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UNIFORM EXPONENTIAL STABILITY OF LINEAR
PERIODIC SYSTEMS IN A BANACH SPACE

D. N. CHEBAN

ABSTRACT. This article is devoted to the study of linear periodic dynamical sys-
tems, possessing the property of uniform exponential stability. It is proved that if
the Cauchy operator of these systems possesses a certain compactness property, then
the asymptotic stability implies the uniform exponential stability. We also show
applications to different classes of linear evolution equations, such as ordinary lin-
ear differential equations in the space of Banach, retarded and neutral functional
differential equations, some classes of evolution partial differential equations.

INTRODUCTION

Let A(t) be a T-periodic continuous n X n matrix-function. It is well-known that
the following three conditions are equivalent:

(1) The trivial solution of equation
u = A(t)u (0.1)

is uniformly exponentially stable.
(2) The trivial solution of equation (0.1) is uniformly asymptotically stable.
(3) The trivial solution of equation (0.1) is asymptotically stable.

For equations in infinite-dimensional spaces the statements 1)-3) are not equivalent,
as shown by the examples in [15, 26].

It is clear that in general for the infinite-dimensional case condition 1) implies 2)
and 2) implies 3). In this article we show that if the Cauchy operator of equation
(0.1) satisfies some compactness condition, then 3) implies 1) (see Theorem 2.5
below).

Applications to different classes of linear evolution equations (ordinary linear
differential equations in a Banach space, retarded and neutral functional-differential
equations, some classes of evolutionary partial differential equations) are given.

The exponential dichotomy of asymptotically compact cocycles was studied by
R. Sacker and G. Sell [29]. The general case was studied by C. Chicone and Yu,
Latushkin [14] (see also their references), Yu. Latushkin and R. Schnaubelt [25],
and many other authors.
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1. LINEAR NON-AUTONOMOUS DYNAMICAL SYSTEMS

Assume that X and Y are complete metric spaces, R (Z) be a group of real
(integer) numbers, T=Ror Z,Ty ={te€T:t > 0},T_ = {t € T|t <0} and C be
the set of complex numbers.

For a system (X, T, ), we defined the following concepts: (see [9,10])

Point dissipative, if there is K C X such that for all z € X

lim p(zt,K) =0, (1.1)

t—4o0

where zt = wlz = 7 (t,z);

Compactly dissipative, if the equality (1.1) takes place uniformly with respect
to x on compacts of X;

Locally dissipative, if for any point p € X there is §,, > 0 such that the equality
(1.1) takes place uniformly with respect to z € B(p,d,) = {z € X : p(z,p) < p}.

Denote by (X,Ty,7) ((Y,T,0)) a semigroup (group) dynamical system on
(X,Ty,7m),(Y,T,0),h), where h is a homomorphism of (X, T, ) onto (Y, T,o),
is called a non-autonomous dynamical system.

A non-autonomous dynamical system ((X, Ty, ), (Y, T,o),h) is said to be point
(compactly, locally) dissipative, if the autonomous dynamical system (X, T, 7) is
so.

Let (X, h,Y) be alocally trivial Banach fibre bundle over Y [1]. A non-autonomous
dynamical system ((X,T., ), (Y, T,o),h) is said to be linear if the mapping 7* :
Xy, — Xy is linear for every t € T, and y € Y, where X, = {z € X|h(z) = y}
and yt = o(t,y). Let | - | be some norm on (X, h,Y") such that | - | is co-ordinated
with the metric p on X (that is p(z1,z2) = |x1 — 22| for any 1,22 € X such that

Let E be a Banach space and ¢ : T, X E XY +— E be a continuous mapping with
properties: ¢(0,u,y) = u and p(t + 7,u,y) = o(t, ¢(1,u,y),0(7,y)) for all u € E,
y €Y and t,7 € T.. A triplet (E,p,(Y,T,0)) is called a continuous cocycle on
(Y, T, o) with fibre E.

Let [E] be a Banach space of the all linear continuous operators acting onto E
with the operator norm and U : Ty x Y +— [E] be a mapping with properties:
UO,y) =1, Ut + 71,y) = U(t,o(r,y))U(r,y) for all y € Y and ¢t,7 € T, and
the mapping ¢(-,u,-) : T XY — E (¢p(t,u,y) = U(t,y)u) is continuous for every
u € E. A triplet ([E],U, (Y, T,0)) is called a Cy— cocycle on (Y, T,o) with fibre

The dynamical system (X, Ty, 7) is called [17] a skew-product system if X =
ExY and 7 = (p,0) (ie. 7(t, (uw,y)) = (e(t,u,y),0(t,y)) forallu € E, y € Y and
t, T E T+)

Theorem 1.1 [12,13]. Let (X,Ty,7),(Y,T,0),h) be a linear non-autonomous
dynamical system and the following conditions hold:
(1) Y is compact and minimal (i.e. Y = H(y) ={yt :t € T} forally €Y);
(2) for any x € X there exists C,, > 0 such that |zt| < C, for allt € Ty;
(3) the mapping y — |7, || is continuous, where ||} is a norm of linear opera-
tor wl = w*|x,, for every t € Ty or (X, Ty, ) is a skew-product dynamical
system.
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Then there exists M > 0 such that the inequality
|m(t,2)] < Ml
holds for allt € T and x € X.

Lemma 1.2. Let ([E],U, (Y, T, o)) be a Co— cocycle on (Y, T, o) with fibre [E] and
Y be a compact, then the following assertions hold:
(1) For every £ > 0 there exists a positive number M ({) such that ||U(t,y)| <
M(£) for allt € [0,4] andy € Y;
(2) The mapping ¢ : Ty X EXY — E (p(t,u,y) = U(t,y)u) is continuous;
(3) There exist positive numbers N and v such that ||U(t,y)|| < Ne*t for all
teTy andy €Y.

Proof. Let £ > 0 and u € E, then there exists a positive number M (¢,u) such that
|U(t,y)u| < M(¢,u) for all (¢,y) € [0,¢]xY because the mapping (¢,y) — U(t,y)u is
continuous. According to principle of uniformly boundedness there exists a positive
number M (£) such that |U(t,y)| < M(£) for all (¢,y) € [0,4] x Y.

Let now (tg,up,y0) € T+ x E XY and t, — to,un, — up and y,, — yo, then we
have

’@(tnaunayn) - SO(tO’UanO)’
<@t Uny Yn) — @(tn, w0, Yn)| + [@(tn, wo, Yn) — ¢(to; uo, Yo)| (1.2).
< NU s yn ) (un — uo)ll 4+ [(U(tn; yn) — Ulto, yo))uol

In view of first statement of Lemma 1.2 there exists the positive number M such
that
1U (tns yn)| < M (1.3)

for all n € N. From inequalities (1.2) and (1.3) follows the continuity of mapping
p:To xEXY = E (o(t,u,y) =U(t,y)u).

Denote by a = sup{||U(t,y)| : (t,y) € [0,1] x Y} andlet t € Ty,t =n+71(n €
N,7 € [0,1)), then we obtain

U < U@ yD)[IU(ry)]| < a™ < Ne*!

forallt e T, and y € Y, where N =a and v = Ina.

Theorem 1.3 [13]. Let (X, T4, n),(Y,T,0),h) be a linear non-autonomous dy-
namical system, Y be a compact , then the following conditions are equivalent:
(1) The non-autonomous dynamical system (X, T4, ), (Y, T,0),h) is uniformly
exponentially stable, i.e. there exist two positive constants N and v such
that |n(t,z)| < Ne Vx| for allt € Ty and x € X.
(2) ||7t|| = 0 as t — +o0, where ||7*|| = sup{|rtz|: z € X, |z| < 1}.
(3) The non-autonomous dynamical system ((X,Ty,n),(Y,T,o),h) is locally
dissipative.

2. EXPONENTIAL STABLE LINEAR PERIODIC DYNAMICAL SYSTEMS.

Lemma 2.1 [15, Chapter 9]. Let m : T4 — T4 be a positive and continuous
function. If there exists a positive constant M such that m(t 4+ s) < Mm(t) for all

s€[0,1] and t € T4, then f0+oo m(t)dt < +oo implies m(t) — 0 as t — +oo.
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Theorem 2.2. Let ([E],U,(Y,T,0)) be the Co— cocycle on (Y,T,o) with fibre
[E] and (Y,T,o) be a periodical dynamical system (i.e. there are yo € Y and
7 €T (7 >0) such that Y = {yot : 0 <t < 7}). Then the following conditions are
equivalent:

(i)
im0 (t,yo) | = 0. (2.1)
(ii) There exist positive constants N and v such that for allt € Ty andy €Y,
Ut y)| < Ne™™". (2.2)

(iii) There exists p > 1 such that for all u € E,

+oo
/ U (¢, yo)ulPdt < +oo. (2.3)
0

Proof. We remark that from equality (2.1) follows the condition

I U = 0. 2.4
niglmozggT\l (s + n7, 30) (2.4)

In fact, by virtue of Lemma 1.2 there exists a positive constant M such that
1U(s,9)ll < M (2.5)
for all s € [0,7] and y € Y. Therefore,
1U(s + n7,90)ll = 1U(s,90)U (07, 90) | < M[|U(n7, y0)| (2.6)

for all 0 < s < 7. Consequently, from (2.1) and (2.6) results the condition (2.4).
We will show that under the condition (2.4) the equality

lim sup [|U(t,y) =0 (2.7)

t——+o0 yGY

holds. In fact, let y € Y then there exists a number s € [0,7) such that y = yps
and, consequently, for t € T, (t =n7 +%,t € [0,7)) we obtain

U@ = U yos)|| = IU(nT + £, yos)|

=lU((n—1)7 +t+ s,907)U(T — 3,908)|| (2.8)
< Mmax{ sup ||U((n— 1)+ s,y0)|], sup ||[U(nt+ s,y0)|}
0<s<T 0<s<r

From (2.4) and (2.8) results the equality (2.7). For finishing the proof that (i)
implies (ii) is sufficient to apply Theorem 1.3 .

The fact that (ii) implies (iii) is obvious. Now we prove that (iii) implies (i).
Indeed, let u € E and we consider the function m(t) = |U(¢,yo)ul? (¢t > 0). We
note that

m(t+ s) =|U(t + s,yo)ul’ = |U(s,yot)U(t,yo)ul?

<[U (s, yot) IP|U(E, yo)ul” < MPm(t)
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for all t € T4 and s € [0,1], where M =  sup ||U(s,y)|. By Lemma 2.1
0<s<Lyey

m(t) — 0 as t — 400 and, consequently,

1 Y Z—
A |U(E,yo)ul” =0 (2.9)

for all u € E. Let now y € Y, then there exists s € [0, 7) such that y = yos and for
t > 17 — s we have

Ut,y)u=U(t,yos)u =U(t — 7+ s,y0)U(T — s,y05)u. (2.10)
From equalities (2.9) and (2.10),

lim |U(t,y)ul’ =0 (2.11)

t——+o0

for all w € F and y € Y. According to Theorem 1.1 there exists a positive number
M such that |[U(t,y)|| < M for allt € T, and y € Y. Let t > 0 and u € E, then
we obtain

t t
tU (t,yo)ulP = / |U(t,yo)u|Pds < / |U(t — s,y08)|P|U (s, yo)u|Pds
0 0

t +o0
<2 [ s uyuPds < M7 [ UGs,p0)ul?ds = C
0 0

for all £ > 0. By virtue of principle of uniformly boundedness there exists a positive
number C such that

Ut yo)|P < C

for all ¢ > 0 and, consequently
1U(t30)| < C7t77 =0

as t — +o0o. This completes the present proof.

Remark 2.3.

(1) Theorem 2.2 (the equivalence of assertions (ii) and (iii)) is a variant of the
Datko-Pazy theorem (see [15-17,19]) for cocycle over periodic dynamical
systems.

(2) Periodic, almost periodic and asymptotically almost periodic mild solutions
of inhomogeneous periodic Cauchy problems considered recently by C. J.
K. Batty, W.Hutter and F. Rébiger [2] and W. Hutter [23].

The operator U(T,yp) is called operator of monodromy for 7- periodic cocycle
U(t,y). The number 0 # X\ € C is called multiplicator of operator of monodromy
U(T,yo) if there exists ug € E (ug # 0) such that U(7, yo)ug = Aug (or, what is the
same, U(t + 7,yo)uo = AU (t,yo)uo for all t € T,).
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Remark 2.4.
(a) Condition (2.1) and the equality

ngrilm |\U(n7,y0)| = 0. (2.12)
are equivalent. We show that (2.12) implies (2.1) as follows. Let now
t =n7+5s,0<s <7, then U(t,yo) = U(s + n7,y0) = U(s,y0)U(n1,y0)
and, consequently,

10t 90}l < max UG, y) U (o7, o) (213)

From conditions (2.12) and (2.13) results (2.1).
(b) Condition (2.2) and the inequality

|U(t, o)l < Nye™* (vt € Ty) (2.14)

are equivalent, where Ny and v, are some positive constants. Indeed, from
(2.14), taking into account (2.10), we obtain (2.2).

(c) Condition (2.12) is satisfied if and only if o(U(7,y9)) CD={2€ C: |z| <
1}, where o(U(7,y0)) is a spectrum of operator of monodromy U(7,yo).
In fact, from (2.2) results that ry(ry,) = nll)rj_loo sup(||U (nT,y0)) )Y/ <

e”V < 1, because U™(7,y0) = U(n7,y0). If v = ry(r4,) < 1, then for all
e > 0 there exists a n(c) € N such that (||U(n7,y0)|)}/" < v + ¢ for all
n > n(e) and, consequently, | U(n7,yo)|| < (v +¢)” for all n > n(e). Thus
U (nT,y0)| — 0 as n — +o0.

A continuous mapping P : E — FE is called [21] asymptotically compact if, for
any nonempty bounded set B C E for which P(B) C B, there is a compact set
K C B such that K attracts B, i.e. lim sup p(P"z,K) = 0, where p(z, K) =

n—+0 zcB

inf |z —y|.
nf |z —y|
Theorem 2.5. Let ([E],U,(Y,T,o)) be a Co— cocycle on (Y,T,o) with fibre [E],
(Y, T, o) be a periodic dynamical system and U(T,yo) be asymptotically compact (i.e.
if kn — 4+00  (k, € N), the sequences {u,} C E and {U(k,T,yo)un} are bounded;
then the sequence {U (k,T,yo)un} is precompact). Then the following conditions are
equivalent

(i) Equality (2.1) holds.

(ii) For allu € E,

lim |U(t,yo)ul =0. (2.15)

t—4o0

Proof. Tt is evidently that (i) implies (ii). Now, under the conditions of Theorem
2.5 the mapping P = U(7,yo) : E — E is asymptotically compact because P" =
U(nt,y0). (From condition (2.15) according to uniform boundedness principle it
follows that there is a positive constant M such that ||[P"|| < M for all n € Z and,
consequently, the set B = U{P"z : |z| < 1,n € Z,} is bounded and P(B) C B.
Since the mapping P is asymptotically compact in virtue of Corollary 2.2.4 from
[21] the set

W(B) = ﬂnzoumzan(B)
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is nonempty, compact, and invariant and w(B) attracts B.

Now we will prove that ||P™|| = 0. If we suppose the contrary, then there

are g9 > 0, {z, }(|z,| < 1) and ny — +oo({nr} C Z,) such that

[P | > e (2.16)

Since P is asymptotically compact without loss of generality we can suppose that

the sequence {P™ z} is convergent. Let & = klim P gy, then T € w(B) and
—4o00

from (2.16) we have |Z| > €9 > 0. According to the invariance of the set w(B) there
exists a beside sequence {w, }nez C w(B) such that: wg = Z and P(w,) = wpi1
for all n € Z. We note that

nlean |w,| = 0. (2.17)

Suppose that it is not true, then there is a positive number ¢ such that
lwp| > £ (2.18)

for all n € Z_. Let p = khrf Wy, and {z,} C ay,, where
— 400

oy = (1 U wa

n<0m<n

be a beside sequence such that zg = p and P(z,) = 2,41 for all n € Z. ;From

the inequality (2.18) results that |z,| > ¢ for all n € Z. On the other hand in view

of (2.15) lim |w,| = lim |P"wg| = 0. The obtained contradiction proves the
n—+o00 n—+oo

equality (2.17).

Let now n, — —oo and |w,,| — 0, then wy = P~"rw,, for all » € N and,
consequently, |wg| = 0 because |wg| < ||P~""|||wy,.| < M|wy,|. On the other hand
|lwo| = |Z| > €9 > 0. The obtained contradiction finishes the proof of our assertion.
The Theorem is proved.

Remark 2.6. C.Buse wrote several papers [3-5] on evolutions periodic processes
that are in the spirit of the current paper. In particularly, in [5] it is proved that
a trivial solution of equation u'(t) = A(t)u(t) with p— periodic coefficients on a
separable Hilbert space H is uniformly exponentially stable if the mild solution u,,;
of a well-posed inhomogeneous Cauchy problem u/(t) = A(t)u(t)+ e tx(t > 0),u €

R, u(0) = 0 satisfies the following condition sup sup |u,,(t)| < +oo,Vz € H.
pER t>0

3. SOME CLASSES OF LINEAR UNIFORMLY EXPONENTIALLY
STABLE PERIODIC DIFFERENTIAL EQUATIONS.

Let A be the complete metric space of linear operators that act on Banach
space E and C(R,A) be the space of all continuous operator-functions A : R — A
equipped with open-compact topology and (C'(R,A),R, o) be the dynamical system
of shifts on C(R, A).
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3.1 Ordinary linear differential equations. Let A = [E] and consider the
linear differential equation

u' = Alt)u, (3.1)

where A € C(R, A). Along with equation (3.1), we shall also consider its H —class,
that is, the family of equations
v' = B(t)v, (3.2)

where B € H(A) = {As:s € R}, As(t) = A(t + s) (t € R) and the bar denotes
closure in C(R, A). Let ¢(¢,u, B) be the solution of equation (3.2) that satisfies the
condition ¢(0,v,B) = v. We put Y = H(A) and denote the dynamical system of
shifts on H(A) by (Y,R, o), then the triple ([E],U, (Y,R,0)) is the linear cocycle
on (Y,R, o), where U(t,B) = ¢(t,-,B) forallt c R and B€Y.

Lemma 3.1 [6,7].
(i) The mapping (t,u, A) — o(t,u, A) of Rx E x C(R,[E]) to E is continuous,
and
(ii) the mappingU : A — U(-, A) of C(R,[E]) to C(R,[E]) is continuous, where
U(-, A) is the Cauchy operator [12] of equation (3.1).

Theorem 3.2. Let A € C(R,A) be 7— periodic (i.e. A(t+ 7) = A(t) for all
t € R), then the following conditions are equivalent:

(1) The trivial solution of (3.1) is uniformly exponentially stable, i.e. there
exist positive numbers N and v such that |U(t, A)U(r, A)~!|| < Ne=(t=7)
forallt > 7.

(2) There exist positive numbers N and v such that |U(t,B)U(r,B)7!| <
Ne *=7) forallt > 1 and B€ H(A) = {A,: s €[0,7)}.

(3) lim_|U(A)| =0.

(4) There exists p > 1 such that f0+oo |U(t, A)ulPdt < 400 for allu € E.

Proof. Applying Theorem 2.2 to the cocycle ([E], U, (Y,R,0)), generated by equa-
tion (3.1) we obtain the equivalence of conditions 2), 3) and 4) According to Lemma
3 [7] the conditions 1) and 2) are equivalent. The theorem is proved.

Theorem 3.3. Let A € C(R,A) be 7— periodic and U(1, A) be asymptotically
compact, then the following conditions are equivalent:

(1) The trivial solution of equation (3.1) is uniformly exponentially stable.
(2) , ligl |U(t, A)u| =0 for every u € E.
—+oo

Proof. Applying Theorem 2.5 to non-autonomous system ((X,R,7),(Y,R,0),h)
generated by equation (3.1), we obtain the equivalence of conditions 1) and 2). The
theorem is proved.

3.2 Partial linear differential equations. Let A be some complete metric space
of linear closed operators acting into a Banach space E (for example A = {4y +
B|B € [E]}, where A is a closed operator that acts on E). We assume that the
following conditions are fulfilled for equation (3.1) and its H— class (3.2):

(a) for any v € E and B € H(A) equation (3.2) has exactly one mild solution
defined on R, and satisfies the condition ¢(0,v,B) = v;

(b) the mapping ¢ : (t,v,B) — ¢(t,v, B) is continuous in the topology of R x
E x C(R; A);
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Under the assumptions above, (3.1) generates a linear cocycle ([E],U, (Y,R,0)),
where U(t, B) = ¢(t,-, B).

Applying the results from § 2 to this cocycle, we will obtain the analogous asser-
tions for different classes of partial differential equations.

We will consider examples of partial differential equations which satisfy the above
conditions a. and b.

Example 3.1. A closed linear operator A : D(A) — E with dense domain of
definition D(A) is said [22] to be a sectorial if one can find a 6 € (0, 3), an M > 1,
and a real number a such that the sector

Sao={A:0 <|arg(A\—a)| <7, #a}

lies in the resolvent set p(A) of A and ||(A] —A)7|| < M|X—a|™! for all A € S, 6.
If A is a sectorial operator, then there exists a; > 0 such that Rec(A + a1l) > 0
(6(A) =C\ p(A)). Let Ay =A+a1l. For 0 < a < 1, one defines the operator [14]

sin T

AT =

s

+oo
/ ATEN + Ay) "),
0

which is linear, bounded, and one-to-one. Set E“ = D(A{), and let us equip the
space E® with the norm |u|, = |A$u|, E® = E, X! = D(A). Then E® is a Banach
space with the norm |- |,, and is densely continuously embedded in E. If the
operator A admits a compact resolvent, then the embedding E* — E? is compact
for « > 3 > 0 [22]. An important class of a sectorial operators is formed by elliptic
operators [22,24].

Consider the differential equation

' = (Ao + A(t))u, (3.3)

where A is a sectorial operator that does not depend on t € R, and A € C(R, [E]).
The results of [14] imply that equation (3.3) satisfies conditions a. and b.

Under the assumptions above, (3.3) generates a linear cocycle ([E], U, (Y,R, o)),
where Y = H(A) and U(t,B) = ¢(t,-,B). Applying the results from §2 to this
system, we will obtain the following results.

Theorem 3.4. Let Ag - be the sectorial operator and A € C(R,A) be T -periodic,
then the following conditions are equivalent:

(1) The trivial solution of equation (3.3) is uniformly exponentially stable, i.e.
there exist positive numbers N and v such that |U(t, Ay + A)U (T, Ay +
A7 < Ne #=7) for all t > 7.
(2) There exist positive numbers N and v such that ||U(t, Ao + B)U(t, Ay +
B)7Y| < Ne"“=7) for allt > 7 and B € H(A).
@)l [0t Ao + )] = .
(4) There exists p > 1 such that f0+oo |U(t, Ao + A)ulPdt < +oo for allu € E.
(5) o(U(r, Ao+ A)) CD.
Theorem 3.5. Let Ag - be the sectorial operator with compact resolvent and A €
C(R,A) be T - periodic, then the following conditions are equivalent:
(1) The trivial solution of equation (3.3) is uniformly exponentially stable.
(2) t_l:gl |U(t, Ao + A)u| = 0 for every u € E.
(3) |Al <1 for every multiplicator A of operator of monodromy U(r, Ag + A).
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Proof. Since the sectorial operator Ay admits a compact resolvent, then in view of
Lemma 7.2.2 [14] the operator U(r, Ay + A) is compact and, consequently (see,for
example [30, p.391-396)), every 0 # A € o(U(7,Ap + A)) is a multiplicator for
operator of monodromy U(7, Ay + A). Applying Theorem 3.4 (see also Remark
2.3) to linear cocycle ([E],U, (Y,R,0)) generated by equation (3.3), we obtain the
equivalence of conditions 1., 2. and 3. The theorem is proved.

3.3 Linear functional-differential equations. Let r > 0,C([a,b],R™) be the
Banach space of all continuous functions ¢ : [a,b] — R™ with sup-norm. If [a,b] =
[—7,0], then we put C = C([—,0],R"). Let c € R,a > 0 and u € C(joc —r,o +
a],R™). For any t € [0,0 + o] we define u; € C by equality u.(0) = u(t + ), —r <
6 < 0. Denote by 2 = 2(C,R™) the Banach space of all linear continuous operators
acting from C into R", equipped by operator norm. Consider the equation

u = At)uy, (3.4)

where A € C(R,2). We put H(A) = {A; : 7 € R}, A, (t) = A(t + 7) and the bar
denotes the closure in the topology of uniform convergence on compacts of R.
Along with equation (3.4) we also consider the family of equations

u = B(t)uy, (3.5)
where B € H(A). Let ¢;(v,B) be a solution of equation (3.5) with condition
wo(v,B) = v defined on Ry. We put Y = H(A) and denote by (Y,R,o) the
dynamical system of shifts on H(A). Let X = C xY and © = (p,0) the dy-
namical system on X, defined by the equality 7 (7, (v,B)) = (¢, (v,B),B;). The
non-autonomous dynamical system ((X,R.,7),(Y,R,0),h) (h=pro: X - Y)is
linear. The following assertion takes place.

Lemma 3.6 [12]. Let H(A) be compact in C(R,2), then the non-autonomous
dynamical system ((X,Ry,m), (Y,R,0),h) generated by equation (3.4) is completely
continuous, i.e. for every bounded set A C X there exists a positive number £ such
that wt A is precompact.

Theorem 3.7. Let A be 7— periodic. Then the following assertions are equivalent:

(1) The trivial solution of equation (3.4) is uniformly exponentially stable.
(2) , ligl |U(t, A)u| =0 for every u € E.
—+00

(3) |A| < 1 for every multiplicator X of operator of monodromy U(T, A).

Proof. Let ((X,Ry,m),(Y,R,0),h) be the linear non-autonomous dynamical sys-
tem, generated by equation (3.4). According to Lemma 3.6 this system is com-
pletely continuous and, consequently, there exists a number £ € N such that
Uk(1,y0) = U(kT,yo) is precompact. By virtue of theory of Riesz-Schauder (see for
example [30, p.391-395]) every 0 # X\ € o(U(7,.A)) is a multiplicator of operator of
monodromy U(r,.A). To finish the proof it is sufficient to refer to Theorems 2.2,
2.5 and Remark 2.3.

Consider the neutral functional differential equation

%Dut = A(t)u, (3.6)
where A € C(R, ) and D € 2 is nonatomic at zero operator [20, p.67]. As well as
in the case of equation (3.4), the equation (3.6) generates a linear non-autonomous
dynamical system ((X,R;,7),(Y,R,0),h), where X = C xY,Y = H(A) and
m = (p,0). The following statement holds.
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Lemma 3.8 [12]. Let H(A) be compact and the operator D is stable, i.e. the zero
solution of homogeneous difference equation Dy, = 0 is uniformly asymptotically
stable. Then the linear non-autonomous dynamical system (X,Ry,m), (Y,R,0),h),
generated by equation (3.6), is asymptotically compact.

Theorem 3.9. Let A € C(R,2) be 7— periodic and D is stable, then the following
assertions are equivalent:

(1) The trivial solution of equation (3.6) is uniformly exponentially stable;
(2) , li+m |U(t, A)u| =0 for every u € E;
— 00

(3) |A| <1 for every multiplier A of operator of monodromy U (1, A).

Proof. Let ((X,Ry,m),(Y,R,0),h) be the linear non-autonomous dynamical sys-
tem, generated by equation (3.6). According to Lemma 3.8 this system is asymptot-
ically compact. . According to results of [20, Chapter 12] every 0 # X\ € o(U(7,y0))
is a multiplier of operator of monodromy U(7,yp). To finish the proof of Theorem
3.8 it is sufficient to refer to Theorems 2.2, 2.5 and Remark 2.3. The theorem is
proved.

Remark 3.10.

(1) The equivalence of conditions 1. and 3. in Theorem 3.5 (Theorem 3.7,
Theorem 3.9) was proved in [22, p.219] (resp. in [20, p.233], [20, p.365]).

(2) All the statements from §3 hold also for difference equations and can be
proved in the same way.
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