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EXISTENCE OF POSITIVE SOLUTIONS FOR SINGULAR
FRACTIONAL DIFFERENTIAL EQUATIONS

TINGTING QIU, ZHANBING BAI

ABSTRACT. In this article, we establish the existence of a positive solution to
a singular boundary-value problem of nonlinear fractional differential equa-
tion. Our analysis rely on nonlinear alternative of Leray-Schauder type and
Krasnoselskii’s fixed point theorem in a cone.

1. INTRODUCTION

Many papers and books on fractional calculus differential equation have ap-
peared recently. Most of them are devoted to the solvability of the linear frac-
tional equation in terms of a special function and to problems of analyticity in
the complex domain(see, for example [2, [§]). Moreover, Delbosco and Rodino [3]
considered the existence of a solution for the nonlinear fractional differential equa-
tion Dy, u = f(t,u), where 0 < o < 1, and f: [0,a] xR - R,0 < a < oo is a
given function,continuous in (0, a) x R. They obtained results for solutions by using
the Schauder fixed point theorem and the Banach contraction principle. Recently,
Zhang [T1] considered the existence of positive solution for equation DS, u = f(t,u),
where 0 < @ < 1, and f : [0,1] x [0, +00) — [0, 400), is a given continuous function,
by using the sub-and super-solution method.

In this article, we discuss the existence of a positive solution to boundary-value
problems of the nonlinear fractional differential equation

Dgiu(t) + f(t,u(t)) =0, 0<t<1,
u(0) =u/(1) =u"(0) =0,

where 2 < o < 3, Dy, is the Caputo’s differentiation, and f : (0, 1] x[0, 0c0) — [0, c0)
with lim+ f(t,-) = 400 (that is f is singular at ¢ = 0). We obtain two results
t—0

(1.1)

about this boundary-value problem, by using Krasnoselskii’s fixed point theorem
and nonlinear alternative of Leray-Schauder type in a cone.

For existence theorems for fractional differential equation and applications, we
refer the reader to the survey by Kilbas and Trujillo [6]. Concerning the definitions
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of fractional integral and derivative and related basic properties, we refer the reader
to Samko, Kilbas, and Marichev [5] and Delbosco and Rodino [3].

2. PRELIMINARIES

For the convenience of the reader, we present here the necessary definitions from
fractional calculus theory. These definitions and properties can be found in the
literature.

Definition 2.1. The Riemann-Liouville fractional integral of order @ > 0 of a

function f : (0,00) — R is given by

00 = o | 0= (s)as

provided that the right-hand side is pointwise defined on (0, o).

Definition 2.2. The Caputo fractional derivative of order a > 0 of a continuous
function f : (0,00) — R is given by

t (n)
D510 = oy | s
where n — 1 < a < n, provided that the right-hand side is pointwise defined on
(0, 00).
Lemma 2.3 ([I0]). Letn—1 < a <n, ue€ C"[0,1]. Then
I8, D§ u(t) = u(t) — Cp — Cot — -+ — Cpt" ™,

where C; e R, 1 =1,2,...n
Lemma 2.4 ([10]). The relation

Ig+Ia+SD = Igjrrﬁ@
1s valid in following case

ReB >0, Re(a+ ) >0, ¢(z) € Li(a,b).
Lemma 2.5. Given f € C[0,1], and 2 < o < 3, the unique solution of

B
+ f(t) =0, 0<t<l,

Dg, u(t)
0+
w(0) = w/(1) = u”(0) = 0. .
8 1
- / G(t, ) f(s)ds
0
where
(a=Dt(1—s)*"2—(t—s5)*"! 0<s<t<1
G(t,s) = t(1—s5)> 2 He ’ cset 22
T(a-1) stes=l

Proof. We may apply Lemma2.3 to reduce Eq.(2.1) to an equivalent integral equa-
tion
u(t) = —I§, f(t) + C1 + Cat + Cst?
for some C; € R, i=1,2,3. By Lemma2.4 we have
W) = =D IS, f(t) + Co 4 2Cst = =D} I 15T f(t) + Co + 205t
= —I§T () + Co +2Cst
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u'(t) = =Dy IS f(t) + 205 = =Dy 5 I§ T2 f(t) + 2C5 = =I5 f(t) + 2C5.
From u(0) = /(1) = u”(0) = 0, one has

1 ' a—2 o
m/o (1=9)"""f(s)ds, C3 =0.

Therefore, the unique solution of problem (2.1) is

u(t) = —ﬁfo (t—s)“‘lf(s)ds+ﬁ/o H1— 5)* 2 f(s)ds

- [ - e [ R e
_ /0 LGt ) f(s)ds

For G(t,s), since 2 < a < 3,0 < s <t < 1 we can obtain
(@—=Dt(1=8)*2>t1—5)* 2> t{t—s) 2> (t—s)!

C1=0, Cy =

obviously,we get G(t,s) > 0. The proof is complete. O

Lemma 2.6 ([7]). Let E be a Banach space, P C E a cone, and Qq, Qa are
two bounded open balls of E centered at the origin with 1 C Q3. Suppose that
A:PN(Q2\ Q1) — P is a completely continuous operator such that either

1) 1Az < ||z|l, z € PN Oy and |Az| > ||z||, x € P N 0N, or

(ii) ||Az| > ||lz]l, x € PN Oy and ||Az| < |z|, x € PN IQe
holds. Then A has a fired point in PN (Qa\ Q).
Lemma 2.7 ([]). Let E be a Banach space with C C E closed and convex. Assume

U is a relatively open subset of C with 0 € U and A : U — C is a continuous
compact map. Then either

(1) A has a fized point in U; or
(2) there exists u € OU and X\ € (0,1) with u = A\Au.

3. MAIN RESULTS
For our construction, we let E = C[0,1] and ||u|| = Juax |u(t)| which is a Banach
space. We seek solutions of (1.1) that lie in the cone
P={ueFE:ut)>0,0<t<1}.
Define operator T': P — P, by

1
Tu(t) = /0 Gt 5) (s, u(s))ds .

Lemma 3.1. Let 0 < 0 < 1,2 < o < 3, F : (0,1] — R s continuous and

lir(r)l+ F(t) = oo. Suppose that t°F(t) is continuous function on [0,1]. Then the
t—

function

is continuous on [0,1].
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Proof. By the continuity of ¢ F(t) and H(t fo $T987F(s)ds It is easily
to check that H(0) = 0. The proof is d1v1ded into three cases:
Case 1: ty = 0,Vt € (0,1]. Since t°F(¢) is continuous in [0, 1], there exists a
constant M > 0, such that [¢t7F(t)| < M, for ¢ € [0,1]. Hence

|H(t) ‘/ (o= Lt I_SI)‘:L )2 (t_s)a_ls_”s"F(s)ds
+/ t(;(; S_)j)z ~7S7 P (s)ds|

‘ / ; Y s77s7F(s)ds — /0 (=9 ;(SO); Sigs"F(s)ds‘
< ‘/ ;7 0 _”s"F(s)ds‘ + ’/0 Ws‘”s"F(s)ds‘
_ t — s a—1 .
<M/ a—l 7"ds+M/0 (tl"@)z)s ds

M
2 Bl-oc,a—1)+—t""B(l - 0,a)

B F(a — 1) ')
Tl —o)Mt T(1—-o)Mt*° . st
- T(a—o0) rl+a-o) 0 (ast—0)

where B denotes the beta function.
Case 2: ¢y € (0,1), for all ¢ € (¢, 1]

|H(t) — H(to)]

‘ / o= il = 81_)‘( ] — (=) s 98" F(s)ds

N /t O eras - / s s R

B /to (a—Dtg(1 —8)¥2 — (tg — )1
0 INE)

1 _Sa—2_og t —sa_l_(,o
_ /01 IMSUSUF(S)dS + /Oto (tor(z))als(’SUF(S)dS‘
Lt —to)(1— )2
- ‘/o g

s‘”s"F(s)ds‘

s77s7F(s)ds

- P(a—1)
(t — 5)0671 — (to — S)Oéil —0 o _ ! (t — 5)0671 s F(s)ds
_/0 Ia) s 787 F(s)ds /to T T F(s)d ‘
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I'l—o)M(t—t I'l—o)Mt*° TI'(l1—0o)Mty°
T o)M(-t) , TU-—a)Mer TA-odgT
IM(a—o0) Fl+a-o) F'l+a-o)
Case 3: tg € (0,1], for all t € [0,t9). The proof is similar to that of Case 2; we
omitted it. .

Lemma 3.2. Let 0 < 0 < 1,2 < a < 3, f:(0,1] x [0,400) — [0,+00) is
continuous and lirn+ f(t,-) = 400, t7f(t,u(t)) is continuous function on [0,1] x
t—0

[0,400), then the operator T : P — P is completely continuous.

Proof. For each u € P, let Tu(t fo (s,u(s))ds. By Lemma3.1 and the
fact that f,G(t,s) are non- negatlve we have T P — P.

Let ug € P and |lug|| = Co, if u € P and ||u — up|| < 1, then |lu]| <14+ Cy = C.
By the continuity of ¢7 f (¢, u(t)), we know that ¢t f(¢, u(t)) is uniformly continuous
on [0,1] x [0,C].

Thus for all € > 0, there exists 6 > 0(d < 1), such that [t7 f (¢, u2)—t7 f(t,u1)| < €,
for all t € [0,1], and uy,us € [0,C] with |us — uy| < 6. Obviously, if ||u — ug|| < 4,
then u(t),uo(t) € [0,C] and |Ju(t) — uo(t)|| < 6, for all t € [0, 1]. Hence,

[t f(t, u(t)) —t7 f(t,uo(t))] <e, forallte[0,1]. (3.1)
u € P, with |ju — ug|| < J. It follows from (3.1) that

|Tu — Tug| = fnax ‘Tu t) — Tuo(t)|

IN
B
o
"
Q
ﬁ~
CIJ
q
o
q
\
Cla
@
\_/
|
QIJ
k,‘
CIJ
<
o
E
VA

F(Oé)
< m/o (1—5)*"2s7%s
B € _T(1—o)e
“Ta-n T Y S T

By the arbitrariness of ug, T : P — P is continuous. Let M C P be bounded; i.e.,
there exists a positive constant b such that ||u|| < b, for all u € p.
Since t7 f(t,u) is continuous in [0, 1] x [0, 400), let

L= max t7f(t,u)+1, VYueM.
0<t<l,ueM

Then
1 1 1
|Tu(t)| < / G(t,s)s s f(s,u(s))|ds < L/ G(1,s)s 7ds = 11(7
0 0
thus ra \z
-0
= < —F—
7l = g, [Tult)| < F=05
So, T(M) is equicontinuous. For € > 0 set
€ el(a — o) €

T(l-a)L , T(1-a)L ’ ' T(l—a)L F(ka)Lza}'
I'(a—o) + I'(l+a—o) 2LF(1 U) I'(a—o) + I'(l4+a—o)

(5=min{




6 T. QIU, Z. BAI EJDE-2008/146

For uwe M, t,ts € [0, 1], with t; < ta, for 0 < to — t; < &, we have

|Tu(t2) — Tu(t1)|

= ‘/1 G(ta, 8)f(s,u(s))ds — /O1 G(ths)f(s,u(s))ds‘

\/ Glta, s) — G(t1, 5)] 57757 f(s,u(s))ds

SL/
0

G(ta, s) — G, s)‘s_”ds

2 (a—1)ta(1 —5)272 — (tg — 5)*7! s° ' M o
<L‘/ o ) d3+/t2 T(a—1) 57 %ds
t1 (a — 1)t1( 3) —2 ( 1 3)(1—1 —0o _ ' MS_J S
B /0 I(a) s /t fa-n "¢
2

s — 2ty —s)* ",
§L{(t27t1)/0 (F(oz—)l) d+/0 (trm))s ds

t1 _ a—1
_ / (t1 —s) S_ads}
0 I'(a)
_ 1 to
= LM/ 579(1 — 5)*2ds + L/ 577 (ty — 5)* Lds
0 0

INa—-1) ')
L h —0 a—1
- m/o $7(t; — 8)* ds
(t2 — tl)F(l B 0) LF(I - U) a—o a—o
L INa—o) +F(1+a—0)(t2 0

Case 1: t; =0, ty < 9.

tol'(1 — o) IT1-0)
I'a—0o) T(l+a-o0)?
or'(1 —o) LT'(1 - o)
MNa—0) T'(l+a-o0)

|Tu(tz) — Tu(ty)| = L

<L d<e

Case 2: 6 <t; <ty <1
oI'(1 — o) LT(1 -0)

|Tu(ts) — Tu(ty)| < L Ta—o) t T4 azs) a—c
LTI —o0)+ LT'(1 —0)6*~7
B INa-—o)
2L0T(1 o) _
I'a— o) <
Case 3: 0 < t] <6, ty < 26.
I'(1— LT(1 -
| Tu(ts) — Tu(ty)| < L(S (1=o0) (1-o0) 2% <e.

MNa—0) T(l+a-o0)

Therefore, T'(M) is equicontinuous. The Arzela-Ascoli theorem implies that T'(M)
is compact. Thus, the operator T': P — P is completely continuous.
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Theorem 3.3. Let 0 < 0 < 1, 2 < a < 3, f: (0,1] x [0,400) — [0,+00)

is continuous and lim+ flt,) = 400, t7f(t,y) is continuous function on [0,1] x
t—0

[0, +00). Assume that there exist two distinct positive constant p, u(p > p) such
that
(H1) 9 f(t,) < P22 for (t,0) € [0,1] x [0, ];

(H2) 17 f(t,w) > pra=2, for (t,w) € [0,1] x [0, 1],

Then (1.1) has at least one positive solution.

Proof. From Lemma 3.2 we have T': P — P is completely continuous. We divide
the proof into the following two steps.

Stepl: Let Q1 = {u € P: |lul| < 2==1pu}, for u € KN9Q; and all ¢ € [0,1], we
have 0 < u(t) < 2=2=1y It follows from (H2) that

ZNI;((T:Z)) ; G(1,8)s7%ds
_ T(a—o) ! (a—1)(1—-s5)*2—(1—-s)*"t
“HATa o) [/O ) N ds}
_ Tla—o) -9 o st
_“m—a)[o fa-1)° @ /0 () d}
_ T(a—o0) B(l-0,a—1) B(l—-o,a—1)

“m_o)[ T(a—1) T(a) ]
>0l

Hence,
I7ull = g 1Tu(®)] > 2 =

foru e PN oQy.
Step 2: Let Qo = {u € P : |lul]| < p}, for u € K NNy and all ¢ € [0, 1], we have
0 < u(t) < p. By assumption (H1),

Tu(t) = /0 G(t, 5)f (s, uls))ds

:/O G(t,5)s 757 f(s,u(s))ds

INa—o) Pla—Dt(l—s)*2 —(t—s)*"t
Spf(l—a)[/o T(a) s 7ds
! t(l—s)*=2 __
) Ta-n ® as|
N O') 1 t(l _ S)an . t (t _ S)a71 Y
ST =4 [/O Ta—1) ° ds_/ows ds
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So || Tu(t)|| < |ull, for uw € P N OQs. Therefore, by (ii) of Lemma 2.6, we complete
the proof. |

Theorem 3.4. Let 0 < 0 < 1, 2 < a < 3, f: (0,1] x [0,400) — [0,+00)
is continuous and lim+ flt,) = 400, t7f(t,y) is continuous function on [0,1] x
t—0

[0,400). Suppose the following conditions are satisfied:

(H3) there exists a continuous, nondecreasing function ¢ : [0,400) — (0,00)
with 17 (1) < (), for (t,) € [0,1] [0, +o0)

(H4) there exists r > 0, with 575 > %

Then (1.1) has one positive solution.

Proof. Let U = {u € P : |ju|| < r}, we have U C P. From Lemma 3.2, we know
T :U — P is completely continuous. If there exists u € 9U, A € (0,1) such that

u = NTu, (3.2)

By (H3) and (3.2), for t € [0, 1] we have
u(t) = NTu(t) = )\/0 G(t,s)f(s,u(s))ds < /0 G(t,s)s™7s% f(s,u(s))ds
! —o
< /0 G(t,s)s “p(u(s))ds
<ellul) [ G950

< o(]lull / G(1,5)s~"ds
1 o — — g2 _ (t — g)>1
| / (-1 =92 st

= ol o
tB(l—0o,a—1
< oul) P2
I'(l1-o0)
<
ol =3
Consequently, [|u|| < <p(\\u||)%, namely,
[u . T —-0)

e(ful) = Tla—0)

Combining (H4) and the above inequality, we have ||ul| # r, which is contradiction
with u € 9U. According to Lemma 2.7, T has a fixed point u € U, therefore, (1.1)
has a positive solution. [
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As an example, consider the fractional differential equation

o (t— %)21n(2+u) _
Cru(t) + = =0, 0<t<1 (3.3)

u(0) =4/(1) = " (0) = 0,

where 0 < 0 < 1, 2 < a < 3. Then (3.3) has a positive solution.
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