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A FIBERING MAP APPROACH TO A SEMILINEAR ELLIPTIC
BOUNDARY VALUE PROBLEM

KENNETH J. BROWN, TSUNG-FANG WU

ABSTRACT. We prove the existence of at least two positive solutions for the
semilinear elliptic boundary-value problem

—Au(z) = da(z)u? + b(z)uP forx € Q; wu(x) =0 for xz € 00

on a bounded region Q by using the Nehari manifold and the fibering maps
associated with the Euler functional for the problem. We show how knowledge
of the fibering maps for the problem leads to very easy existence proofs.

1. INTRODUCTION

We shall discuss the existence of positive solutions of the semilinear elliptic
boundary-value problem

—Au(x) = Aa(x)u? + b(x)u? for x € Q; (1.1)
u(z) =0 for xz € 0Q, (1.2)
where Q is a bounded region with smooth boundary in RN, 0 < ¢ <1<p< %,

A > 0 and a,b: Q2 — R are smooth functions which are somewhere positive but
which may change sign on 2. Equation (L), has been recently studied in [3]
by using the Mountain Pass Lemma and in [5] and [7] using the Nehari manifold.

In [4] and [2] it was shown that the Nehari manifold for an equation such as
is closely related to the fibering maps for the problem. In this paper we show how
a fairly complete knowledge of all possible forms of the fibering maps provides a
very simple and comparatively elementary means of establishing results similar to
those proved in [5] and [7] on the existence of multiple solutions of (L.1)), (1.2). In
section 2 we recall the properties which we shall require of fibering maps and of the
Nehari manifold. In section 3 we give a fairly complete description of the fibering
maps associated with and in section 4 we use this information to give a very
simple variational proof of the existence of at least two positive solutions of ,
for sufficiently small .

We shall throughout use the function space W,*(Q) with norm

Jull = ([ Vuar)
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and the standard LP(Q) spaces whose norms we denote by ||ul|,.

2. FIBERING MAPS AND THE NEHARI MANIFOLD
The Euler functional associated with (1.1)), (1.2) is

1 A 1
) == [ |Vu*dz — —— +lg ——/b Py
A(u) 2/QI ul” dx ) Qa(x)\ul T, (@) [P dx

for all u € W, ().

As Jy is not bounded below on Wy**(2), it is useful to consider the functional
on the Nehari manifold

M(Q) = {u € Wy () : (J}(u),u) = 0}
where (,) denotes the usual duality. Thus v € M, (Q) if and only if

/|Vu\2d;v—)\/a(:r)\u|q+1d;v—/b(x)|u\p+1 dr =0 (2.1)
Q Q Q

Clearly My(Q) is a much smaller set than W, '*(2) and, as we shall show, .Jy is
much better behaved on M, (). In particular, on M, () we have that

B = (5 = =) [ 1Vl + (g = =) [ e

=G o3p) | VR =N~ o) [ el

Theorem 2.1. Jy is coercive and bounded below on My ().

(2.2)

Proof. Tt follows from ([2.2)) and the Sobolev embedding theorems that there exist
positive constants ¢y, co and ¢z such that

Ia(u) = ea|ul|* - 02/ Jul ™ do > ey |ul]* — esllul ™
Q
and so Jy is coercive and bounded below on My (). O
The Nehari manifold is closely linked to the behaviour of the functions of the
form ¢, : t — Jxy(tu) (¢ > 0). Such maps are known as fibering maps and were

introduced by Drabek and Pohozaev in [4] and are also discussed in Brown and
Zhang [2]. Tf u € Wy (), we have

1 2 2 tq+1 q+1 tp+1 p+1
du(t) = Et ; |Vu|* — A Qa\u| - — Qb|u\ (2.3)

qg+1 p+1
@l (t) = t/ |Vu|* — )\tq/ alu)tt — tp/ blu|PT! (2.4)
Q Q Q
" _ 2 q—1 q+1 _  4p—1 p+1
¢u(t) = [ [Vul” = Agt alul pt blul (2.5)
Q Q Q

It is easy to see that u € M)(Q) if and only if ¢/, (1) = 0 and, more generally,
that ¢/, (t) = 0 if and only if tu € M»(Q), i.e., elements in My () correspond to
stationary points of fibering maps. Thus it is natural to subdivide M,(2) into sets
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corresponding to local minima, local maxima and points of inflection and so we
define

M () = {u € My(©) : /(1) > 0},

M (9) = {u € My(Q) : ¢//(1) < 0},

MY(Q) = {u € My(Q) : ¢(1) = 0},
and note that if u € My (), i.e., ¢/, (1) =0, th

en
¢1(1) = (1—q) / Vul? dz — (p / b(a)|ulP* da
= (1—17)/ |Vul? de — \( )/a Y|u|?T da .
Q

Also, as proved in Binding, Drabek and Huang [I] or in Brown and Zhang [2], we
have the following lemma.

(2.6)

Lemma 2.2. Suppose that ug is a local mazimum or minimum for Jy on Mx(£2).
Then, if ug &€ MY(Q), ug is a critical point of Jy.
3. ANALYSIS OF THE FIBERING MAPS

In this section we give a fairly complete description of the fibering maps as-
sociated with the problem. As we shall see the essential nature of the maps is
determined by the signs of [a(x)|u[?t! dz and [, b(z)|u[Pt! dz. We will find it
useful to consider the function

ma(t) :tl‘q/ \Vu\Zda:—t”_q/ b() |7+ da.
Q Q

Clearly, for ¢t > 0, tu € M(Q) if and only if ¢ is a solution of

my(t) = )\/ a(x)|u|T da. (3.1)
Q
Morever,
ml,(t) = (1— q)t_q/ |Vul>dz — (p— q)tP97! / b(x)|uPt da. (3.2)
Q Q
It is easy to see that m, is a strictly increasing function for ¢ > 0 whenever
fQ 2)|ulPtt dr < 0 and m,, is initially i 1ncreasmg and eventually decreasing with
a single turning point as in Figure 1(b) when fQ YuPTtdz > 0.
(a) (b)

FIGURE 1. Possible forms of m(u)
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Suppose tu € My (Q). Tt follows from and ) that ¢}, (1) = t72m! (t)
and so tu € M, (2)(My (Q)) provided m/ ( ) >0 (< O)

We shall now describe the nature of the ﬁbering maps for all powible signs of
Jo b(@)|uPt de and [, a(x)|u|?t do. If [ b(z)|u[Pt de < 0and [, a(x)|u|t de <
0, clearly ¢, is an increasing function of ¢ and so has graph as shown in Figure
2(a); thus in this case no multiple of u lies in M (). If [, b(x)lu/P™ dz < 0 and
fQ x)|u|?t dz > 0, then m,, has graph as in Figure 1( ), and it is clear that there
is exactly one solution of (3.1] . Thus there is a unique value ¢(u) > 0 such that
t(u)u € My(Q). Clearly m! (t(u)) > 0 and so t(u)u € My (Q). Thus the fibering
map ¢, has a unique critical point at ¢ = t(u) which is a local minimum. Since
limy 00 ¢y () = 00, it follows that ¢, has graph as shown in Figure 2(c).

Suppose now [, b(z)|ulPT! dz > 0 and [, a(z)|u|?"! dz < 0. Then m,, has graph
as shown in Figure 1(b) and it is clear that there is exactly one positive solution
of (3.1). Thus there is again a unique value ¢(u) > 0 such that ¢(u)u € M,(Q2) and
since m/,(t(u)) < 0 in this case t(u)u € M; (2). Hence the fibering map ¢, has

a unique critical point which is a local maximum. Since lim;_, o, ¢, (f) = —o0, it
follows that ¢, has graph as shown in Figure 2(b).
Finally we consider the case [, b(z)|u[P™ dz > 0 and [, a(z)|u|9" dz > 0 where

the situation is more complicated. As in the previous case m,, has a graph as shown
in Figure 1(b). If A > 0 is sufficiently large, has no solution and so ¢, has
no critical points - in this case ¢, is a decreasing function. Hence no multiple
of u lies in M (Q2). If, on the other hand, A > 0 is suﬂiciently small, there are
exactly two solutions t1(u) < t2(u) of (3.1) with m/, (t1(u)) > 0 and m/,(t2(u)) < 0.
Thus there are exactly two multlples of u € M)\(Q), namely t1(u)u € M ()
and to(u)u € M, (Q). It follows that ¢, has exactly two critical points - a local
minimum at ¢ = ¢;(u) and a local maximum at ¢ = t5(u); moreover ¢,, is decreasing
in (0,t1), increasing in (¢1,t2) and decreasing in ({2, 00) as in Figure 2(d).

The following result ensures that when X is sufficiently small the graph of ¢,
must be as shown in Figure 2(d) for all non-zero u.

Lemma 3.1. There exists Ay > 0 such that, when A < A1, ¢, takes on positive
values for all non-zero u € W, *(Q).

Proof. If [, b(x)ulP™ dz < 0, then ¢,(t) > 0 for ¢ sufficiently large. Suppose
u € Wy(Q) and [, b(z)[u/P*! dz > 0. Let

2 P!
= — Vul|d
2/Q| | p+1

Then elementary calculus shows that h, takes on a maximum value of
-1 { (Jo [Vul? da)Ptt fQ |Vu|? do )ﬁ

x)juPt da.

1
}Vl when t = tax = (

fQ x)|ulPtt dz)? fQ x)|ulptt do
However
o [Vul*de)r*t 1
U WP da)? = §7570
where S, 11 denotes the Sobolev constant of the embedding of W, () into LP+1(Q).
Hence )
p—1 1 =1
hu (tmax) Z < 2 ) =9
(p+1)
201 Mo+ |z, 558
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FIGURE 2. Possible forms of fibering maps

where § is independent of u.
We shall now show that there exists A; > 0 such that ¢, (tmax) > 0, i.e.,

q+1
7>\ (ij_xi / a(z)|u| dz > 0
Q

for all u € Wy*(€2) — {0} provided X < A;. We have

q+1
Lmax) / a(z)|u|9 da
Q

qg+1
Vul>dr 5 o
- Sq+1 fQ | P / 2d
||G/H q+1 (‘]‘Q b(x)|u|1"+1 d]}) ( 0 |VU| .T)

hu (tmax) -

<

qg+1

+1 q+1
=yl 5q+11{ (Jo [Vul? dz)” }2(;_1)
q+1 T b ulpt da)?
2(p+1) g+l a+1 a+1
1
= ﬁ IIaHooSZL [ 1 ] :
where c¢ is independent of u. Hence

1

g+l at+1 1—

gbu(tmax) Z hu(tmax) - AChu(tmax) 2 = hu(tmax) 2 (hu(tmax)Tq - )\C)
and 50, since hy (tmax) > 8 for all u € W, *(Q) — {0}, it follows that ¢y (tmax) > 0
for all non-zero u provided A < § =S /2¢ = A1. This completes the proof. (]

It follows from the above lemma that when A < X1, [, a(z)|u|9"" dz > 0 and

Jo b(z)|u[Pt dz > 0 then ¢, must have exactly two critical points as discussed in
the remarks preceding the lemma.
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Thus when A < A\; we have obtained a complete knowledge of the number of
critical points of ¢,, of the intervals on which ¢, is increasing and decreasing
and of the multiples of uw which lie in M, (Q2) for every possible choice of signs of
Jo b(@)|u[Ptt de and [, a(a)|u|?t! dz. In particular we have the following result.

Corollary 3.2. MY(2) =0 when 0 < X\ < Aj.

Corollary 3.3. If A < A1, then there exists 01 > 0 such that Jy(u) > 01 for all

Proof. Consider u € M, (£2). Then ¢, has a positive global maximum at ¢ = 1 and
J b(z)|u|PTt dz > 0. Thus

In(w) = ¢u(1) = dultmax)

e

( max) ‘7+1 (hu(tmax)% - AC)

> 5i (6" — \e)

and the left hand side is uniformly bounded away from 0 provided that A < A;. O

4. EXISTENCE OF POSITIVE SOLUTIONS

In this section using the properties of fibering maps we shall give simple proofs
of the existence of two positive solutions, one in M, (Q2) and one in M ().

Theorem 4.1. If A < A1, there exists a minimizer of Jy on M, (Q).

Proof. Since Jy is bounded below on M(2) and so on M, (), there exists a
minimizing sequence {u,} C M} (Q) such that
lim Jy(up) = inf  Jy(u).
n—00 wEM;H(Q)
Since J) is coercive, {u,} is bounded in VVO1 2(Q) Thus we may assume, without
loss of generality, that u, — ug in W, *(Q) and u,, — ug in L"(Q) for 1 < r < 2
If we choose u € W, () such that Joa(z)|u|? dz > 0, then the graph of

the fibering map ¢, must be of one of the forms shown in Figure 2(c) or (d)
and so there exists t1(u) such that t1(u)u € M, (Q) and Jy(t1(u)u) < 0. Hence,

inf e prt () Ia(u) < 0. By 23,

T(n) = G = ) [ IVunP de =X (g = =) [ ala)lunl da
and so
M - L)/ a(@)fun | da = (& — / Va2 dae — T ().
q+1 p+1 2 p+ p+1
Letting n — oo, we see that [, a(z)|ug|?™ da > 0.

Suppose u, # up in W0 (Q) We shall obtain a contradiction by discussing the
fibering map ¢y,. Since [, a(x)lug|9t dz > 0, the graph of ¢,, must be either
of the form shown in Figure 2( ) or (d). Hence there exists tg > 0 such that
toug € My () and ¢y, is decreasing on (0, to) with ¢/, (to) = 0.

Since uy, £ ug in Wy (Q), [, [Vuo|? dz < liminf,—eo [, [Vun|? dz. Thus, as

br,, (t) = t/ |V, |? de — )\tq/ a(x)|u,| T do — tp/ b(x)|u, [P do
Q Q Q



EJDE-2007/69 A FIBERING MAP APPROACH 7

and
Pr, (1) = t/ |Vuo|? do — )\tq/ a(x)|u| da — tp/ b(x)|uolP T de,
Q Q Q

it follows that ¢, (to) > 0 for n sufficiently large. Since {u,} C M (Q), by
considering the possible fibering maps it is easy to see that ¢}, () <0for0 <t <1
and ¢, (1) =0 for all n. Hence we must have ¢, > 1. But toug € My (Q2) and so

JA(touo) < Ja(ug) < lim J)\(un) = inf J,\(u)
n—00 ueM;(Q)

- - . 1,2
and this is a contradiction. Hence u,, — uo in W;""(2) and so

In(ug) = lim Jy(up) = inf  Jy(u).

n—00 ueM;(Q)

Thus g is a minimizer for Jy on M, (). O

Theorem 4.2. If A < \y, there exists a minimizer of Jy on M, (Q).

Proof. By Corollary we have Jy(u) > 61 > 0 for all u € M; (£2) and so
infueM;(Q) Jx(u) > 6;. Hence there exists a minimizing sequence {u,} C M, ()
such that

lim Jy(un,)= inf Jx(u)>0.
n— o0 ueM; ()

As in the previous proof, since Jy is coercive, {uy,} is bounded in W,"*() and we
may assume, without loss of generality, that u,, — ug in I/VO1 2(Q) and u, — ug in
L™(Q) for 1 <r < % By (2.2)

1 1 ) 1 1
= (- — d - b rtlyg
) = (5= =) [ 1Vual ot (5 = =) [ ol do

and, since lim,, s Jx(uy,) > 0 and

lim [ b(z)|u,|PTt dox = / b(x)|ug(z)|P de,
Q

n—oo Q

we must have that [, b(z)|ug(x)[PT! dz > 0. Hence the fibering map ¢,, must
have graph as shown in Figure 2(b) or (d) and so there exists ¢ > 0 such that
I?’LLO S M)\_ (Q)

Suppose u, 4 ug in Wol’2 (©). Using the facts that

/|Vu0|2dx<lim inf /|Vun|2d:1:
Q n—oo Jo
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and that, since u, € M; (), J(un) > J(suy,) for all s > 0, we have

/ a(x)|ue|? da —
Q

fat1 tpt1

p+1Jg

R 1. A
Hive) = 52 [ [Vuof? do - b o P+
Q

q+1

- Lo 2 gt +1
< lim [ft |Vuy|®de — a(x)|u, |77 dx
n—oo 2 Jg q+1 Jo
i1
- / b() | [P+ dx}
p+1Jg
= lim J(fuy,)
< lim J(u,)= inf Jy(u)
n—oo ueM; (Q)

which is a contradiction. Hence u,, — ug in WO1 2(Q) and the proof can be completed
as in the previous theorem. ([l

Corollary 4.3. Equation (1.1), (1.2) has at least two positive solutions whenever
0< A< Ay

Proof. By Theorems and H there exist u™ € My(Q) and v~ € M, (Q)
such that J(u™) = infueM;r(Q) J(u) and J(u™) = infueM;(Q) J(u). Moreover
J(uF) = J(lu*|) and [uF| € M;(Q) and so we may assume u* > 0. By Lemma
u* are critical points of .J on W, (Q) and hence are weak solutions (and so
by standard regularity results classical solutions) of , . Finally, by the
Harnack inequality due to Trudinger [6], we obtain that u® are positive solutions

of (1), (2. 0
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