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ENTIRE SOLUTIONS TO FERMAT-TYPE DIFFERENCE AND
PARTIAL DIFFERENTIAL-DIFFERENCE EQUATIONS IN C"

HONG YAN XU, GOUTAM HALDAR

ABSTRACT. In this article, we study the existence and the form of finite order
transcendental entire solutions of systems of Fermat-type difference and par-
tial differential-difference equations in several complex variables. Our results
extend previous theorems given by Xu-Cao [49], Xu et al [52], and Zheng-Xu
[65]. We give some examples to illustrate the content of this article.

1. INTRODUCTION AND MAIN RESULTS

It is well known that Nevanlinna theory is an important tool to study value dis-
tribution of entire and meromorphic solutions of complex differential equations (see
[15, 21]). Initially, Fermat-type functional equations were investigated by Montel
[35], Gross [6] [7], and Iyer [I8], independently. In fact, Iyer [18] considered the
Fermat type functional equation

F(2)? +g(2)* =1, (1.1)
and proved that the entire solutions of are of the form f(z) = cosa(z),
g(z) = sina(z), where «(z) is entire function.

Many researchers pay considerable attention to study the existence of entire
and meromorphic solutions of complex difference as well as complex differential-
difference equations, and obtained a number of important results; see [29] [30% [32] [42].
Mainly utilizing difference analogues of Nevanlinna theory, which was developed by
Halburd and Korhonen [8 [0], and Chiang and Feng [3], independently.

In 2012, Liu et al. [30] proved that the Fermat-type difference equation f(2)? +
f(z+¢)? = 1 has the solutions of the form f(z) = sin(az+b), where c¢(# 0), a,b € C,
a = (4k+1)7/2¢, and k is an integer. In 2013, Liu and Yang [27] extended this result
by considering the Fermat-type difference equation f(2)? + P(2)%2f(z +¢)? = Q(2)
where P(z) and Q(z) are two non-zero polynomials.

After that Liu [28], Liu and Dong [31] considered some variations of Fermat-type
equations

FE?+1f(z+0) = f(2)* =1, (1.2)
ai f(2)* + azf(z + ) + asf(2)]* = 1, (1.3)
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[a1f(z4¢) +aof(2)]* + [asf(z +¢) + asf(2)]? =1, (1.4)

and obtained some remarkable results.
Hereafter, we denote z + w = (21 + wi,20 + wa,..., 2, + wy,) for any z =
(21,22, -y 2n), w = (w1, wa,...,wy,) and ¢ = (¢1,¢2,...,¢y,), where z,w,c € C"

except otherwise stated.

Considering equations 7, in 2021, Zheng and Xu [55] extended the
results due to Liu [28], Liu and Dong [31] from one complex variable to several
complex variables, and obtained the following results.

Theorem 1.1. [55] Let ¢ = (c1,c2) € C*\ {(0,0)}. Then there are no transcen-
dental entire solutions f : C2 — PY(C) with finite order for equation (1.2)).

Theorem 1.2. [55] Let ¢ = (c1,c2) € C2\ {(0,0)} and a1, as, a3 be nonzero con-
stants in C. If (1.3) has a transcendental entire solution f : C*> — PY(C) with finite
order, then a? + a3 = a3 and

1

f(z) = —sin(L(z) + @(t) + 4),

1
where L(z) = a121 + aaza, a1,az, A € C, ®(t) is a polynomial in t := caz1 — c122
in C, and L(z) satisfies

L(C) =qic] +ageg =0+ km £ g, tanf = %
ay

Theorem 1.3. [55] Let ¢ = (c1,c2) € C?\ {(0,0)}, a1, a2,as,as be nonzero con-
stants in C, and let D := ayaq — asas #0. If (1.4) has a transcendental entire
solution f : C? — PY(C) with finite order, then a? + a3 = a3 + a3 and

1 . . -
f2) =55 [ — (ag +ia))e" PO (a5 —jgy)e” HETROTD],

where L(z) = 121 + aaza, ay,as, A € C, ®(t) is a polynomial in t := caz1 — ¢122
in C, and L(z) satisfies

eL(c) — eicitanca _ _ag—ar a4 + 102

aq — ia2 as + ial '

As far as our knowledge is concerned, although there are some remarkable results
about the existence and forms of transcendental entire solutions of Fermat-type
difference and partial differential-difference equations in several complex variables
(see [177, [49, (50, 511, [55] 111 12 [14) [45], [13] [47, (48] [46]), the number of results about
the solutions of the system of Fermat-type equations in the literature (see [52]) are
scanty. We would like to discuss some of these results which are relevant to the
content of this article.

Theorem 1.4. [52] Let ¢ = (c1,ca) be constants in C2. Then any pair of tran-
scendental entire solutions with finite order for the system of Fermat-type difference
equations

f1(21,22)2 + (fa(z1 + 1,22 + 02))2 =1
fa(z1,22)* + (fi(z1 +e1, 22 +e2))? =1,
has the following form

(fi(2), fa(2)) = (

eLE@+B1 4 o—(L)+B1) Ay (LE)+B1 | Ao o—(L()+B)
2 ’ 2 )
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where L(z) = a121 + ag2a, By is a constant in C, and ¢, Asy, Aag satisfy one of the
following cases
(i) L(c) = 2kmi, Aoy = —i and Ase = i, or L(c) = (2k + 1)7i, A2; = i and
Age = —i, here and below k is an integer;
(ii) L(c) = (2k + 1/2)mwi, Aay = —1 and Asa = —1, or L(c) = (2k — 1/2)7i,
A21 =1 and A22 =1.

Now, we consider the following systems Fermat-type functional equations on C™.

fi(z1, o z0)? 4+ (Acfa(21, .., 20)) 2 =1

fo(z1, o 20)? F (Acfi(zn, .. 2))2 =1, (1.5)
where ¢ = (¢1,¢o,...,c,) are constant in C™.
aif1(2)* + (asfa(z + ¢) + azfa(2))? = 1 (1.6)
ai f2(2)? + (aafi(z + ¢) + azf1(2))* = 1, .
(arfi(z+¢) + a2 fi(2))* + (asfa(z + ¢) + asfa(2))* = 1 (1.7)
(a1fo(z +¢) + asfa(2))? + (asfi(z +¢) +asf1(2))? = 1, .

where f; : C" — P!(C), j = 1,2, ¢ = (c1,¢2,...,¢,) are constants in C™ \ {0},
a1, asg,as3,ay are nonzero constants in C, and A.f(z) = f(z1 +c1,...2n + ) —
f(#1,...2,) as defined in [20].

Inspired by Theorems [1.1H1.4] one may ask the following questions.

What can be said about the existence and the forms of finite order
transcendental entire solutions for the system of the Fermat-type

functional equations (1.5)—(1.7])?

Can we extend all the results stated above from C2 to C"?

Our main goal is to investigate the existence and form of finite order transcen-
dental entire solutions of system f with the help of Nevanlinna theory
andthe difference logarithmic lemma in several complex variables (see [2] 20]).

We extend Theorems from the complex Fermat-type difference equations
to the Fermat-type system of difference equations. ow we list our main results.

Theorem 1.5. There is no pair of transcendental entire solutions with finite order
for the system of Fermat-type difference equation (1.5)).

Theorem 1.6. Let a1, as,as be three non-zero complex constants in one variable
and ¢ = (c1,...¢y) € C*\ {(0,0,...,0)}. If (f1,f2) is a pair of transcendental
entire solution with finite order of simultaneous Fermat-type difference equation

(1.6), then (f1, f2) takes one of the following forms
(i) (f1,f2) = (% cos(L(z) + ®(z) + A), % cos(L(z) + ®(z) + A+ k)), where

a% =a? + a3, ¥k =1,

il _ @ —dage"
a1 + iazetr ’

where L(z) = >0, a;zj, aj, A€C, j=1,2,...,n, and

(b(z) = Z Hi1,i2 (Cizzil - Ci1zi2)

il,’igzl(il <i2)
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n
+ § Hi17i27i3 (Cizciz Ziy — QCiscil Zip + Ciy Ciy Zis) +e
il,iz,igzl(i1<i2<i3)

+ H(cocs cpnz1 — (n—1)cies - rcpza+ -+ c1ca- - Cp_12n),

where H;, i, 15 a polynomial in c;, 2, — Ciy 2iy, 1 <01 <2 <, Hyy 4,45 05 a

polynomial in ¢;,Ciy2i, —2Ci,Ciy Zig +Ciy CinZig, 1 <41 <2 < i3 <n, ..., and

H is a polynomial in cacs -+ - cpz1—(n—1)c1c3 - - cpza+- - 4c10a - Cp_12n;
(i) (f1,f2) = (i cos(—(L(z)+P(2)+ A)+ k), i cos(L(z) +®(z) + A)), where

L(z) and ®(2) are defined as in (i), and L(2), k,a1,az2,a3 satisfy one of

the following conditions:

(a) e =1, e* = 44 and a; = *(ay + a3).

(b) e = —1, e = +i and a; = +(az — az).

The following examples show the existence of transcendental entire solutions
with finite order for system (|1.6)).

Example 1.7. Let a; = 3, a2 =5, a3 =4 and L(z) = 721 —529. Choose k € C such
that e’* = 1. Also, let ¢ = (c1, ¢, c3) € C3 such that e'(¢) = cos 27'% +isin 2”%,
where tana = 24/7. Let
f cos(Tz1 — bzg + 23 +i(caczz1 — 2¢3¢1 29 + C10223)° + 3)
1= )
3
cos(7z1 — bza + 23 +i(cac3zy — 2c3¢122 + c16223)° + 3 + k)

fa = 3 :

Then, it can be easily verified that (fi, f2) is a solution of (L.6]).

Example 1.8. Let a; = 1, as = —2, a3 = v/3, and L(2) = 21 4 225. Choose k € C
such that e = 1. Also, let ¢ = (c1, ¢2) € C? such that e'*(?) = (1 +4+/3)/2. Then,
it can be easily verified that

(f1(2), f2(2)) = (cos(z1 + 222 + 3),co8(z1 + 222 + 3 + k))
is a solution of (1.6]).

Example 1.9. Let a; = 1, ay = —2, a3 = v/3, and L(z) = 5z, —2z3. Choose k € C
such that e®® = —1. Also, let ¢ = (c1,¢c2) € C? such that eX(®) = (1 —iv/3)/2.
Then, it can be easily verified that

(f1(2), f2(2)) = (cos(bz1 — 222 + 10i), cos(bz1 — 229 + 10i + k))

is a solution of (1.6]).

Example 1.10. Let a; = 12, a = 7, a3 = 5 and L(z) = 21 + iz9. Choose k € C
such that e’* = i. Also, let ¢ = (¢1,¢2) € C? such that €2(®) = 1. Then, it can be
easily verified that

1 1
(f1(2), f2(2)) = (ﬁ cos(—(z1 + izg + 17i) + k), 1 cos(z1 +iz9 + 17i))
is a solution of (1.6]).

Theorem 1.11. Let ay,as,a3,aq be four non-zero constants in C such that a3 +
a3 =d%+aj and D := ayaq — azaz # 0. Let ¢ = (c1,...,¢,) € C*\ {(0,0,...,0)}.
If (f1, f2) is a pair of transcendental entire solution with finite order of Fermat-type

stmultaneous difference equation (1.7)), then one of the following cases must occur.
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(i)

fi(z) = 2_7D[(a3 + ia1e?)elOHATEE) 4 (g3 — g emh)e (B FA+TR(2) (1.8)
-1
fa(z) = E[(ag,ek +iay)ePTATLE) o (ggemk gy )e (EETATRED] (1 9)
where L(z) and ®(z) are defined the conclusion (i) in Theorem such
that
oL(e) — aze® —iay  aze™ —iay  —(ase” +iaz)  —(ase® +iay)
T das —ase® T das —ase™® T as+iarekd T aged +iag

and e?* =1, k € C;
(i)
f1(2’1,22) = E[(az; — iale

fa(z1,22) = 5D

where L(z) and ®(z) are defined the conclusion (i) in Theorem such
that e2L(0) = 1, e?* = —1 and aias = asaq.

Y HEHREITE 4 (g5 4 dayet)em HETRHHO]

[(m2 _ a46k)67(L(z)+<I>(z)+§) + (ias + a4efk)eL(z)+<I>(z)+§]7

The following examples show the existence of transcendental entire solutions
with finite order of the system (1.7]).

Example 1.12. Let us choose a1 = a2 = a3 = 1, ay = —1, L(z) = Z?lezj,
¢c=(c1,¢2y...,¢,) € C™ such that Z?Zl jej = (2m + 1/2)mi, m being an integer,
and ®(t) = (307_, d;j2;)'%, where dj =[]}, ;;c1ca- - ¢j—1¢jp1 -+ ¢n. Let

fi(z) = i ((1 Fi)elD+eE8 | (g _ i)e—(L<z>+¢<z>+3>) ’

1 ; z z - - z z
fa(2) = 7 ((1 F i)l DHREI (1) L)+ >+3)) .
Then one can easily verify that (f1, f2) is a solution of (1.7])

Example 1.13. Let us choose a; = as = ag = 1, ay = —1, L(z) = i(z1 — 22),
O(t) = i(caz1—c122)%, A =3,and ¢ = (c1,c2) € C? such that ¢; +2¢2 = (2m—1/2),
m being an integer. Let

coS (z1 — 29+ (caz1 — 129)° — 3i) + sin (21 — 29 + (coz1 — €122)% — 32’)

fi(z) = 5 ;

cos (zl — 29+ (caz1 — €129)° — 32) + sin (z1 — 23+ (caz1 — €129)% — 32’)

fa(z) = — 5 :
Then one can easily verify that (f1(z), f2(2)) is a solution of ([1.7)

2. SOLUTIONS OF FERMAT-TYPE PARTIAL DIFFERENTIAL-DIFFERENCE
EQUATIONS IN SEVERAL COMPLEX VARIABLES

The study partial differential equations, which is a generalizations of the well-
known eikonal equation in real variable case has a long history [4l [5 [37]. Recently,
many mathematicians have paid considerable attention to the study of entire and
meromorphic solutions of Fermat type partial differential equations in several com-
plex variables; see [25 24 39, [0l 23] B34, [33]). In 1995, Khavinson [I9] pointed
out that in C2, the entire solution of the Fermat type partial differential equation
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f2 + f2, = 1 must necessarily be linear. In view of the result of Khavinson, Xu
and Cao [49] investigated the entire solutions of Fermat-type partial differential-
difference equation
Of(z1,22)\"™
(M> +fm(2’1 +Cl,22+02) = ].7 (21)
82:1

and proved that in C?, Equation (2.1)) does not have any transcendental entire
solution with finite order, where m and n are two distinct positive integers. In
2020, Xu and Wang [51] generalized the result by considering the Fermat-type
partial differential-difference equation

(af(zlazZ) + Of (21, 22
62’1 822
and proved that if satisfies one of the conditions: (i) m > nand (i) n > m > 2,

then does not have any finite order transcendental entire solutions.
In 2020, Xu et al. [52] considered the system of partial differential-difference
equations and obtained the following result.

)>n+fm(21+61722+62) :1, (22)

Theorem 2.1. [52] Let ¢ = (c1,c2) be a constant in C2, and m;,n; (j = 1,2) be
positive integers. If the system of Fermat-type partial differential-difference equa-
tions
(3f1(21,2’2)
621
<8f2(z1, ZQ)
(921

satisfies one of the conditions (i) mimg > ning or (i) m; > 45, j = 1,2, then

ny
) + fo(zr+e, o+ )™ =1

no
) + fi(z1+ 1,22+ c2)™ =1,

the above system does not have any pair of transcendental entire solution with finite
order.

As far as we know, the Fermat-type mixed partial differential-difference equations
in several complex variables has not been addressed in the literature before. To
generalize Theorem [I.5] we consider the partial differential-difference equation

(a0 f1(21, 22) + 607 f1(z1,22))™ + falz1 + €1, 22 + 2)™ =1,

(2.3)
(a0" fa(21, 22) + 607 fa(z1,22))™ + fi(z1 + c1, 22 + ¢2)™ =1,

where

M f; (21, 22) M1 fi(z1, 22)
0211025 3z1ﬂ1 8,2262

with I = (a1, a2) and J = (f1, f2) are multi-index with I # J, where aq, s, (1,
and (2 are non-negative integers and a,b € C, not both zero. We denote by | I | to
denote the length of I, that is, | I |= a; + as. Similarly, for J also.

As a matter of fact, we prove the next result for any order Fermat-type partial
differential-difference equation .

0" fi(21,22) = and 07 f(21,22) =

Theorem 2.2. Let ¢ = (c1,...¢,) be a constant in C" and m;, n; be positive
integers with j = 1,2. If the Fermat-type simultaneous partial differential-difference
equation satisfies one of the following conditions:

(1) mims > Ning;,

(ii) m; > %, forn; >2,j=1,2,
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then (2.3) does not have any pair of finite order transcendental entire solutions of

the form (f1, f2).

The following example shows the existence of finite order transcendental entire
solutions of system ([2.3) when n; = ng =2 and m; = mg = 1.

Example 2.3. Let us consider the following particular type of system of equation

of .

82
e A
023 A
0 fy (2.4)
(TZ%) +f1(Z+C) =1.
Let ¢ = (c1,c2) € C? be such that ¢; = 0 and 2 = % Let
1 1 2 z 2z
fi(z1,22) = fa(z1, 22) = Z1+ i R e
144
Then one can easily verify that (f1, f2) is a solution of (2.4]).
Example 2.4. Let ¢ = (c1,c2) € C? be such that ¢; = 0 and 2 = —%. Let
fi(z, 2 ):—i 4—1226@ 9e?72 41, fo(z1,20) = ! —z +122 72 _0e?72 11,
1(<1y <2 144 2 1 ) 2\<1, <2 144 1

Then one can easily verify that (f1, f2) is a solution of (2.4]).

3. PROOF OF MAIN RESULTS

First, we present here some lemmas which play key role to prove the main results.
Lemma 3.1 ([16]). Let f; #0 (j =1,2,...,m; m > 3) be meromorphic functions
on C" such that f1,..., fm—1 are not constant, f1+ fo+---+ fin = 1 and such that

m 1 o
> A{Nua(r, 7) + (m = 1)N(r, f;)} < AT(r, f;) + O(log™ T(r, f;))
j=1 /

holds for 5 = 1,...,m — 1 and all v outside possibly a set with finite logarithmic
measure, where A < 1 is a positive number. Then f,, = 1.

Lemma 3.2 (|22, 38, 41]). For an entire function F on C", F(0) # 0 and put
p(np) = p < oco. Then there ewist a canonical function fr and a function gp € C™
such that F(z) = fr(2)e9**). For the special case n = 1, fr is the canonical
product of Weierstrass.

Lemma 3.3 ([36]). If g and h are entire functions on the complex plane C and
g(h) is an entire function of finite order, then there are only two possible cases:
either

(i) the internal function h is a polynomial and the external function g is of
finite order; or

(ii) the internal function h is not a polynomial but a function of finite order,
and the external function g is of zero order.
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Lemma 3.4 ([I, 54]). Let f be a non-constant meromorphic function on C" and
let I = (aq,...,04) be a multi-index with length |I| = Z?zl a;. Assume that
T(ro, f) > e for some ro. Then

m(r,a;f> =S5(r, f)

for all r > 1y outside a set E C (0,400) of finite logarithmic measure, fE & < oo,

t
I ol
where 0" f = DT

Lemma 3.5 ([2} 20]). Let f be a non-constant meromorphic function with finite
order on C™ such that f(0) # 0,00, and let € > 0. Then for c € C",

() el i) st

for all r > 1o outside a set E C (0,400) of finite logarithmic measure, fE T < oo.

Lemma 3.6 ([16]). Let f;(#0), j =1,2,3 be meromorphic functions on C™ such
that f1 is not constant. If f1 + fo+ f3 =1, and if

m 1 o
Z {N2(Ta ,]T) + 2N(’I", f])} < )\T(T, f]) + 0(10g+ T(T7 fj))7

=1 /

for all r outside possibly a set with finite logarithmic measure, where A < 1 is a

positive number, then either fo =1 or f3 =1.

Proof of Theorem[1.5. Suppose that (f1, f2) is a pair of transcendental entire func-
tions with finite order satisfying system ([1.5). We write (|1.5)) as follows:

(f1(2) +i(fa(z + ¢) = f2(2))) (f1(2) —i(f2(z + ) = fa(2))) =
(fa(2) +i(f1(z + ¢) = f1(2))(f2(2) —i(fr(z + ) = f1(2))) =1

Since f1, fo are transcendental entire functions with finite order, there exist poly-
nomials p;(2), p2(z) in C™ such that

AE) +i(f2(z+¢) — fo(z) = e

f1(2) —i(fa(z + ) = fa(2)) =

fo(2) +i(fi(z +¢) — fi(2)) = e
)=

(3.1)

(3.2)
fo(2) = i(f1(z +¢) = fi(z)) = e 720,
In view of , we obtain
fi2) = () 4 en)
falz +¢) = fol2) = o=(MD) — 1)
2 (3.3)

fa(2) = %<e”2<z> +e )

1
fi(z+¢) = fi(z) = = (P — e7P2(2)),
After simple calculations, it follows from (3.3)) that

21
—ieP2(2)+p1(zt+c) _ ;op2(2)—pi(2+0) + ieP2()+p1(2) + jeP2(2)—p1(2) + e2p2(2) — q (3.4)
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and
—jePr()Fp2(zte) _ opi(2)=pa(zte) 4 op1(2)+p2(2) | jop1(2)—p2(2) 4 o2p1(2) — (3.5)

Now, we consider the following two possible cases.

Case 1: Let pa(z) — p1(2) = k, where k is a constant in C. Then it follows from
(3-4) and (3.5) that

_Z-epl(z)—i-pl(z—i-c)—l-k _ iepl(z)—pl(z+c)+k + Z'e2p1(z)+k + 62p1(2)+2k -1 iek

7i6p1(z)+p1(z+c)+k 7 ,L-epl(z)fpl(erc)fk + i62p1(2)+k + 62;01(2) - 1_ ie*k, (36)
First we consider that e¥ # +i. Then, we obtain from (3.6] that
-k -k S kY ok
T mmre) | T @) miere | (HE)E apy _
1 — ek 1 — ek 1 — ek (3.7)
-k -k -k :
T pm@mGte . T pie) et | LEC o)
1—dek 1—dek 1 —de~k
By Lemma we obtain from (3.7) that
-k
T pi)mi(ete) _
1 —iek ’
. (3.8)
e eP1(2)—pi(z+e) — 1
1—dek
It follows from (3.7)) and (3.8]) that
e P1(2)+pi(zte) — 1 _ ok
e_pl(z)"l‘Pl(Z"rC) —1—ie k. (39)

It follows from (3.8) and (3.9) that —ie™" = (1 —ie~*)(1 — ie*), which yields that
ieF = 0, a contradiction.
Next, suppose that e¥ = —i. Then from (3.6]), we obtain that

e P1(2)Hp1(zte) 4 o—=(p1(2)+pi(z+e)) — _9
This implies that
T(T, e—(p1(2)+p1(2+0))) _ T(r7 e—Pl(Z)+P1(Z+C)) + S(T, e—P1(2)+P1(Z+0)).

By the second fundamental theorem of Nevanlinna for several complex variables,
we have

T(r, e @ EHPGEN) < N (p, e~ P1FmE4)) LN (r

1
e~ (P1(2)+p1(z+c)) 4 9

) + S(T’, 67101(2)+p1(z+c))

1
’ e—(P1(2)+p1(Z+C)))

+ N(T’ ) + S(r7 67(1’1(2)+P1(z+c)))

<N e—P1(2)p1(2+0)

< S(’I", e_(Pl(Z)+P1(Z+C))) + S(T, 6—101(2)-1‘171(2-%-6))7
which implies that p;(z) is a constant, which is a contradiction. Similarly, we can

get a contradiction for the cases e = i.

Case 2: Let p2(z) — p1(2) be non-constant. We consider the following two possible
subcases:
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Subcase 2.1 Let pa(z) + p1(2) = k, where k € C. Then, from (3.4]) and (3.5)), we
obtain

Z'ekepl(z-‘rc)—Pl(Z) + Z'eke—(Pl(z)-‘rPl(Z-‘rC)) _ (Z + ek)eke—Qpl(Z) — iek -1

Z-ekepl(z)fpl(z+c) + Z-efkepl(z)+p1(z+c) o (ieik + 1)e2p1(z) _ iek _1 (310)

Observe that ¥ # —i. Otherwise, it follows from ([3.10]) that e2P1(*+¢) = —1, which
implies that p;(z) is constant, a contradiction. By Lemma we obtain from

(B.10) that

iekep1(zHoa)—pi(z) — ;b _q

A1
jekept(F)—pi(zte) — jok _ 1 (8-11)
In view of (3.10]) and (3.11]), we obtain that
je—P1(zHe)+pi(z) — 4 ek
(3.12)

je ke P12 tpilate) — jo=hk 4 1,

It follows from (3.11)) and (3.12)) that e = —i/2 = —2i, which is not possible.
Subcase 2.2 Suppose p2(z) + p1(z) is non-constant.
Subcase 2.2.1 Let pa(z) — p1(z + ¢) = k1, a constant in C. Then (3.4) reduces to

—jeP2()Fpi(zte) 4 jop2(2)+p1(2) 4 jep2(2)—pi(2) 4 o2p2(2) — 1 4 jeka . (3.13)

If 1+ ie* = 0, then it follows from (3.13)) that

eP1(zHe)=p1(2) _ o=2p1(2) _ jop2(2)=p1(2) — 1 (3.14)

By Lemma it follows from that eP1(3+9)=P1(2) = 1 which implies that
p1(z + ¢) — p1(z) =constant. Then, we can assume that pi(z) = L(z) + ®(2) + &,
where L(z) = Z?:l a;z;, ®(2) is a polynomial defined in (i) in Theorem Hence,
p2(z) = L(2) + ®(2) + L(c) + £ + k1. But, then pa(z) —p1(2) = L(c¢) + k1 =constant,
which is a contradiction. Hence, 1 4 ie*t # 0.

In view of Lemma it follows from that —ieP2()tri(zte) — 1 4 jekr,
This implies that pa(2) 4+ p1(z + ¢) = ko, a constant in C, say. But then py(z) =
(k1 + k2)/2 =constant, which is a contradiction.

Subcase 2.2.2 Let pa(z) — p1(z + ¢) be non-constant. Then, by Lemma it
follows from (3.4]) that

—jer2(tpr(ate) — 1 (3.15)

which yields that pa(z) + p1(z + ¢) is constant, say ke. In view of (3.4]) and (3.15)
that

_jep1(2)=pi(z+4c) + je2P1(2) + eP2(2)+pi(z) — (3.16)

By Lemma it follows from (3.16)) that —iePr(*)=P1(>+¢) — _; which yields that
p1(z) — p1(z + ¢) =constant, say ks. But then, pa(z) + p1(z) = k1 + k3 is constant,
which is a contradiction. This completes the proof of the theorem. ([

Proof of Theorem[I.6. As we know the entire solutions of the functional equation
f?+g® =1are f = cosa(z) and g = sin a(z), where a(z) is an entire function. If f
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and g are finite order entire functions, then p(z) must be a non-constant polynomial
(see [6] 7, [35]). In view of the above fact, we easily obtain from (|1.6) that

%( ) 4 omine)
(z) = ( ip1 ( )_e*im(Z)>

a1 fa(2) = % ( ip2(2) | o—ima(z >)
(2) =

( ipa(z) _ efim(Z))’

a1 fi(z) =

asfa(z 4+ ¢) + asfa 517
3.17

azfi(z+c) +azfi

where p1(z), p2(z) are two non-constant polynomials in C”.
After some simple calculations, from (3.17) we obtain

_ 102 ipa(2) 4o (240)) _ 192 Li(pa(x)—pr(z+e)) _ 193 i(pa(2) 1 (2)

“ “ “ (3.18)

_ 188 i(pa(2)-p1(2)) y 2im2(2) — q
a1

and

_ 192 iy (2)4pa(ate)) _ 192 i(pr (2)—pa(zte)) _ Y03 i(p(2) (=)

“ “ “ (3.19)

_ 8 i () -pa(2) . 2im (=) _ .
ai

Now, we consider the following possible two cases.

Case 1. Let pa(z) — p1(2) = k, a constant in C. It follows from (3.18]) and (3.19)
that

_ mzei(p1(2)+p1(Z+C)) _ ia2€i(p1(z)*p1(z4r6)) _ (iag _ aleik) e2ip1(2)

" (3.20)
=aie ¥ +ias

and

— jage’ i(p1(2)+p1(z+c)) _ iaze*%kei(m(z)*pl(erC)) _ (iag _ aleﬂ‘k) e2ip1(2)
" " (3.21)
= (a1 + iaze” " )e*’ .

e* #iay /a3, —ias/ay, then by Lemma | it follows from (3.20) and (3.21) that

_m2€i(p1(2)—p1(2+0)) — ale_ik +ias

22
—iagetP1(B)=p1(ate)) — g ok 4 g (3.22)
In view of (3.20)), (3.21) and (3.22)), it follows that
—iage!(TP1(2)p1(zte)) ias — ae™®
, , (3.23)
—iaye!CP1EFPL(ERE) — g g e

In view of (3.23]), we conclude that p;(z + ¢) — p1(2) is constant, and hence we can
assume that pi(2) = L(2) + ®(2) + &, where L(2) = }37_ ajz; with o;,§ € C,
j=1,2,...n, and ®(z) is a polynomial defined in (i) in Theorem
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Therefore, from (3.22)) and (3.23)), we obtain that

—iage ") = g~ 4 ias,

—iage O = g etk 4 ias, 394
—iage't©) = ias — alei’“, (3:24)
—iase™(©) = jaz — aje” .
It follows from that
PR 1, E—ad4ad, PO — _%.
a1 + taze’

It follows from (3.17)) that the solution of the system ([1.5) is

(F1(2), £2(2)) = (5= cos(L(2) + B(2) + ), - cos(L(2) + B(2) + €+ ).

ay ai

Case 2. Let pa(z) — p1(2) be non-constant. We discuss the following two possible
subcases:

Subcase 2.1 Let p2(z) + p1(z) = k, a constant, k € C. Therefore, from ([3.18]) and
(3.19), we obtain

_ iazei(—pl(z)+P1(2+C)) _ iaze—i(m(z)-i‘m(z-i-c)) _ (iag _ aleik) e 2ip1(2)

— ane ™+ iag (3.25)
and
—agetP1()=pi(te)) G o2k pi(p1(2)+p1(2+e))
_ (Z‘age—z’k —ay) e~k (2) = g e~k | g (3.26)
If aje™* +iasz = 0, then it follows from that
i (P1(2)+p1(z4e)) 4 pilpr(2)—pi(z+e)) — w, (3.27)

ik_;
where w = “<-=%2_ Observe from (3.27) that

_ 1 _ 1 -
_ I N i(p1(2)—p1(z+c))
N (’"’ i (P10 — w) =N (T’ ei<p1<z>—p1<z+c>>) =5 (T’e )

By the second fundamental theorem of Nevanlinna for several complex variables,
we have

. o 4 B 1
ip1(2)+p1(2+c)) i(p1(2)+p1(z+c)) 1
T(T, e ) < N(T, e ) + N(T, ei(Pl(z)erl(erc)))
— 1 |
i(p1(2)+p1(z+c))
+ N(ﬂ ei(P1(2)+p1(z+c)) — w) + S(’r, e )

< S(T’ ei(m(Z)Hn(erC))) 4 S(T’ ei(m(Z)*m(zﬂ))).

This implies that p; is a constant, which is a contradiction. Therefore, a;e™ " +
tag # 0. By Lemma we obtain from (3.25)) and (3.26)) that

,ia2ei(fp1(Z)+p1(Z+C)) — alefik + ias,

R CIOR SICERO) S (3.28)
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In view of (3.25), (3.26) and (3.29), we have

,Z‘CLZei(m(Z)*Pl(Z+C)) =ias — a162k7

—iapet P FPLET)) — a. g etk (3.29)
In view of (3.28]), we conclude that p;(z 4+ ¢) — p1(2) is constant, and hence we
can assume that py(z) = L(z) + ®(z) + &, where L(z), ®(z) are defined in Case 1.
Therefore, pa(z) = —(L(z) + ®(2) + &) + k It follows from (3.28)) and (3.29)) that

iL(c) _ ale—zk + ias,

—tage

—iage ) = g e 4 ias, ( )
) ) 3.30

—iage (@) = ias — alelk,

—iase'9) = jaz — aje'*.
In view of , it follows that
L@ =1 2k =1 42 =(a; +a3)’
In view of , the solution of the system is

(F10f2) = (- coslL(2) + B(2) + €], - cos(~[L(2) + B(=) + €] + B).

Subcase 2.2 Let pa(2) + p1(2) be non-constant. Now, if pa(z) — p1(z + ¢) is non-
constant, then by Lemma (3.1} we obtain from (3.18) that age?®2(2)+Pi(z+e)) — g,
which yields that pa(z) + p1(z + ¢) is constant, say k € C. It follows from (3.18)
that "
i P1(2)=p2(2)) | =i(pr(2)Hpa(2) — 91 T 192€ (3.31)
1:as
Clearly, a; — iaze™™* # 0. Otherwise, it follows from (3.31)) that p;(z) is constant,
which is a contradiction. In view of (3.31]), we observe that

N(’I“ X ! . — ) = S(’I" e_i(pl(z)+p2(z))>.
" e—i(p1(2)+p2(2)) _ w1—iaze="k 7

1as

By the second fundamental theorem of Nevanlinna for several complex variables,
we have that

T (r, e—z‘(pl(zmaz(z)))

. 1
—i(p1(2)+p2(2)) — T
< N(r,e ) + N(r, efi(pl(z)erz(Z)))

1 .
V(= e ) + S e @)
e—i(p1(2)+p2(2)) — #

< S(r,e—i(m(Z)-&-m(Z))) 4 S(r, ez’(m(z)—m(z))),

This implies that p;(z)+p2(2) is a constant in C, which contradicts our assumption.
Thus, p2(z) — p1(z + ¢) is a constant in C.
Let pa(z) — p1(z +¢) =k, k € C. Then (3.18) reduces to

el P2RAPLEH) o im2(D4P1(2)) g pie(2) =P () | g p2iPa(2)

, 3.32)
= aj + iage’™. (
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If a1 + iage™ = 0, then using Lemma we obtain from that aq + iase’™® =
—iage’(P2(2)+P1(24¢) " which implies that py(z) + pi(z +¢) = ki € C. But, then
2pa(z) = k + k1, a constant in C, which contradicts to the fact that ps(z) is non-
constant. Thus, a; + iage’* = 0. Then after simple computation, equation
reduces to equation . Then, by similar argument, we can get a contradiction.

O

Proof of Theorem [1.11 Assume that (f1, f2) is a pair of transcendental entire solu-
tion of (L.7) with each f; of finite order for j = 1,2. Then, by an argument similar
to the one in the proof of Theorem we obtain

1

a1 fi(z +¢) +azfi(z) = 3 (epl(z) + e_pl(z))
1

a3f2 (Z + C) + a,4f2(z) 5 (epl(z e Pt (z))
1

afalz+0) + arfa(z) = 5 (e 4 e,

1
asfi(z+c¢) +asfi(z) = 5 (ep2( z) _ e*pz(2)>’

where p1(z), p2(z) are two non-constant polynomials. Since D := ajaq — agas # 0,
solving the above system of equations, we obtain

1
filz+¢) = 5D <a4(ep1( 2 4 e*pl(z)) + iaz(e”(z) - efpz(z))), (3.33)
1
fi(z) = 5D (ag (epl(z) + e‘pl(z)) + iay (epz(z) — e_pz(z))) (3.34)
1
foz4¢) = ) (a4 (em( z) 4 e*pz(Z)) + ias (epl(Z) _ e*m(Z)))’ (3.35)
1
falz) = —5 (a3 (epz(Z) + epr(Z)) +iay (epl(Z) _ 67p1(2))>' (3.36)
It follows from (3.33) and (3.34) that
a36p1(z+0)+pz(Z) +a36—p1(z+6)+p2(2) +ia16p2(z+c)+p2(z)
_ iale_p2(2+c)+p2(z) + a4eP2(Z)+P1(Z) + a4e—P1(z)+P2(Z) + 7;a262172(z) = ias. (3.37)
From (3.35)) and (3.36)), we obtain that
a36p2(z+6)+p1(2) +a367p2(z+0)+p1(2) +mlep1(?:+c)+p1(2)
(3.38)

_ iale—p1(2+0)+p1(2) + a4€p1(2)+p2(2) + a4ep1(2)—p2(2) + m262p1(2) = jas.

Now, we consider the following two possible cases.
Case 1. Suppose p2(z) — p1(2) = k, where k is a constant in C. Then (3.37) and
(3-38)), respectively, yield

ek (a3 + ialek) eP1(2)+p1(z+c) + (a3ek _ ial) eP1(2)=p1(z+¢) (3 39)
+éF (a4 + iagek) e2P1(z) — (iag — a4ek) .

and
(agek + ial) ePr()Fpi(zte) (agefk _ ial) eP1(2)—p1(z+c)

3.40
+ (ase” +ias) e2P1(2) = (ias — ase ™). (3.40)
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Now, we show that all of as + ia1e”, ase® —ia1, as + iase®, ias — ase®, aze® +iaq,
ase™® —iaq, ase® + ias, and ias — ase” " are non-zero. Suppose as + iare® = 0.
Then, clearly, ay + iaze? # 0. It follows from (3.39) that

(agek — ial) ePr()—pi(zte) 4 ok (a4 + iagek) e2P1(2) — ja, — age®. (3.41)

Since a4 + iage® # 0, it follows from (3.41) that aze® —ia; # 0. Otherwise, p;(z)
would be constant, which is not possible.
Also, it is clear that ias — ase” is non-zero. Otherwise, then we must have from

(BAT) that

k .
_<w)e—<m<z>+pl<z+c>> -1
a4 + iagek ’

which implies that p;(z) + p1(z + ¢), and hence p;(z) is constant, which is a con-
tradiction.

In view of (3.41]),
T(T, epl(z)*Pl(ZvLC)) — T(T, 62171(2)) + S(r, 62171(2)).
Since p1(z) is a polynomial, it is easy to see that
1 1
- )= (2)—p1(24e)) — _ - )= (2)
N(r, epl(z)_pl(z+c)) = N(r, ePt p1 ) = N(r, 62p1(z)> = S(r, eP1 )

Then, in view of (3.41]) and using the second fundamental theorem of Nevanlinna
in several complex variables, we obtain

1

p1(2)—p1(z+c) -
T(T’ € ) < N(T’ ep1(z)—p1(z+c)

) + N(r,en(G)-mi(=+e)

1
p1(2)—p1(z+c)
+ N(ﬁ ep1(2)—p1(z+c) _ a) + S(r,e 1 1 )

< S(n P ()P4 | g (1, e2p1(Z)>)

where a = (iaz — ase®)/(aze? —iay). This implies T(r, 1)) = o(T(r,e’"12))),
which is not possible as e?1(?) is transcendental entire. We conclude that as+a;e* #
0. Similarly, we can prove that the others are also non-zero.

In view of Lemma from (3.39) we obtain that

k; .
(7736 - w;)epl(@—m(”c) ~1. (3.42)
19 — Qg€
In view of (3.42) and ([3.39)), we have
ok
_<a3 + z.a1e )e—pl(z)+p1(z+6) —1 (3.43)
a4 + iagek
Again, in view of Lemma from (3.40) we obtain that
k

(?367 — ’L-al)epl(z)fpl(zH’C) - 1. (344)
iag — age™k

Using ({3.44) in (3.40)), we obtain that

k .
. <a36 + Z.al )e—pl (2)+p1(z+c) =1. (3.45)
ase® +ias
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In view of the fact that D # 0, from (3.42) and (3.44)), we obtain e* = 1. Multi-
plying (3.42)) and (3.43), we obtain

((a3 +a3) — (af + ag))ek +i(azas — aras)(e®* —1) = 0.
As e?! = 1, the above equation yields
a%—l—ai :a%—i—ag.
In view of , we conclude that p;(z) —p1(z+c¢) is constant. Thus, we can write
p1(z) = L(2) + @(2) + A,

where L(z) = Z?Zl oz, aj,A € C, j =1,2,...,n, and ®(z) is a polynomial
defined in in Theorem [L.6{i). Therefore, from (3.42)), ([3.43), (3.44). and (3.45)), we
obtain

L) _ ase® —ia;  aseF —iay . —(age’ +ias) _ —(age’ 4 ias)

iae — ase®  ias — ase™F as + iaer azer +iay

Case 2. Let p2(z) — p1(z) be non-constant. We consider the following subcases:

Subcase 2.1 Suppose pa(z) + p1(z) = k, where k is a constant in C. Then from

and , we obtain
(aze® —iay) e~ P1(2)Fpi(ate) 4 ok (a3 + iare®) e~ (P1(2)+p1(2+40))
+ ¥ (ag + iage®) e 2112 (3.46)
= (ia2 — a4ek)
and
(a3ek 71‘@1) eP1(z)=pi(z+e) (agefk +Z-a1) eP1(2)+p1(z+e)
+ (iaz + ase™¥) e1(2) (3.47)
= (iag — a4ek) .
In a similar manner as in Case 1, we can prove that asek —iaq, a3+ialek, ay —H'agek,
tag — a4ek, ase” % + ia1, and iag + ase” % are non-constant.

As p1(#) is a non-constant polynomial in C?, in view of Lemma3.1] and equations

(3.46)) and (3.47), we obtain that

(agek _ ial) e~ P1(2)+p1(z+e) _ iag — a4ek,

3.48)
(aze® —iay)ePrF)—PEFe) — gy — g ek, (
In view of (3.46)), (3.47), and (3.48)), we obtain that
— (a3 +iarek) e =P = g4 4 jayek,
(3.49)

— (a3e_k + ial) ePr () =p1(2) — o0 4 jgueF.
Since p;(z) is a non-constant polynomial in C2, it follows from (3.48)) that p;(z +
¢) — p1(z) = k, a constant in C. This implies that p1(z) = L(z) + ®(2) + &, where
L(z) = >_7_; a;zj, ®(z) is a polynomial defined in (i) of Theorem &, o are in
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C, j=1,2,...,n. In view of the form of p;(z), we obtain from (3.48)) and (3.49)
that
(agek - ial) el©) = gy — age”,

(agek — ial)e_L(C) = jas — age”,
(3.50)
- (ag + ialek) e L) — g, + iasel,
— (age"C + ial) e = jay +iage".
Now, in view of equations of , we can easily obtain that
A =1, =1, a?4d=d3+d2, aiaz = asay.

Thus, in view of and , it follows that

fi(z1,22) = % [(a3 — iage R+ 4 (g5 4 ialek)e*(L(qu’(z)ﬁ)]
and

fa(z1,22) = % [(iaz — ageR)e” EEHETO 4 (g, 4 a4efk)eL(Z)+q>(z)+§].

Subcase 2.2 Let ps(z) + p1(z) be non-constant.

Subcase 2.2.1 Let p1(z + ¢) + p2(2) = k € C. Then, clearly —p1(z + ¢) + p2(z)
is non-constant. Otherwise, we obtain that ps(z) is constant, a contradiction. It

follows from ([3.37) that

a3e*P1(z+C)+P2(z) + ialem(erC)ﬂm(Z) _ ialem(Z)*pz(ZnLC) + a46P1(2)+P2(z)

3.51
+ ageP?BP12) 4 ia,e2P2(2) — gy — ggeb. ( )
Subcase 2.2.1.1 Let iay — aze® = 0. Then equation (3.51]) reduces to
ialepz(z-i-c)—m(z) _ iale—[P2(Z+C)+P2(Z)] + a4epl(2)—m(z) + a4e—[P1(z)+P2(Z)]
. (3.52)
= —(iag + age™").
Subcase 2.2.1.1.1 Let iay + aze " = 0. Then (3.52) becomes
ialepz(2+0)+p1(2) _ ialepl(z)_pz(z"'c) + a4e2p1(2) = —ay. (3.53)
In view of Lemma it follows from ([3.53)) that either
iapeP2Frtnle) — g, (3.54)
or
_ialefpz(erC)ﬂn(Z) = —ay. (3.55)

First, we assume that (3.54) holds. Since p1(z), p2(#) are non-constant polynomials
in C2%, it follows from (3.54)) that pa(z + ¢) + p1(2) = k1, a constant in C. As
p1(z + ¢) + p2(z) = k, it follows that p1(z + 2¢) — p1(2) = k — k1. Then, we may
assume that p1(z) = L(z) + ®(z) + &, where L(z), ®(z) are defined in the Theorem
[1.6]i). Hence, pa(2) = —[L(2)+®(2) +&]+k— L(c). Thus, p1(2) +p2(2) = k—L(c),
a constant in C, which contradicts to our assumption. In a similar manner we can
obtain a contradiction for the case .

Subcase 2.2.1.1.2 Let ias + aze™® # 0. Then in view of Lemma it follows
from (3.32)) that

iaqeP?(zHe)—p2(2) — —(iag + age*k). (3.56)
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Therefore, in view of (3.32) and (3.56]), we obtain that
—iaye PR g o2 — g (3.57)

In view of (3.57)), we observe that

1 1
_ _ —p2(z+c)+p1(2))
N(r, TNE 1) = N(r, efpz(z+c)+p1(z)) =5(r,e ).

Now, by the second fundamental theorem of Nevanlinna for several complex vari-
ables, we obtain that

T(r, ezpl(z))

< N(r7 ezpl(z)) + N(r ) + S(r, 62”1(2))

1 1
’ 62171(2)) + N(r, e2r1(2) 41
< S(T7e—p2(2+0)+p1(z))) + S(T, 62101(2))_

This implies that p;(z) is constant in C, which is a contradiction.

Subcase 2.2.1.2 Let iay — asze® # 0. Then, in view of Lemma we obtain from
that —ia;e P2(*+)+r2(2) = jqy —ageF. This implies that —py(z4¢)+pa(2) =
k1, a constant in C. As p1(z + ¢) + p2(2) = k, it follows that pi(z 4+ ¢) — p2(2) =
p1(z) — p2(z) = k + k1, which is a contradiction.

Subcase 2.2.2 Let p;(z + ¢) 4+ p2(z) be non-constant.

Subcase 2.2.2.1 Let —p1(z + ¢) + p2(z) = k, a constant in C. Then, from (3.37)),
we obtain that

a36p1(2+c)+p2(z) +iapeP2(FHAtPa(2) _ g op2(2)=p2(ate) 4 g op1(2)+p2(2)

+ ageP2 7P o) — g, — agek.

Then by an argument similar one used in Subcase 2.2.1.1 and Subcase 2.2.1.2, we
can easily obtain a contradiction.
Subcase 2.2.2.2 Let —p;(z + ¢) 4+ p2(z) be non-constant. Then, in view of Lemma
it follows from ([3.37) that

—iayeP(F)TP2(Ere) — g, (3.58)
As pa(z) is a non-constant polynomials in C?, it follows from (3.58)) that pa(z) —
p2(z 4 ¢) is a constant in C. Thus, pa(z + ¢) + p1(2) and —pa(z + ¢) + p1(z) both

are non-constant.

In view of Lemma [3.1] it follows from (3.38) that
—jaje P (Ftotr(z) — g, (3.59)

Substituting (3.58) in (3.37]), we obtain

a3€p1(2+C)—p2(Z) + a36_(P1(Z+C)+P2(Z)) +Z~alep2(z+6)—p2(2) + a4ep1(2)—pz(Z)

+age P tP2(2) — g4, (3.60)
Substituting (3.59) in (3.38)), we obtain
a36P2(2+c)—P1 (S age_(Pz(z+C)+p1(z)) + ia16p1(2+c)_p1 = 4 a46p2(z)_p1(z)
(3.61)

+age” P12+ P2(2)) — g,
Again, in view of Lemma [3.1] it follows from (3.60) that

iayeP2(FTI=P2(2) — g, (3.62)
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Substituting (3.62)) in (3.60)), we obtain

azePr(FHOF(z) g epi(2)=pi(ete) 4 g 2m1(2) = g (3.63)
In view of Lemma we obtain from that
jaePrFtO—m) — o0 (3.64)
In view of Lemma we obtain from that
agePr (P —pilte) — g (3.65)
Substituting in , we obtain that
azePrFHI—nx) — g, (3.66)

In view of (3.59)), we conclude that —p1(z 4 ¢) + p1(z) must be constant in C. This
implies that p1(z) = L(2) + ®(z) + &, where L(z),®(z) are defined in Theorem
(i). Therefore, in view of (3.59)), (3.64), (3.65) and (3.66)), we obtain that

L(c)

—iare 1) = ias, —ia1e”® =iay, aze” —ay, aze©) = —q,.

From the above fours equations, we can easily obtain that D = 0, which contradicts
to our assumption. O

Proof of Theorem[2.2. Using Lemmas [3.4] and the proof of this theorem can be
carried out with arguments similar to those in the proof of [62, Theorem 1.1]. O

Concluding remark and an open question. Observe that if p(z) = L(z) +
D(z) + &, where L(z) = E?Zl a;z; and ®(z) is defined as in the conclusion (i) of
Theorem[L.6] then p(z-+c) —p(z) must be a constant in C, ¢ = (c1, ¢z, ..., ¢,) € C",
§a; € C, j =1,2,...,n. But, we are still unable to prove the converse part.
Therefore, we pose the following open problem.

What will be the exact form of the polynomial p(z) : C* — P*(C) if
it satisfies the relation p(z+c)—p(z) = &, where ¢ = (¢1,¢2,...,¢p) €
C™ and £ € C?
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