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NODAL SOLUTIONS FOR NONLINEAR SCHRODINGER
SYSTEMS

XUE ZHOU, XIANGQING LIU

ABSTRACT. In this article we consider the nonlinear Schrodinger system
k
2 .
7Auj' + )\j’u]’ = Zﬁ”ul uj, In Q,
i=1

uj(z) =0, ondQ, j=1,...,k,
where Q C RN (N = 2,3) is a bounded smooth domain, A;>0,5=1,...,k,
Bij are constants satisfying 8;; > 0, B;; = Bj; < 0 for 1 <i < j < k. The
existence of sign-changing solutions is proved by the truncation method and
the invariant sets of descending flow method.

1. INTRODUCTION

We consider the nonlinear Schodinger system

k
7A’U,j + )\j’ll,j = Zﬂiju?uj, in Q,
v (1.1)
uj(z) =0, ondQ, j=1,...,k,

where Q C RY (N = 2,3) is a bounded domain with smooth boundary, and A; > 0,
Bj; >0,1< 5 <k, Bij =PBji, 1 <i<j <k are constants.

This type of coupled systems, also known as Gross-Pitaevskii equations, have
applications in many physical problems such as nonlinear optics and multispecies
Bose-Einstein condensates [8, [I8]. Physically, 8,5, 8;; (¢ # j) are the intraspecies
and interspecies scattering lengths respectively. In the physics literature, the signs
of the coupling constants 3;; being positive or negative determine the nature of
the system being attractive or repulsive. In the repulsive case (8;; < 0, i # j,
i,7 =1,...,k), the components tend to segregate with each other leading to phase
separations. These phenomena have been documented in experiments as well as in
numeric simulations; see [4,[17] and references therein. Mathematical work has been
done extensively in recent years, refer the reader to [T}, [3, [7, [O] [T4) 15l 16 [19] for the
existence theory and the studies of qualitative property of solutions to attractive
and repulsive systems.
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Over the years there have been systematic studies on nodal solutions for scalar
equations by using a combination of minimax methods and the method of invari-
ant sets of gradient flows. We refer the reader to [2, [0, 13]. However, most of
the methods in treating scalar equations are not applicable directly to systems.
In [I4] [15] a construction of invariant sets has been developed to locate multiple
nontrivial solutions, but without giving any information about nodal property of
the components of solutions. Compared with scalar equations, there are many new
challenges for coupled equations in dealing with the existence of multiple solutions,
in particular multiple sign-changing solutions. An attempt was made in [10, 1]
for establishing an abstract framework to deal with sign-changing solutions for sys-
tems that share some of the above features. The authors in [I0, II] developed
the method of multiple invariant sets of decreasing flow. In [10] for the subcritical
case infinitely many sign-changing solutions were established. Specially, Chen, Lin
and Zou [5] proved the existence of multiple sign-changing (i.e., both two compo-
nents change sign) and semi-nodal solutions (i.e., one component changes sign and
the other one is positive) for coupled Schrédinger equations for the case of k = 2,
B12 = P21 = B > 0. Motivated by the works we mentioned above, in this paper we
consider the existence of sign-changing solutions for the system in the general
case, by using the method of invariant sets of decreasing flow (see [10]) and the
truncation method (see [12]).

We assume that

(A1) QCRVN, N=23k>2 ) >0forj=1,...,k

(AQ) 6jj>0,Bij:6j¢§0for1§i<j§k.

Solutions of correspond to critical points of the functional

k k
1 1
I(U) = 3 /Q Z(|Vuj|2 + /\ju?) dzx — 1 /Q Z &jufu? dx
=1 ;

ij=1

for U = (uy,...,u) € X = HF(Q) x --- x H}(Q), the k-fold product of (H}(2))k.
We shall use the equivalent inner products

(u,v); = /Q(Vqu—i—)\juv)dx, ji=1,...,k

and the induced norm || - ||;. The inner product
k
U, v) = Z(um)j, U= (u1,...,ug), V=(v1,...,08),
j=1
gives rise to a norm || - || on X.

Firstly, we introduce the following perturbation problem. We assume U =
(u1,...,ux), € € Ris asmall parameter, F(U,¢), gTZ(U’ €) are continuous functions,
and F(U,e) = F(—-U,¢). For € = 0, we understand

oF
F({U,0)=0, —(U,0)=0.
( ) ) ) auj ( ) )

Then we consider the perturbed problem
k
oF )
—Au; + Aju; = Zlﬁiju?uj + 87111_7'((]7 €), in

uj(z) =0, ondQ, j=1,... k.
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Here are our main results.

Theorem 1.1. Assume (Al), (A2) hold. Then system (1.1} has infinitely many
solutions with each component being sign-changing.

Theorem 1.2. Assume (A1), (A2) hold and let | € Nt. Then there exists g, > 0
such that for |e| < g, the system (L.2)) has I pairs of sign-changing solutions.

Corollary 1.3. For each | € N*, there exists 3, > 0 such that for B;; = B < S
with 1 <i < j <k, system (L.1) has at least | pairs of sign-changing solutions.

Note that we do not assume any growth conditions for the perturbation function
F. To apply critical point theorem [10, 1], we firstly have the following truncated
function; the idea comes from [12]. For M > 0, we define
Y
Ul
where fjs is a monotonic smooth function, satisfying fas(t) =t if t < M, fau(t) =
M + % if ¢t > M. Then we consider the truncated system

k
OF .
—Auj + Aju; = ;Biju?'uj + TW(U7 ), inQ,
uj(z) =0, ondf, j=1,...,k.

IfU = (uq,...,u) is a solution of (1.3), and there exists M > 0 such that |U(x)| <
M for all z € €, then U is also a solution of the perturbed problem (1.2)). System
(1.3) has a variational structure given by the functional

IM(U):I(U)—/QFM(ME) da

k
1/2 A 1/
== Vu;|* + \u?)de — =
2 szl(‘ ]| J ]) 4 O

Fy(U,e) = F(fu(1U])

(1.3)

k
Z Biju?u§ dx — / Fy(U,e)de.
i1 Q
(1.4)
This article organized as follows. In Section 2, we study the truncated functional
Ins, and construct a sequence of critical values for Ip; by using the method of
multiple invariant sets of descending flow. In Section 3, we obtain the sign-changing
solutions of the perturbed problem , then we obtain the main result.
Throughout this article, we use || - ||z» and || - || to denote the norms of L? and
X, respectively. c,ci,... denote constants that are independent of the sequences
in the arguments but maybe different from line to line, and ¢(-) will be used to
indicate the dependency of the constant ¢ on the relevant quantity.

2. CRITICAL POINTS OF THE TRUNCATED FUNCTIONAL [ps

To obtain sign-changing critical points of I, we apply an abstract critical point
theorem (Theorem [2.1]) to the truncated functional Ip;.

Theorem 2.1. Let X be a Banach space, f be an even Cl-functional on X, A be
an odd, continuous mapping from X to X, and P;,Q;, j =1,...,k be open convex
subsets of X with Q; = —P;. Denote W = Ué?:l(Pj uQ,), &= m.’;zl(apj NoQ;).
Assume

(A3) f satisfies the Palais-Smale condition.
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(Ad) ¢* =infgex f(z) > 0.
(AB) For each by > 0 and co > 0, there exists b = b(by, co), such that if |f(z)| <
€o; ||Df($)|| > bO; then

(Df(x),z — Az) > b||lx — Az|| > 0.
(A6) A(0P;) C P;, A(0Q;) CQj, j=1,...,k.
We define
I;={FECX:E is compact, ~E = E, y(ENo (X)) > j for o € A},
A={oceC(X,X):0is odd, o(P;) C Pj, 0(Q;) CQj,j=1,....k,
o(z) =z if f(z) <0}
where v = y(E) denotes the genus of a symmetric set E
v = min{n : there is an odd map ¢\ : E — R™\ {0} }.
We ssume that
(A7) T, is nonempty for j =1,2,....
Then we define

= inf =1,2,...
C] E}QFJ w:;{)Wf( ) o ’

Ko=f{ee X:Df) =0, f(e) = ¢}, K: =K.\ W.
Then
(1) ¢j>c, K #0 forj=1,2,....
(2) ¢; = 400, as j — 0.
(3) Ifcj =cjp1 ="+ =c¢jpi—1 = ¢, then y(K}) > L.

Lemma 2.2. I, is a C'-functional on X, and satisfies the Palais-Smale condition.

Proof. Tt is easy to verify that Iy, is a Cl-functional. Also, for ® = (p1,...,¢x) €
X, we have

(DI (U / Z (Vu;V; + Ajujp;)d / Z Bijutujp; dx

W= (2.1)
oF
2w
Qj:l au]'
there exists an arbitrary small constant ey, such that for |g| < 57, we have
1
In(U) — 7<DIM(U), U)
L
2
/Z V| +)\]uj)dx—/Q(FM (U, ) ZZ:: ydr  (2.2)
> 11017~ c
Then any Palais-Smale sequence of I, is bounded in X. Let U,, = (un,l, e un,k) S

X be a Palais-Smale sequence of the functional I;. Notice that the imbedding
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H}(Q) — L*(Q) is compact and we can assume that U, — U in L*(Q)). Then we
have

k
/ Z [V (tnj =t )|+ Aj(Un j = tm,5)?) de

= (DI (Uy) — DIy (Upy), U, /Zﬁuu U (U j — U ;) da

1,7=1

/Zﬂw mzumu(uny Un,j) d

7]1

e Z (Bt Un2) = G2 U 2) ) = )

1/4
< o(1) +c||Un||§4(Q)(/QZ(un,j i) o)
j=1
3 a 4 1/4
b elUnlan ([ D lns = ) o)
Q j=1
8FM Oy

/ Z‘ 3u3 a—uj(Um,a)‘ [tn,j — Um | dx

<o(1 )+c||Un — Unllrag) — 0, asn,m — oo.

Therefore, we conclude that up to a subsequence a Palais-Smale sequence U, is a
Cauchy sequence in X, hence a convergent sequence. (I

Definition 2.3. An odd and continuous operator A : U = (uq,...,u;) € X —
V = (v1,...,v;) = AU € X is defined by the system
k
/(ijVgoj—i—)\jngoj)dx—/ Z Bijuiv;p; dx
@ Qiztiz (2.3)
OF
:/ﬂjjui%‘ der/ 3 M (U, e)p; dz,
Q Q OUj

Forj=1,....,k and ® = (¢1,..., 1) € X.

Lemma 2.4. The operator A is well-defined and continuous.

Proof. Note that V = AU can be obtained by solving the minimization problem
inf{G(V):V e X}
where

k
1
:§/§22(|V1}j\2+)\j a?—f/ Z Bijuiv; da
=1

i,j=1,i#j

& OF
- ﬁv-u%-d:c—/ MUsv dx.
/z ZW o
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Let V=AU,V = AU,V = (vy,...,0), U = (4y,...,4). By ([2.3)), we have
v —-v|?

k
= [ o0V = 0 s =2

k

/ Z Bis( UUJ uvj) i~ Uj dw"‘/ZBﬂ )(v; — ;) dx
Qz,] 1,i#j
k
6FM 0Py - _
+/QX;( . (0,2)) (v; — ;) do
k
<c/ Z luZ — 2| |vj| |v; — vj|dx+c/2|u —uj||fvj 7| dx
i,j=1,i#j
OF OF _
/Z| M 8MU5}|UJ v;| dx
Q
oF oF
<c(|U=UIV=VI]+] M( Ue) - aM(U v =vi,
hence AU - AU =V -V - 0asU = U in X. [l

Lemma 2.5. For each by, co > 0, then the following property holds: if |[1n;(U)| < ¢
and || DIy (U)|| > bo, then there exists b= b(bg,co) such that

Proof. We have

(DIn(U), @)
/Z v))Vj + Aj(uj —v5)e;) dx—/ Z Biju; v; ) d
i,j=1,i#j
— -V, e) / S s — e de
i,j=1,i#£j
(2.4)
for ® = (¢1,...,0k) € X. By using ® =U — V in , we obtain
1)U =V) = U= VIF - [ S e — ) e
i,7=1,1#j
Notice that if 3;; = 8;; <0 for 1 <¢ < j <k, then
(DIn(U),U=V) > |U-V|? (2.5)
and
k
(DI (U), U —-V) > —/ > Bijui(u; —vj)* da. (2.6)
Q.. .
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It follows from (2.4]) and (2.6]) that

k
(DI (U), ®)| = [(U — V. @) — / 3 Byul(us — vy); dal

i.j=1,i#j
k ) ) 1/2
< -vilel+ (= [ 3 Byulu; - vy do)
Qi j=1i#j
k ) 5 1/2
x(— Z Bijuigojdx)
Qi j=1,i#;

< U = VI + ellU ] za | @l iy (DIn(U), U = V)12
which implies that
IDI ()| < |U = V| + el UI{DIn (U), U = V)2, (27)
There exists a small constant €7, so that for |e| < eps, by (1.4) and (2.4)), we have

1u(U) = (U =V, V)

k
=IuU) - £<DIM(U)’ U) - i/ﬂ > Buyuu(uy —v;)de

i,j=1,i#j
k
1 1 < OFy
= llUl® 1 U,e)u; — Far(Use)) d
0P+ | (532 G 0 = V) o s
1 k
- 1/ Y Biyuiu(uj —vj)de
@i =L
1 1 b
4 EHU”Q - Z/Q . Z ‘Bijuguj(uj —vj)dx —c.
i,J=1,1#j
So by (2.8), we obtain
1u®
k
éC(l"_|IM(U)|)"‘C|<U_V7U>‘ +C‘/ Z &jufuj(uj —vj)dm (2.9)
Q

i,j=1,i#j
<L+ [Iu(U)]) +¢|lU = VP + iHUH2 + || UGy (DI (U), U = V)2,

Given a positive constant a, if

(DIn(U), U = V) > a?,
then by we can easily obtain

(DI (U), U=V)>a|U-V| >0.

The conclusion holds; if not, let

(DIy(U), U -V) < ad?, (2.10)

by (2.9) and (2.10]), we have
IUI? < e+ I (U)] + 11U = VI*) + coal| U]J*. (2.11)



8 X. ZHOU, X. LIU EJDE-2024/31

Hence, taking a such that cpa < 1/2, then we have

IUII? < (1 + Iy (U)| +[|U = V). (2.12)
Substituting (2.12)) into (2.7)), we obtain

DI (U) ||
< U = VI + (1 + ()] + 10 = VI DIn(©), U = VIV 1
1
ST =VI+ SIDIn (U)] + (1 + [T (U)] + IU ~ VIHIU =V
Therefore
IDIn (U)|| < (1 + [ (U)| + U = VIP) U = V.

If |1 (U)] < ¢o and ||DIp(U)|| > by > 0, we deduce that there exists b =
b(bg, co) such that ||[U — V|| > b. So it follows from (2.5]) that

(DIpm(U), U — AU) > b||lU — AU|| > 0. O
Let P;,Q; for j =1,...,k be open convex subsets of X, defined by
Py =P;(0) ={U = (u1,...,ux) € X : [|u} || L2() < 3},
Q= Q;(6) ={U = (ur,...,u) € X : ||[u] || pa(ay < 8}.
Lemma 2.6. There exist 6 > 0 and epr > 0 such that for || < epr, it holds that
A(OP;) C P, A(0Q,) CQj;, forj=1,... k.
Proof. Choose ® = V* = (vf,...,v{) as test function in (2.3)), we have

/Q(\Vv;r|2+>\j( dfc—/ Z Bijui

i=1,i#7

OF
+ +
/BJJU i dx—i—/Q ou; (U, e)vy dx

OF
<c(/ﬂ(uj+)3vj+dx+/ﬂ|auj(U,E)|v;fdx).

Then
OF )y
[oF 1340y < erlluf 1o llvf e teall5 = (U)o @llvf sy (2.14)
uj

Take § > 0 such that ;6% < 1/4 and choose ey > 0, such that for |g| < ey,
02||%FTI;4(U, &)l Lo (o) < /4. Then for U € 0Q;, ||u;r|\L4(Q) = §, we have
1 1
[0 174¢q) < 15||Uf||L4(Q) + 15||U;r||L4(Q),
hence .
[0 [ 2@y < §5~

That is for U € 0Q;, we have V = AU € Q; and A(0Q;) C Q;,7 =1,...,k.
Similarly, A(OP;) C Pj, j=1,... k. O

Lemma 2.7. There exist 6 > 0 and ¢* > 0, such that if U € £ and |e| < enr, then
Iy (U) > c¢*.
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Proof. Note that

/Z [V, |* + Aju?) x—f/ Zﬁwu us dm—/QFM(U,E)d;v

3,j=1

1 1
> — 2_ - E cutde— | F
=3IVl 4/Qj_1ﬁ”uj o /Q m(Ure) de

> 1| U7y — 2llUl|7a @) = 1E0m (U €) || L= (o)
For U € ¥ = nk_,(0P; N 0Q;), we have

01 = | Z 7)) do = 2kl Iy = 20°

By Lemma 6, taking 6 > 0 such that cy0% < 101, and choosing e); such that for
le| < enr, we have ||[Far(U,€)||p o) < 3102, Therefore,

1 1
I (U) > ¢10% — 6 — 16152 > 50152 =c*>0. O
Let
I;={FC X :FEiscompact, —E = E, y(ENno~ ' (X)) > j for 0 € A},
A={ceC(X,X):00dd, o(P;) C P;, 0(Q;) CQj,j=1,...,k,

o(U)=U if In(U) < 0},
and v = y(FE) is the genus of F,
v = min{n : there is an odd map ¢ : E — R"™\ {0}}.
Now we define a sequence of critical values of the truncated functional I/,

c;(M,e)= inf sup In(U), j=12,...
Eels yep\w

where W = UF_, (P; U Q).
Lemma 2.8. The set I'; is nonempty, and there exist d; > 0 independent of M, €
and 5(3) > 0, such that if |e] < z—:(j), then c;(M,e) < d;.

Proof. Let B™ be the unit closed ball of R™*. Assume n = j + k. Denote t € R™*
by t = (t1,...,t) and t,, = (tlm,tgm,...7tnm) € R® for m = 1,...,k. Let
Vim € C§°(Q), ¢ = 1,...,n,m = 1,...,k be nk functions in X with disjoint
supports. Define o) B"k — X by

n
= R(Ztuvil, e Ztikvik) eX
i=1 i=1

where R is large enough such that I(¢U)(t)) < —10 for t € B™*. Then there exists
epm > 0, so that if |e] < epr, then we have

In(99(1)) < I(V (1) +1 < 0

for t € B™. By [II, Lemma 5.6], we have E; := oU)(B™*) € T;. Then T is
nonempty.
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Next we estimate ¢;(M, €) for |¢| < epr. We have

¢j(M,e)= inf sup In(U)< sup Iny(U)< sup (I(U)+1):=d;. O
Eelj yep\w UEE; UEE;

3. PROOF OF MAIN RESULTS

In this section, we complete the proof of Theorem and Theorem For
fixed M > 0 and € = 0, we will obtain the critical point U of I.

Lemma 3.1. Assume DIy (U) = 0, Ip(U) < L. Then there exist epy > 0 and
K = K(L) independent of M,e, such that for |e| < epr,

U(z)]| L~ ) < K.
Proof. Denote U = (uq,...,ux). By (2.2)), for |e| < epr, we have

L > In(U) = (DI (V), U)

= /Z\Vuj|2+)\u)dx—/(FMUa izi:

> 1o -
2 LIl

Jdx  (3.1)

We know that there exists C(L) > 0, such that [|[U|| < C(L). Choose ¢ =
wjrlujr|* ™2 as the test function in (DIn(uj),¢) = 0, where r > 1, T > 1, and
ujr(x) = £T if 2uj(z) > T, ujr(x) = u;(x) if |u;(x)| < T. We have

a OF
/Q(VuJqu—l-/\]ujcé)dx:/Q;szufujqbdx—i- 0 au]:[(U,E)(ﬁdl‘ (32)

By (3.2), it is easy to obtain the inequality
3 OF
Vu;Vodr < | Bjjuiode+ [ |=—(U,e)¢| du. (3.3)
Q Q o Ou;
Firstly, we estimate the left-hand side of (3.3]),

/VwV(ﬁdw > (2r—1)/ Vur 222 da
@ Q

dz (3.4)

Q
c(2r — . N\2/27
= Qz”(/ﬁ(%’ﬂr)? dw) :

r
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Let M > 0, there exists £, such that for |¢| < ), we have ||8FM (U, )l < 1.
Then the right-hand side of . ) satisfies

/Qﬂjf‘“?gf’d“/ﬂl%ﬁ%v,e)as|dx

<< /Q oty Py Y d + /Q 1 fugefr )

= C(/Q (14 o ) g 2 )

B | B
C(1+(/Quj|2*dx)ﬁ</?*(|?j|r)% ar) *)

<c(1+ (/Q(lumz% ) ™)

< emax {1, [ (1) dx)z*z*z},

Let T' — oo such that u;r(x) = u;(x). By (3.4) and , we obtain

</Q<|w>2*dw>* s (5
= N.

A

IN

2% —2

" } (3.6)

Denote d = -2+ = 2= 5 >1,q= 2*_2 By (3.6)), we have

2% —2

. W o g g\
(/Q<|uj| >qddx) T <) rmax{l,(/ﬂw yraz) "} (37)
Choose 7, such that rog = 2* and [, |u;|?" dz < co. So
T ﬁ CT2 % T q%
([ ulyan) ™ < G0y max {1, ( [ Qujiyia) 7} 39

Using iteration, we note that rqd = 71 in (3.8)), then

o 2 . 1
(/ |uj|r1q dx) ary < ( Cry )W max{l, (/ ‘uj|roqu) aro } (39)
Q 2rg—1 Q

Therefore, by (3.9)), we obtain
T cr? L T
(/ ||t d:c) < (c—E ) P max 17 /|uj|”“q da:) k}
0 - 27"k -1
< H o i : 2r7 max / |uj |09 dx 7 },

where 1; = d'rg, we denote Cy = Hf:o (%)?, then
43 a1 ) < ColL+ [l )- (3.10)

Letk—)ooln ), by (3.1] ,We have

||Uj||Loo(Q) < Co(1 + llujlp2r o)) < c=c(L). 0
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Proof of Theorem[I.4 By Lemmas [2.2] 2.5]2.8] for a sufficiently small parameter
g, the functional I, satisfies the conditions (A3), (A4)—(AT) of the abstract critical
point theorem (Theorem[2.1)). Then, ¢;(M, ) is a critical value of the functional Iy,
and each component of the corresponding critical point U;(M,¢€) is sign-changing.
That is, U;(M,¢) is a sign-changing solution of the truncated system . More-
over, given | € NT, L* > 0, by Lemma there exists €3, > 0 such that for

e < ey =min{el), ... 24},
¢;j(M, e) < L* =max{dy,....di}, j=1,...,1L

By Lemma [3.1] there exist the constant K* independent of M, ¢, and 57 > 0, such
that for |e] < ey,

NU;(M, €)llpey < K*, j=1,...,L

Now take M > K* + 1, then for || < ¢, Uj(e) = U;(M,¢),j = 1,...,1 are
sign-changing solutions of the perturbed system (1.2]). [

Note that taking e = 0, we have F(U,0) = 0 and %(U, 0) = 0, then the
J
solutions to the perturbed system (1.2]) are also solutions to the original system

(D).

In Section 2, we have obtained the sign-changing critical points of the truncated
functional Ip;. Therefore, by Theorem [1.2] we know that system (1.2)) has [ pairs

of sign-changing solutions. Then, for e = 0, the system (|1.1)) has infinitely many
sign-changing solutions, and we have thus proved the main result.
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