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ASYMPTOTIC BEHAVIOR OF A DELAY PREDATOR-PREY
SYSTEM WITH STAGE STRUCTURE AND VARIABLE
COEFFICIENTS

ERIC AVILA-VALES, ANGEL G. ESTRELLA, JAVIER A. HERNANDEZ-PINZON

ABSTRACT. In this paper, we establish a global attractor for a Lotka-Volterra
type reaction-diffusion predator-prey model with stage structure for the preda-
tor, delay due to maturity and variable coefficients. This attractor is found by
the method of upper and lower solutions and is given in terms of bounds for
the coefficients.

1. INTRODUCTION

Almost all animals have the stage structure of immature and then mature, and
in each stage they show different characteristics. For instance, immature predators
are not able to hunt, while mature animals have more powerful survival capacities;
likewise, rates of birth or death vary on each stage. Therefore, considering stage-
structured models could lead to more accurate results.

In 2006, Xu, Chaplain and Davidson [7], considered the following Lotka-Volterra
type reaction-diffusion predator-prey model with stage structure for the predator
and delay due to maturity

0
% = D1 Auy (t,z) + ur(t, z)[r1 — ar1ur (t, ) — arus(t, x)], (1.1)
(t,z) € (0,00) x Q
% = DyAuy(t, z) + a/o f(s)e ™ uy(t — s, x)us(t — s,x)ds (1.2)
— roug(t, ) — agui(t,z) (t,z) € (0,00) x
Qui _ .
5o=0 (i=1,2),t>0, xcoQ (1.3)
ui(t,z) = ¢i(t,x) (i=1,2), t€[-7,0],z€Q (1.4)

In this problem, 2 is a bounded domain in R™ with smooth boundary 0f), where
a% denotes the outward normal derivative on 9€2. The boundary conditions in
imply that the populations do not move across the boundary 0. The parameters
r1,T2,a11,0d12, a22, 7y are positive constants. wj(t,x) represents the density of
the prey population at time ¢ and location x, ug(t,x) denotes the density of the
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mature predator population at time ¢ and location z, respectively. The data ¢;(t, )
(i = 1,2) are nonnegative and Holder continuous and satisfy %‘fl = 0in (—7,0)x00.
The model is derived under the following assumptions.

e The prey population: The growth of the species is of Lotka - Volterra na-
ture. The parameters r1,a;; and Dy are the intrinsic growth rate, intra-specific
competition rate and diffusion rate, respectively.

e The predator population: ais, ﬁ7 ro and aos are the capturing rate, conversion
rate,death rate and intra-specific competition rate of the mature predator, respec-
tively; v > 0 is the death rate of the immature predator population, D5 is the
diffusion rate of the mature population. The term au(t — s, x)us(t — s, ) is the
number born at time ¢t — s and location x per unit time, and is taken as proportional
to the number of the prey and mature predator the around. f(s) denotes the prob-
ability that the maturation time is between s and s + ds with ds infinitesimal,and
fooof(s)ds = 1. e~ 7% is the probability of an individual born at time ¢ — s still alive
at time ¢. Individuals becoming mature at time ¢ could have been born at any time
prior to this, and the integral totals up the contributions from all previous times.

They also use the following assumptions:

(H1) f(¢) is piecewise continuous in [0,7] and has the property: f(¢t) > 0,
Jo f(t)dt = 1; ie., f(t) is a probability diet on [0, 7]

System ([1.1)—(|1.4) possesses a trivial uniform equilibrium Fy (0, 0) and a semi-trivial
uniform equilibrium F; (%, 0). If the following holds:

(H2) rial > roaq;.

Then (1.1))—(1.4) also has a unique positive uniform equilibrium E*(u¥, u}) where:

= 1022 + T2012 Cow = riol —raaq (1.5)
ai1a22 + aaial a11a22 + aaial

where I = [ f(s)e™7*ds. The main result in [7] is as follows:

Theorem 1.1. Let the initial functions ¢; (i = 1,2) be Holder continuous in

[—7,0] x Q, with ¢;(t,x) > 0, ¢;(0,x) # 0. Let (ui(t,x),ua(t,z)) satisfy (1.1
(1.4). In addition to (H1)—(H2), assume that

(H3) ai110a9o > algoszT f(S)eiFYSdS

Then limy_ o ui(t,z) = uf (i = 1,2) uniformly for v € Q

Xu, Chaplain and Davidson considered both, the coefficients of inter-species in-
teraction and their birth and death rates to be constant. However, it must not be
forgotten that the variability implicit in the environment means that these coeffi-
cients may depend on variables such as time, temperature, light flux, etc. Therefore,
whenever possible, it is convenient to introduce these factors as functions of these
variables even though this may complicate the resolution of the system of differen-
tial equations [4].
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In this work, we extend Theorem [3.3] to the case where the coefficients are func-
tions of space and time as follows

% = D1 Auy(t, z) + uyi (¢, x) [Tl(t,x) — a1 (t, x)uq (t, ) — ar2(t, v)us(t, 1:)]
(1.6)
Ous _ uz(t, x) + aft, x ’ s)e  Puy(t — s, x)ua(t — s, z)ds
B = Deduslta) o) [ FET sl sl
—ro(t, w)us(t, x) — age(t, 2)us(t,z); (t,z) € (0,00) x Q
%lf:o (i=1,2), t>0, z € 99 (1.8)
ui(t,x) = ¢;(t,x) (i=1,2),te[-7,0,2€Q (1.9)

In our case the asymptotic behavior of time-dependent solution will be deter-
mined since we will be able to a obtain a prior upper an lower bounds for the system
(L) (T9)-

Similar problems with constant coefficients are considered in [2}[8], where systems
of equations with diffusion are studied. One equation with diffusion and variable
coefficients is analyzed in [9]. The competition case with diffusion and variable
coefficients is studied in [6]. Some cases of variable coefficients with no diffusion
are studied in [T} [5 [10].

The rest of the paper is organized as follows. In section 2 we state the definition of
upper and lower solutions, we also discuss the existence and uniqueness of positive
solution of our system. In section 3 we find a global attractor for 7.
Finally, we present a brief discussion in the last section.

2. PRELIMINARIES
Definition 2.1. A pair of functions

a(t,z) = (u1(t, x), w2t x)), wlt,x) = (41(t,x),42(t, x))

defined for ¢t > 0,2 € Q are called coupled upper and lower solutions of systems
(1.6)—(1.9) if @; > @; in [—7 x Q) and if for all ¢; such that 4; < v¢; < 4; the
following differential inequalities hold:

ot
% > DyAGy + iy () [r (8 @) — a1n (& )i ( 2) — aga(t, 2)ds(t, 2)]
% > DoAus(t, ) + a(t,x / f(s)e Y pyapads — ro(t, ) — ax(t, )3
Ot
% < D1 AGy + G (¢, 2)[r1 (8, ) — a11(t, @)ty — ar2(t, ) Ge)

8’&2

E<D2Au2(tx +ata:/f e *h1ipads

— ro(t, x)ua(t, ) — aga(t, x)(as(t, 33))2
for (¢,x) € (0,00) x ©, and

o on; .
< < =
5 = 0< 5 (i=1,2), (t,z) € (0,00) x 0N

Ui (t,x) < ¢i(t,x) < a;(t,z) (i=1,2), (t,x) € [-7,0] x Q
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It is easy to see that (0,0) and (kq, k2), with
71

kl = max{ , Ssup ||¢(07)H}7
A1’ _r<o<0

ks — max{ 2 sup_[16(6, )11}

aoky [ fs)emdr’ —r<b<
are pairs of coupled lower-upper solutions of problem (|1.6[)—(1.9).

The existence of solutions of problem ([1.6))—(1.9)) is guaranteed by a result estab-
lished by Redlinger in [3] if the reaction part of the equations satisfy the Lipschitz
condition, which turns to be true in this case.

Proposition 2.2. Let the initial function ¢ be Hélder continuous in [—7,0] x Q.
Assume that A1 >0, B> 0, As >0, and f(s) is defined as in (H1). Let u(z,t) be
a nonnegative nontrivial solution of the scalar problem

({;—? = DAu + B/ f(s)e u(t — s,z)ds — Aju(t,z) — Ayu?(t,x), (t,z) x Q,
0
ou
5 =0, (t,.f) X 8(2,

u(t,x) = o(t,z) >0, ¢(0,2) #0, (t,z) € [-7,0] x Q.
Then we have
(i) if Bf, f(s)e™"*ds > Ay, then
tlgglo ultx) = B, f(s)ib%ds -4

(ii) if Bfy f(s)e™7*ds < Ay, then

uniformly for x € Q

lim u(t,z) =0 wuniformly for x € Q

t—oo

A proof of the above proposition can be found in [7].

3. GLOBAL ATTRACTOR

We assume that system (1.6)—(1.9) has bounded variable coefficients with the
following properties:

0<an <an(t,z) <A, 0<ap <ap(tz) < Ap,
0<r <r(t,z) <Ry, 0<ry<ryt,z) <Ry,
0< o <a(t,z) <az, 0<ax <axp(t,r) < Axp.

We have the following results.

Proposition 3.1. Let uy, us be solutions of (|1.6)—(1.9),

M, =liminflminu,;(t,z)], M; = limsup[maxu,(t,z)]
t—00 "pcQ t—oo xef

and I = [ f(s)e™"*ds. Assume (H1), and that the initial conditions ¢; > 0 for

i=1,2.

(a) If My > B2 then

a117
M,I—-R — M I —
M TR M, <M< BT (3.1)
Agg a22
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(b) If ay1re > aoRiI, then My, =0 = M.
Proof. Let u and @ be solutions of
Lou = agMI(1) — ral — asgti®,
Lot = oy M 1(1) — Roti — Ago@i?,

with boundary conditions and initial values as for us, where L;u = u; — D;Au for
i=1,2, and

(3.2)

I(u) = /OT f(s)e u(t — s, x)ds,

then u and 4 are upper and lower solutions of us; therefore

U <wug < 4. (3.3)
ItM, > QR—IQI then M; > %, thus applying (a) of Proposition we obtain
.. oM I—-Ry . oMl -1y
lim ¢ = ——=, lima=——7-—=,
t—o0 A22 t—oo a9
from this and (3.3) we obtain (3.1). The proof of de second part is similar using
(b) of Proposition O

With a similar idea and taking the appropriate upper and lower solutions of (|1.6))

we note that _
— M>A — R —M
1 24112 <M,<M < 1 721112'
An ar
With the hypothesis and notation of the previous proposition and its proof, we

have the following result.

(3.4)

Proposition 3.2. Ifaj1ro < asR11I, then

ag -1
My < —2411  — (3.5)
a2
Proof. {From equation (3.4) we have that M; < Ry/ay1, therefore for each € > 0
there exists T > 0 such that ui(t — s,2) < (Ry/a11) +eforallt > T, s € [0,7] and
z € Q). Let wy be a solution of

R
Lowy = az(a—lll + &) I(w2)(t, x) — rowa(t, ) — aga(wa(t,x))?; t>T, 2 €Q (3.6)
%:0 t>T, z €0 (3.7)

wa(t,z) = ke (t,w) € [T —71,T]x Q. (3.8)
where I(w)(t,z) = [;° f(s)e " w(t — s, x)ds. Since

R R
ag(—l —|—5)I > 042—1] >ry
a1 ail

then we can use Proposition [2.2] to obtain
(65) (& + 6)[ — T2

aii

Jim ws(t, ) = =

Since ws is an upper solution of ug, wa(t, ) < ua(t, x) for t > T and = € ; therefore

QQ(& =+ E)I — 7T

a1

My < lim wo(t,x) =
t—oo a22
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and we obtain (3.5) from the fact that € is arbitrary. O
Now, we are able to state our two main results.

Theorem 3.3. Let the initial functions ¢; be Holder continuous in [—7,0] x Q,

with ¢i(t,x) >0, ¢;(0,z) # 0 for i =1,2. Let uy(t, ), ua(t, x) satisfy (1.6)—(1.9).
In addition to (H1) assume further that

a11re < aolRh1, (3.9)
agA1aR I < aqq(agar + ajars) . (3.10)
Then
arIM, — A M, < Rs, (
ro < agl My — asoMo, (3.12
r1 < AnMy 4 A1p Mo, (
a1 My + a12My < Ry. (
Proof. From we obtain

R
04271111—7‘2 r —

A1 Ro
all

a2 T Ap
Now, we can use Proposition because of (3.9), the above inequality leads to

_ AnRs

R T1 arl

which implies

and with (3.4), we obtain

thus, we can use Proposition to obtain (3.11))—(3.12)), and (3.13))—(3.14) follow
from ((3.4). O

Theorem 3.4. Let § = ajjaseA11 Ass—a12A12a1001?, and assume hypothesis (H1)
and (3.9)—(3.10). If § > 0, then

s1 <My <M; <51, s5<M,<My<5S,,

where
5 = a11Agz(A1are + agar) —50421412](&121‘32 + 14221“31)7
s, = Arrags (a2 Ry + A22R1)5— ara121(Arzrs + a227"1)’
8 = arrag(airil — A Ry) —60411412[(0!21:31[ - 11117’2)’
S, = A Agg(an Ryl — ayrrs) ; agazl(aqri ] — A11R2).

Proof. This is the solution of the set of inequalities (3.11))—(3.14)) using the fact that
d > 0. O



EJDE-2008/140 ASYMPTOTIC BEHAVIOR 7

Theorem 3.5. Let the initial functions ¢; (i=1,2) be Hélder continuous in [—7, 0] x

Q with ¢;(t,x) > 0. Let (u1,uz) satisfy (L.6)—(1.9). In addition to (H1) assume
further that

aiiry > a1
then M, =0 =M, and

T1 —_—
— < M, < M, <—. 3.15
Ay — 77 l_all ( )

The above theorem is a consequence of the second part of the Proposition [3.1
and .

As a consequence of Theorem [3.4] and Theorem when the coefficients are
constants we obtain [, Theorems 2.1 and 2.2]. However, here we provided another
way to prove these two theorem.

3.1. Discussion. Motivated by the work on [6], in this paper we have incorporated
variable coefficients in to a Lotka Volterra type predator-prey model with diffusion
and stage structure. By using the coupled upper-lower solutions technique, we give
sufficient conditions to guarantee the existence of a global attractor for the system.
Biologically condition (15) says that lower bound of the death rate of the mature
predator and the lower bound of the intra specific competition rate of the prey are
sufficiently low. Condition (16) means that the inter specific growth rate of the
prey and the inter specific interaction between the prey and the mature predator
are low enough. Theorem ecologically implies that the predator population will
go to extinction but the prey population will persist and this occurs if the death
rate of the mature predator population and the intra specific competition rate are
high and the conversion rate of the predator and the intrinsic growth rate of the
prey are sufficiently low. According to Theorem and Theorem we note that
the bounds do not depend on the diffusion coefficients D, and D,, that is the global
attractors found depend only on the reaction terms.
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