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APPROXIMATE CONTROLLABILITY OF DISTRIBUTED
SYSTEMS BY DISTRIBUTED CONTROLLERS

BENZION SHKLYAR, VLADIMIR MARCHENKO

ABSTRACT. Approximate controllability problem for a linear distributed con-
trol system with possibly unbounded input operator, connected in a series to
another distributed system without control is investigated. An initial state
of the second distributed system is considered as a control parameter. Appli-
cations to control partial equations governed by hyperbolic controller, and to
control delay systems governed by hereditary controller are considered.

1. STATEMENT OF THE PROBLEM

Research in control theory started for single control systems. However, many
technical applications use control systems interconnected in many ways. The goal
of the present paper is to establish approximate controllability conditions for a
control system interconnected in a series with a second homogeneous system without
control in such a way that a control function of the first control system is an output
of the second one, so a control is considered as an initial state of a second system.

Let X, U, Z be Hilbert spaces, and let A, C be infinitesimal generators of strongly
continuous Cp-semigroups S4(t) in X and S¢(t) in Z correspondingly in the class
Cy [5, [§]. Consider the abstract evolution control equation

#(t) = Ax(t) + Bu(t), x(0) = xo,
u(t) = Kz(t), 0<t<+oo,

(1.1)

where z(t) is a mild solution of another evolution equation of the form
2(t) = Cz(t), 2(0)=2zp, 0<t<+o0. (1.2)

Here z(t), 0 € X, u(t) € U, 2(t), 20 € Z, B: U — X is alinear possibly unbounded
operator, K : Z — U is a linear possibly unbounded onto operator.

Equation is said to be a controller equation. A control u(t) is defined by
u(t) = Kz(t) as an output of controller equation (T.2).
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Let x(t,0, 2o, u(-)) be a mild solution of with the initial condition z(0) = z,
and let u(t,0, z9) = K=z(t,0, z0), where z(,0, zp) is a mild solution of equation
with the initial condition z(0) = 2.

The initial data zy € Z of equation is considered as a control.

Let u ¢ 04. We will consider the spaces W and V defined as follows: W is the
domain of the operator A with the norm ||z|[, = ||(u — A)z||; V is the closure of
X with respect to the norm ||z||—,, = |[(Ra(p)z)||, where Ra(u) = (uI — A)~L.

Obviously W € X C V with continuous dense imbeddings. The following facts
are well known, see for example [5, [9] [8] T4 [T5] 2T],

e For each t > 0 the operator S4(t) has a unique continuous extension S (t)
on the space V. The family of operators S4(t) : V — V is the semigroup in
the class Cy with respect to the norm of V. The corresponding infinitesimal
generator A of the semigroup S4(¢) is the closed dense extension of the
operator A on the space V' with domain D(A) = X.

e The sets of the generalized eigenvectors of operators A, A* and A, A* are
the same.

e For each i ¢ o4 the operator R4 (1) has a unique continuous extension to
the operator Ra(p) : V — X.

e A mild solution z(t, 0, zg, u(-)) of with initial condition is defined
by the representation formula

(t,0,20,u(-)) = S(t)zo +/0 S(t —7)Bu(r)dr, (1.3)

where the integral in (1.3]) is understood in the Bochner sense [5] with
respect to the topology of V.

Denote

u(t,O,zO) if 0 <t< tg,

1.4
0 if t > to. ( )

Ut, (t> 07 ZO) = {
Definition 1.1. Equation (1.1]) is said to be approximately controllable on [0, ;] in
the class of controls vanishing after time moment to,0 < to < t1, if for each 1 € X
and € > 0 there exists a control u(-) € La([0,t2],U), u(t) = 0 a.e. on [tq, +00), such
that
lz1 = 2(t1,0,0,u())| <e.

Definition 1.2. Equation ([1.1]) is said to be approximately controllable on [0, ¢;]
by controller (1.2)) if for each z; € X and £ > 0 there exists zy € Z, such that

le1 — 2(t1,0,0,us, (-, 0, 20))|| < e.

2. ASSUMPTIONS

(1) The operators A and C have purely point spectrum o4 and o¢ with no
finite limit points. Eigenvalues of both A and C' have finite multiplicities.

(2) Let the spectrum o 4 of the operator A be infinite and consists of numbers
Aj, 3 =1,2,..., with multiplicities «;, enumerated in such a way that their
absolute values are non-decreasing with respect to j (i.e. |\;| > |[Aj41]).
The sequence

tfexpNjt, j=1,2,..., k=0,...,0; —1 (2.1)
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is minimal on [0, §] for some § > 0, i. e., there exists a sequence biorthogonal
to the above sequence with respect to the scalar product in Ls]0, d].

(3) There exists T' > 0 such that all mild solutions of the equation @(t) =
Az(t) are expanded in a series of generalized eigenvectors of the operator A
converging (in the topology of X) for any ¢ > T uniformly in each segment
[T1,Te]), T < Ty < Ty (Z;‘;l is considered with respect to the topology of
V).

(4) The unbounded operator B is bounded as an operator from U to V.

(5) fot Sa(t — 7)Bu(r)dr € X for any u(-) € L2([0,t],U), and the operator
D(t) : Lo([0,t],U) — X defined by

t

O(t)u(-) = ; Sa(t — 7)Bu(r)dr (2.2)

is bounded for each t > 0. The integral fg Sa(t — 7)Bu(r)dr is considered
in the topology of the space V.

(6) We consider the operator K : Z — U with domain D(K) such that z(¢) €
D(K) for a.e. t >0 and (Kz)(-) € L2([0,t1],U), Vt1 > 0. The operator

Q: 7 — Lo([0.1],U), Qz=u(t), tel0,t]

is bounded for all ¢; > 0.

3. MAIN RESULTS

Denote

Range{\ — A, Rs(un)B}
={yeX:FxeX, Fuel, y= (A - A)xz + Ra(u)Bu}.

Theorem 3.1. For equation (L.1)) to be approximately controllable on [0,t1], t1 >
T + 6, in the class of controls vanishing after time moment t; — T, it is necessary
and sufficient that

(1) The linear span of the generalized eigenvectors of the operator A is dense
m X.
(2) The condition

Range{\] — A,Rs(u)B} =X, VA€oa, Vué¢oa, (3.1)
holds.

Theorem 3.2. For equation (1.1)) to be approzimately controllable on [0,t1], t1 > T
by distributed controller (1.2)), it is necessary that all the conditions of Theorem|3. 1
hold.

If these conditions hold and the subspace KSc(-)Z of La([0,t2],U) is dense in
Lo([0,t2],U) for some ty > 0, then equation (1.1) is approximately controllable on
[0,t1], t1 > T + 6, by controller (1.2)).
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4. APPROXIMATE CONTROLLABILITY OF ABSTRACT BOUNDARY CONTROL
PROBLEM BY ABSTRACT BOUNDARY CONTROLLER

Let X,U, Z,Y1,Y> be Hilbert spaces. Consider the abstract boundary control
problem
x(t) = La(t),
Tz(t) = Bu(t),
z(0) = wo,
u(t) = Kz(t),
where z(t) is a mild solution of the boundary-value problem
2(t) = M=z(t), (4.2)
Hz(t) =0,
2(0) = 2. (4.3)

Equation (4.2)-(4.3) is called boundary controller.
Here L : X — X and M : Z — Z are linear unbounded operators with dense

domains D(L) and D(M); B : U — Y; is a linear bounded one-to-one operator,
K : Z — U is a linear (possibly unbounded) onto operator, I' : X — Y; and
H : Z — Y5 are linear operators satisfying the following conditions:

(1) T and H are onto, ker T is dense in X, ker H is dense in Z.
(2) There exists a p € R such that I — L is onto and ker(ul — L)N ker T' = {0}.
(3) There exists a p € R such that I —M is onto and ker(ul —M)Nker H = {0}.
Problems and — are assumed to be well-posed. Problem is
an abstract model for classical control problems described by linear partial differ-
ential equations of both parabolic and hyperbolic type when a control acts through
the boundary. The control process is released by initial condition which is
considered as a control.
Now consider the space Wy = kerI'. We have Wy C D(L) C X with continuous
dense injection. Define the operator A : W; — X by

Az = Lz for x € Wy. (4.4)

(4.1)

For y € Y7 define
By=Lz— Az, 2 €T (y) = {2z € D(L) : Tz = y}. (4.5)
Given u € U denote Bu = BBu. The operator B : U — V is bounded, but the
operator B : Y] — X defined by lb is unbounded, so the operator B : U — X is
unbounded. It follows from (4.5) that
Lz = Az + Bu, (4.6)
I'z = Bu. (4.7

The same way is applied to the space Wa = ker H. Again, we have Wy C D(M) C Z
with continuous dense injection. Define the operator C' : Wy — Z by

Cz=Mz forze Ws. (4.8)

Hence

A(t) = Cz(t),

20) = 2 (4.9)
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We assumed all the hypotheses in section 2] for the above operators A, C, K hold
true. Together with equation consider the abstract boundary-value problem
Lz = pz, (4.10)
Fz =y. (4.11)
Since problem is uniformly well-posed then for any y € Y7 there exists the

solution z,, = Da(p)y of equation (£.10)-(£.11)), where Da(p) : Y1 — X is a linear
bounded operator (The operator D, is defined by well-known Green formula for
given boundary problem).

The next theorems follow from Theorems B.113.2]

Theorem 4.1. For equation to be approximately controllable on [0,t1], t1 >
T + 6, in the class of controls vanishing after time moment t; — T, it is necessary
and sufficient that
(1) The linear span of the generalized eigenvectors of the operator A (i.e. eigen-
functions of the boundary problem Lz = Az, Gx = 0) is dense in X

(2)

Range{\[ — A, Rs(1)BB} = X, Vu ¢ oa, VA€o, (4.12)

Theorem 4.2. For equation to be approximately controllable on [0,t1] by
boundary controller —, it is necessary that
(1) The linear span of the generalized eigenvectors of the operator A is dense
m X.
(2) The condition holds.
If these conditions hold and the set of functions u(-),u(t) = Kz(t) with z(t) a
solution of boundary-value problem -, is dense in La([0,t2],U) for some
to > 0, then equatio approzimately controllable on [0,t1],t1 > T + 0, by
boundary controller (4.2))-(4.3)).
Theorem 4.3. For equation to be approximately controllable on [0,t1] by
boundary controller —, it is necessary that
(1) All generalized eigenvectors of the operator A defined by are dense in
X.

(2)

Range{ A\ — A, Ds(u)B} =X, VYu¢ oa, YA€ 04. (4.13)
If these conditions hold and the set of functions u(-), u(t) = Kz(t) with z(t) a mild
solution of boundary-value problem (4.2))-(4.3)), is dense in La([0,t2],U) for some

to > 0, then equation (4.1)) is approzimately controllable on [0,t1],t1 > T + 0, by
boundary controller (4.2))-(4.3)).

5. APPROXIMATE CONTROLLABILITY OF PARTIAL DIFFERENTIAL EQUATIONS BY
A HYPERBOLIC CONTROLLER

The results of the previous section can be applied to the investigation of approx-
imate controllability of linear partial differential control equation with boundary
control governed by distributed controller described by partial differential equa-
tions.

Consider the parabolic partial differential equation

%(t,x) - %(pl(x)%(t,x)) Fpo(@)y(t,z), t>0,0<z<l, (5.1)
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with non-homogeneous regular boundary conditions [7], [13]

aoy(1,0) + 02 (1,0) = azu(t), > (2
Boy(t,1) + by 92 (1,1) = bau(t), £ > 0, (53

subject to the initial conditions
where p;(x) and py(z) are real functions, continuous in the segment [0, ];
pi(z) >0, po(x) <0, wz€l0,l;
900(')’ @1() € L2[07l]7
aj,bj S R,j =0,1;
|a’0| + ‘CL1| 7é 07
|bo| + [b1] # 0,
apa g 0, bobl Z 0.
Here
u(t) =z2(t, o), t>0, aecl0,m],
where z(t,z), t >0, 0 <z < m, is a mild solution of the hyperbolic partial
differential equation

0%z 0 0z
il - - > <z < .
5 (t2) = o (0@ 5 (60) +a@)x(ta), 120,0<z<m (55)
with homogeneous regular boundary conditions
0z
apz(t,0) + ala(t,()) =0, (5.6)
0z
Boz(t,m) + 51%@,7”) =0 (5.7)
subject to the initial conditions
2(0,z) = (), %(O,x) =1(z), 0<z<m, (5.8)

where ¢ (x) and g2(x) are real functions, continuous in the segment [0, m];
q1(z) >0, qa(z) <0, z€][0,m];
Yo(), ¥1(+) € L2[0,m];
o, B €R, =01,
o] + || # 0,
|Bol + 61| # O,

agay < 0,506, > 0.

Partial differential equation (5.5 with boundary condition (5.6[)-(5.7) will be called
a hyperbolic controller. The pair
(¥0(z), ¥1(z)), 0<a<m,

where g (z) and ¢ (x) are defined by (5.8)), is considered as a control of equation
(5.1)-(5.3) governed by hyperbolic controller (5.5))-(5.7).
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One can rewrite equation (5.1)-(5.3)) in the form of (4.1) with the state space
X = Ls[0,1] x Ly[0,1]; the corresponding operator A generates a Cy-semigroup.

By the same way one can rewrite equation (5.5)-(5.7) in the form of (4.2))-(4.3)

with the state space Z = L3[0,m] x L2[0,m]; the corresponding operator C' gener-
ates a Cp-semigroup.

Here, conditions 1-4 of section [2] are valid for A and C' with T = 0. The linear
span of the eigenvectors of the corresponding selfadjoint operator A is dense in
L5[0,1]. The eigenvalues of the operator A are negative and the corresponding
functions are minimal on [0, d] for all § > 0 [3]. We have

1
DB = [ Gl &) wn(€as + wal€)ba)uds (5.9)
0
where G(z, &, 1) is the Green function of the boundary value problem

(p1(2)y () + p2(2)y(2) = py(2),0 <z <,
aoy(0) + a1y’ (0) = aqu, (5.10)
boy(l) + b1y (1) = bau,

and
[ -O6(e), ifay #£0,
wo(§) = {pla([?)(;,(g)7 if ag # 0, (5.11)
—mWge 1), ifb #£0
— by ’ ’

We have here U = R?; the operator K : Z — U is defined for given o € [0, m] by

Kz() = u(a), Vi) = (ZE ;) € L2[0,m] x L2[0,m] (5.13)

Theorem 5.1. Condition (4.12)) holds if and only if for each X the boundary-value
problem
(pl(m)(pl)/ +p2($)§0 - )‘(&0 = 07 T e [Ovl]v NS gA (514)

subject to the boundary conditions

aop(0) + a1’ (0) = 0, (5.15)
l
/0 P(€)(@o(€)az + wi(€)ba)dE = 0, (5.17)

has only trivial solution.

Using Theorems and one can prove the following statement.

controllable on [0,t1], for all ty > 1 by boundary controller (|

Theorem 5.2. Let § be an idrrational number. For (5.1) to be approzimately
5.2))-(5.3), it is necessary
and sufficient that for each A\ € o4 the boundary-value problem (5.14)) subject the
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boundary conditions (5.15))-(5.16) and the boundary conditions:

p0)0(0)22 + p()p1)2 =0, a1 7 0by £ 0.
PO (0)22 = p()p) 2 =0, a0 # 08y 0,
PO1R(0)2 —pF W) =0, a1 70 &by £0.
p0)2/(0)22 4 p) 1) =0, ao £ 0o 20

has only trivial solution.

Remarks. 1. The problem of approximate controllability of equation by
parabolic controller — is still open. It means that if there exists a possibility
to choose a distributed controller for construction then it is worthwhile to construct
a hyperbolic controller.
2. The results of this section can be extended to the case of partial differential
hyperbolic equation

0%y 0

_ Oy
S (t2) = o (@) 5L (4 0)) + pae)y(t o)t 2 0,0 < 0 <1,

subject to boundary conditions ([5.2))-(5.3) governed by hyperbolic controller ([5.5))-
(©-8)-

6. APPROXIMATE CONTROLLABILITY OF LINEAR DIFFERENTIAL CONTROL
SYSTEMS WITH DELAYS BY HEREDITARY CONTROLLER

In this section we will investigate linear differential control systems with delays
governed by hereditary controller. These objects can be considered as a particular
case of equation with a bounded input operator [4] [8, 10, 15, 6] subject to
the distributed controller of the form , so the results of the previous section
can be applied.

Consider a linear differential-difference system [2]

#(t) =Y Apx(t — hu) + Bou(t), (6.1)
k=0

Ozhlo <h11 <"'<h1m7

z(0) = 2°, 2(1) = (1) a. e. on [~hip, 0] (6.2)
where
a(t) =Y Cru(t — hay), (6.3)
k=0

0:h20<h21 < "'<h2p,

u(0) = u®,u(t) = (1) a. e. on [~hay,0]. (6.4)

System (6.3)) is said to be a hereditary controller. Here
J)(t%xo € Rn’ 30() € L2([_h1m>0]7Rn)a
u(t)a UO € Rra 1/’() € LQ([_h2ma 0]7Rr),
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Aj,7=0,1,...,m, are constant n x n matrices, By is a constant n x r matrix, Cj,
j=0,1,...,mg are constant r x r matrices. We consider the Hilbert spaces [10]

X =R"x LQ([_thmo]aRn)’
Z =R"x LZ([_hITrmOLRT)

as the state spaces of systems (6.1) and (6.3) respectively; U = R", K (ug,¥(+))
ug, V(ug,¥(+)) € Z. Denote the identity n x n matrix by I.

Definition 6.1. System is said to be approximately controllable on [0, 1] by
hereditary controller if for any € > 0 and for any final state (x1,9()) € X
there exists (ug,&(+)) € Z such that the corresponding solution z(t) of system (6.1)
satisfies the inequality

(@1, () = (x(tr), z(t + )| <&, —him <7 <0
(The norm is considered in the space X).

It is well-known [8], 4, 10} 15} [16] that systems and can be written in
the form — with the state spaces X and U defined above, and the linear
space of the eigenvectors of the corresponding operator A is dense in X if and only
if rankA, = r.

Here Assumptions 1-4 of section [2] for the corresponding operators A,C' and K
are valid with T' = nh [2] [, 17, [8]; the corresponding functions are minimal
on [0, 4], for all 6 > 0 [19]. Tt was proved [I8] that condition for equation
is equivalent to the condition

rank {A — Y Ape™™* By} =n, VYA€oa.
k=0

and the density of the linear span of the generalized eigenvectors of operator C'

implies the density of the corresponding subspace KS¢(+)Z in Lo([0,t1 — T],U).

Theorem 6.2. For equation (6.1) to be approximately controllable on [0,t1] by
boundary controller (6.3)), it is necessary that

rank A,, = n. (6.5)

rank {\I = > Ape ™" By} =n, VAeC. (6.6)
k=0

When these conditions hold and rank C, = r, system (6.1)) is approximately con-
trollable on [0,t1], t1 > nhy,, by hereditary controller (6.3))

Approximate controllability of linear differential control systems with

delays by scalar hereditary controller. Consider system (6.1]) with one delay

and one input, subject to scalar hereditary regulator (r = 1) with one delay, namely
hy > 0,

2(0) = 2°, (1) = p(1) a.e. on [~hy,0], (6.8)
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where
u(t) = C()u(t) + Clu(t - hg), (69)
ho > 0,
u(0) = u®,u(t) = (1) a.e. on [~hsy,0]. (6.10)
Here

z(t),2° € R™,  (-) € Ly([—hy,0],R™),
u(t),u’ €R, ¥(-) € La[—ho,0];

Aj, 7 =0,1, are constant n X n matrices, By is a constant column-vector, Cj,j =
0,1, are scalars.
We consider the Hilbert spaces

X:RnXLQ([_hl,O],Rn), Z:RXLQ[_hQ,O]

as the state spaces of systems (6.7) and respectively; U = R, K (ug, () =
UO,V(U(), w()) €Z.

Corollary 6.3. System (6.7) is approzimately controllable on [0,t1],t1 > nh, by
hereditary controller if and only if

(1) rank {)\I —Ag — Ale’hl,Bo} =mn, for all A € C.

(2) rank A1 =n and Cy # 0.

Remark. Many ideas of the proofs of the theorems presented above, are imported
from [I1], 20], where closed problems of approximate null-controllability for dis-
tributed equations governed by distributed controller were considered. Complete
proofs of the theorems will be presented in the full version of the paper.
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