:05 + 20550, + 05050 + 0yy — 404 = 0. (3.15)

To seek symmetry of , we take the function o in the form
0 = f1ve + favy + fav. + fave + fsv + fe, (3.16)
where f; (1 = 1,2,...,6) are functions to be determined and v(t, z,y,z) is the

solution to Substituting and into we have
J120g4 + forVsy + fazass — (3f1az + f52)Uss
+ 3 f1eVz22¢ + 3f20Va2y, + 3f350V52,2 + -0 = 0.

Because of the linear independence of the derivatives of v in , we obtain

fi= SOy, =m0, fi=pa(t), fi=Af5=0,
(3.18)

4 9
fo = (3P5()y + 201 ()= + ps(t)z + gpé'(t)y2 + Pl (t)y + p5(t),

where p;(t) (1 = 1,2,3,4,5) are arbitrary functions of ¢. Substituting (3.18]) into
(B.16) yields

2
o= (§p2’(t)y + p (t))vw + pa(t)vy + p3(t)v, + Avg

4 2
+ (gp'z’(t)y + 2p7 (t))z + p5(t)z + gpé,’(t)y2 + py(t)y + p5(t).

We can obtain many symmetries of (3.1)). On the basis of the integrability of the
reduced equation, we find two types of solutions

A=1, pa(t) = ps(t) = 0; (3.20)
A=1, pi(t) =p2(t) = pat) = ps(t) =0, ps(t) =p'(1), (3.21)

(3.17)

(3.19)
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where p(t) = [ p3(t)d(t) and ps(t) is an arbitrary functions of t. Substituting (3.20)
into (3.19) yields

o = pivg + v + 27z + ply + p. (3.22)
Letting o be 0 leads to
v==2p1(t)z —pa(t)y — ps(t) + f(§,9,2), E=x—p(t). (3.23)
Substituting into , we obtain a symmetry reduction as
Afefee +2fcef= + focee +3fyy = 0. (3.24)

Repeating the above process, from (3.1), (3.19), and (3.21)), we obtain another

symmetry reduction:

2
v=—p )z =" Oy + f(2,9,9), £=z-p(t),
2fzwf£ + 4f£wfa: + 3fyy + f&zwx = Oa
where p(t) = [ ps(t)d(t) and ps(t) is an arbitrary functions of ¢.

(3.25)

3.2. Solution to the symmetry reduction equation. In this subsection, we use
the consistent Riccati expansion (CRE) method [4] to solve the symmetry reduction
equation Balancing the highest derivative term with nonlinear terms in |3.24
gives the expansion

f=a9+ alU(n), (326)
where ag, a; and 7 are to be determined later and U = U(n) is a solution to the
Riccati equation

Uy = po + U (3.27)
This equation has the following three sets of traveling wave solutions
1
Uy=————,1 =0,
1= oz [ Ho
Uy = ﬂ/% tan(y/popan + C), popa > 0, (3.28)

Us = Mtatlh(mﬂ +C), popa <0,

where 19 and p; are constants. Substituting (3.28]) with (3.26)) into (3.24)), we have

12n.nZa1 s (2neps + ar) U + 2463 (3a1.0 1 + 9a1nzeng i1 + 9a1neenens= i
+ Meenzaiepn + 4arnecar + 2775%5‘1% + nznggaf + 8nznga1§a1)U4 +... (329
=0.

By eliminating all the coefficients of U (i = 0,1,2,...,5), we obtain
n=(EC1 + Cy)F
ap = h(&)y + q(§) (3.30)

3
a1 = = 7hCin (01 + Co)* ™,

where Cy and Cy are constants and function h(€), ¢(§) are arbitrary smooth func-
tion of £. Substituting (3.30) into (3.26)) yields

J(€.:2) = hiEy +a(E) — ShCrm (€01 +Co)F U (€0 + o). (331)
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Lemma 3.1 ([]). If U(n) is the solution to the Riccati equation (3.27)), then
the function defined in equation (3.26) is the solution to the symmetry reduction

equation ([3.19).
Applying Lemma the solution of the symmetry reduction equation (3.19) is

(€C1+ )t
1 k0
O — Hl(fcl + CQ)

fo=h(€)y+q(&) - chn/uoul(fcl + Co)F " tan(y/iop (EC1 + C2)* + C),

s = h(€)y +a(€) + KC1y/ i (€100 tanh(y/~jiop (€1 + Ca)* + O).

fi = h(€)y + a(6) ~ FhCu

By applying the symmetric transformation (3.23)), the corresponding solution to
the YTSF equation [3.1]is

vr = =2 (t)z — pa(t)y — ps(t) + h(E)y
(€01 + Cn)* !
+4q(§) — Amc (L + O
vy = —2p;(t)z — pa(t)y — ps(t) + h(€)y + q(§)
— A1 (EC) 4 Cy)F L tan(ky (ECy 4 Co)F + ©),
vz = —2p(t)z — pa(t)y — ps(t) + h(E)y + q(§)
+ Aip(ECT + Co)* T tanh(kp (EC1 + Co)* + C),

where £ = 2 — p(t), A = %kCl, K1 = /o1, and Ko = \/—poft1-
We now solve the symmetry reduction equation (3.25]).

3.2.1. Periodic solution of (3.25)). Using the wave transform

f=pm), n=oar+py+5E, (3.32)

where «a, 8,7y are real constants and substituting (3.32)) into (3.25|), we find that the
function p(n) satisfies the fourth-order nonlinear ordinary differential equation

6a2’yp”p’+a3’yp(4) + 3521)// =0. (333)

Integrating (3.33) once with respect to n and taking the integration constant to be
B, we obtain

3a”p' (n)*+a® ' (n) + 36°p' () + B = 0. (3.34)

By setting dz(:) = q(n), the second order nonlinear ordinary differential equation
reduces to

30%y¢* +a~q" + 38%¢ + B = 0. (3.35)

Multiplying the equation (3.35) by ¢’ and integrating with respect to 7, we will
have

1 / 3
iaqu 2ralyg® + iﬁQqQ + Bg+C=0. (3.36)
Here we use the same idea as that in the method of expanding the elliptic function

mentioned above to obtain the following two types of solutions to equation ((3.36)).
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(1) If the arbitrary constants B and C' satisfy
98* —16a°b*y*(m* —m? + 1) — B12a®r = 0,
216 By2a*
(4a®b?y(2m2—1)+362)’

then the generalized periodic solution can be expressed by the elliptic Jacobi sine
function in the form

(40°b%y(m? + 1) — 38?) (4a®b*y(m*—2) — 38%) =

403b%y(m? + 1) — 332

= —2ab’>m?sn®(b 3.37
611(77) av m-sn ( 777m) + 6a2r ( )

When m — 1, the solution (3.37) reduces to the following shock wave solution

8a3bh?y — 332
g2(n) = —2ab?tanh? (by) + #. (3.38)
In particular, letting b = bi with 2 = —1, the periodic solution is
8ab?y + 3/

q3(n) = 2ab? tan? (bn) + #. (3.39)

(2) If the arbitrarily integral constant satisfies
98* —16a°b*y2(m* —m? + 1) — B12a®r = 0,
216C~2at
(4a3b2v(2m?2 — 1) 4+ 362),

then the generalized periodic solution in terms of the Jacobi elliptic cosine function
is

(40°b%y(m? 4+ 1) — 36%) (4a’b*y(m*—2) — 34%) =

403b%y(2m? — 1) + 352
6a2r ’
When m — 1, solution ([3.40]) reduces to the traveling solitary wave solution

qa(n) = 2ab*m?en®(bn, m) (3.40)

403b%y + 332
= 2ab®sech?(by) — ————5——. 3.41
q5(n) = 2ab”sech” (bn) oy (3.41)
Let b = bi with > = —1, the periodic solution of traveling wave is given by
4 3b2 _ 2
q6(n) = —2absec? (bn) + %. (3.42)

Substituting (3.37)-(3.42) with p(n) = [ ¢(n)dn into (3.23), we deduce the corre-

sponding solution to YTSF equation [3.1] as

vs = 2abE(sn(b(ax + By + v(z — p(t)),m),m)) — p'(t)x — =p” (t)y?
+ ps(ax + By + (2 — p(t))),

(3.43)
, tanhb(az + By +4(z — p(t))) — L
tanh b(aw + By + v(z — p(t))) + 1

P (02— 20" (1) + polo + By + (= — p(t)),

v = ab(2tanh b(az + By + v(z — p(t))) +1

(3.44)

v7 = 2abtanb(ax + By +v(z — p(t))) — p'(t)z
(3.45)

_ %p”(t)yQ —+ p7(Oél' + ﬁy + ’Y(Z 7p(t))),



12 W. CHEN EJDE-2023/82

vs = 2abE(sn(b(az + By + v(z — p(t))), m), m) — p' (t)z
(3.46)

— %p//(t)yz — pslaz + By +v(z — p(t))),

vg = 2abtanhb(ax + By +v(z — p(t))) — p'(t)x
(3.47)
= 37" (Oy* = polaz + By + (2 - (1)),

v10 = —2atanb(ox 4+ By +v(z — p(t))) — p'(t)x
| (3.48)

_ %p/( )y + pro(ax + By + (2 — p(t))),

(3.49)

where E is an elliptic integral of the second kind, p(t) = [ p3(t , and

B 403b? (y(m? + 1) — 3r) — 352 B 80[3627 — 362
P55 = 60[27" ) P66 = 60[27" )
403b%(2y — 3r) + 352 4b2a3(m?(2y — 3r) — v + 3r) + 332
2 ) P8 = 2 )
6a’r 6ar
40362 + 332 B 40362~ — 332
6a2r » PLIO= 6a2r

pr =
P9 =

3.2.2. Variable separation solution to (3.25)). Suppose that (3.25) has a solution in
the form

f& x,y) = g(&) + h(z,y), (3.50)
where ¢g(§) and h(z,y) are functions to be undetermined. Substituting (3.50) into

(B:29) yields

2hgzge + 3hyy =0, (3.51)
from (3.51) we can obtain
h
29¢ = —3722. (3.52)

Take 2g¢ = —a. Then (3.52) will reduce into 3hy, — ahye, = 0, where « is an
arbitrarily non-zero real number. After finding the results of g¢ and h(x,y) in

(3-50)), we obtain

_ 1 _ (Yt Ve yva — Vi3
9(6) = —ya€+Cry h(ey) =r(PE ) s (REOSE) )
where T(@) is an arbitrary smooth function of % and 3(@) is

?n arbitrary smooth function of @ Substituting (3.53)) into (3.50) reduces
0

1 yva + 3z yv/a — V3
fw,y,6) = =506 +Cy —H“(T) +S<T) (3.54)
Substituting into , we obtain
o =~/ (0 20" (07~ 0(z—p(B) + Cr-tr( L2 ja\/gx) a2 \/‘a*/g””).
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3.2.3. Two-wave solution to (3.25). We suppose that

f@,y,8) =g9(n,y), n=kx—c (3.55)
Then the second equation in (3.25)) is reduced to
3Gyy — 3Ck2(g72;)77 - Ck3gnn7m = 0. (3.56)

‘We make the variable transformation
g =2k(Inyp),, (3.57)

where ¢ = p(n,y) is a function to be undetermined. Substituting (3.57) into (3.56]),
we obtain the Hirota bilinear form

(3D;, — ck’D; +2B)(p - ¢) = 0, (3.58)

where B is an integral arbitrary constant.
Then we will seek the two-wave solution to (3.58) in the form

@ = e PLOIHAYFA) L5 cos(po (Al + Ay + Ag)) + GaePrPantAzutAs) (3 5g)
where d;, p; (i = 1,2) are real constants. If we set the integral constant B = 0, then
we obtain

P1P26102(2ck* A\ A (ATPT — Aip3) — 3A2)s) =0,
8102 (ck*(Api(ATpT — 6XIp3) + Aipa) — 3A3pT + 3A3p3) = O,
(67p5 (4ck® Xip3 + 3A3) + 46207 (4ck®Aipi — 3)3)) = 0,

51p1p2(2ek> N3 apt — 2¢k® A1 A3p3 — 3AaN5) = 0, (3.60)

01(ck®(Xip1 — 6ATAIPTPS + Nip3) — 3A3pT + 3A3p3) =0,
S1p1p2(2ck3Ni A apT — 2ck3 N1 A\3p3 — 3ha)s) = 0,

01(ck®(XIpT — 6ATAIPTPS + Nip3) — 3A3pT + 3A3p3) = 0.

Solving , we find ¢ = 12*2k*3)\1_4p1_6 and

0y = 021, Ao =/3(18+ ILS)’ A1 = V3Aip1,

\ 1 T ao (3.61)
5 — @7 b2 = (VA P71,
with 7 =1 — (6p1) =2 # 0.
If [p1| > &, we derive an exact solution to (3.60) as
1
=9 h(hi(V3A — A
1 = 81 cosh(hy (VBAipin + oY T8 (3.62)
+ 2011/7 cosh(p1 (M1 + A2y + Ag) + w1).
If |p1] < 1/6, we derive an exact solution to (3.60) as
1
= 0y cos(ha(V3Mipin + —y + A
72 = brcostha(V3hp + 5oy + ) (3.63)

— 261V —7sinh(p1 (M1 + A2y + A3) + wa),
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where wi = 2 In(677), wo = 2 In(—6%7), hy = /36p? — 1, and hy = /1 — 36p2, Ao
are given in equation (3.61)). Substituting (3.62) and (3.63)) into (3.57) we deduce

1
g1 = A(\/ghl sinh(hl(\/g)\lpm + @y + >\6))
1

+ 2¢/7sinh(p1 (M7 + Aoy + A3) + Wl))
1
- (cosh(hl(\/g)\lpm + @y + X6))

+2/7 cosh(pr (M7 + Aoy + A3) + wl)),

(3.64)

1
go = —A(\/§h2 sin(ha(V3A1p1n + p1 Y + A6))

+2¢v/—7cosh(p; (A1 + Aoy + A3) + w2)) ( )
3.65

1
- (cos(hg(\/g)qpm + @y + X6))

— 2¢/—7sinh(py (A1 + Aoy + A3) + w2))7

where A = 2kA1p;. Substituting (3.64) and (3.65)) into (3.57]), we obtain two-wave
solution of YTSF equation [3.1] as

2 5 V/3hysinh(M) + 2,/7sinh(Ny)

V12 = —p/(t)x - gp//(t)y + A cosh(M)) + 2¢/7 cosh(N;) (3.66)
V13 = —p/(t):c o %p”(t)gf B A\/géljs?mj\;)j\)@) ;MQiTzlilo(i;SVQ)’ (3.67)

where M = hy (V3 \ip1 (kx —c(z—p(t))) + iy + X6, N1 = p1(M(kx—c(z—p(t)))+
Aoy + A3) + w1, Nop1 (A1 (kz — c(z — p(t))) + Aoy + A3) + w2, p(t) = [ ps(t)d(t), and
p3(t) is an arbitrary function of t. Equations and are quasi traveling
wave solutions with respect to the spatial variable x. Figure 5 demonstrates the
evolutionary patterns of the interaction between the kink wave with periodic wave
and the kink wave with Gaussian wave described by equation [3.66

Selecting p(t) = \/%e’%trz in we obtain a composite solution with the

Gauss wave and the kink wave, as is shown in Figure 5(a). The Gauss wave is
combined with the kink wave in the z-direction, and the Gauss wave travel along
the t-direction.

If we choose p(t) = cost in[3.66] we obtain a composite solution with the periodic
wave and the kinked wave, as is shown in Figure 5(b), in which the periodic wave
is combined with the kink wave in the z-direction, and the periodic wave moves
along the t-direction.

4. CONCLUSION

In this study, we constructed a series of exact solutions such as the two-wave
solution, the periodic solution, and the lump solution by using the Lie symmetry
method, the Jacobi elliptic function expansion and the bilinear method. Among
them, the lump solution has a non-singular structure and we have simulated its
dynamical behaviors with the help of computer graphics (see Figures . From
exact solutions we have found, there are two special interactions: one of which is
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FIGURE 5. Kink wave solution (3.66) with k£ = 0.8, ¢; = 6v35

35
AM=Xd=p1=1,A3=-1

the aggregation effect and elastic collision effect between the lump solution and the
soliton wave (see Figure [4)), and the other is the interaction between the kink wave
with the periodic wave and the kink wave with the Gaussian wave (see Figure 5).
Both of them are of great interest in the community of physics and engineering

[16]-[23].
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