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DISPERSIVE ESTIMATES FOR A LINEAR WAVE EQUATION
WITH ELECTROMAGNETIC POTENTIAL

DAVIDE CATANIA

ABSTRACT. We consider radial solutions to the Cauchy problem for a linear
wave equation with a small short-range electromagnetic potential (depending
on space and time) and zero initial data. We present two dispersive estimates
that provide, in particular, an optimal decay rate in time ¢! for the solution.
Also, we apply these estimates to obtain similar results for the linear massless
Dirac equation perturbed by a potential.

1. INTRODUCTION AND MAIN RESULTS

In this paper, we investigate the dispersive properties of the linear wave equation
with an electromagnetic potential

(O4—BJu=F (t,z) € [0,00[xR?, (1.1)

where © = (21,2, x3) and
04 =0"0,,a.
Here and in the following, sum over repeated up-down indices is assumed (according
to the Einstein’s convention), the covariant derivatives 0" and 0, 4 are defined by
ot =0"—iA", O,a=0,—14, p=0,1,2.3,
Ov=0r, Or=20, k=123,

is the imaginary unit, and we rise and lower indices according to

XH :nHVXua Xu :nquUa

733
(3

where

where the 4 x 4 matrix

1 0 0 0
(1) o -1 0 o
Nuv )o<pu,v<3 = 0 0 -1 0

0 O 0 -1
represents the standard Minkowski metric in R; x R3 and

(77#”) = (nuu)_l = (n;tu) .
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The fact that the potential A = A(t, z), depending on space and time, is elec-
tromagnetic means that the components A, of A = (Ag, A1, A2, A3) assume real
values. This will play a crucial role in the development of the proof, since electro-
magnetic potentials make the operator 4 gauge invariant (see what follows).

We assume further that the potential decreases sufficiently fast when

r=lz| =1/2? + 23+ 23

approaches infinity; more precisely, we suppose that

> 277(277) 0|¢, Al| g, < b (1.2)
JEL
(that is, A is a short-range potential), where ey and &y are positive constants in-
dependent of r (see Section [2) and the sequence (¢;),jez is a Paley-Littlewood
partition of unity, which means that ¢;(r) = ¢(2r) and ¢ : RT — R* (RT is the
set of all nonnegative real numbers) is a function such that
(a) suppp={reR:271 <r <2}
(b) ¢(r) >0 for 271 <r < 2;
(¢) Xjez ®(27r) =1 for each r € R*.

In other words, >~ .., ¢;(r) = 1 for all r € R* and
supp¢; = {r e R: 27771 <p <277t}

Roughly speaking, condition means that the potential A decays at least like
r—(+€0) a5 1 tends to infinity, while a singularity as r tends to 0 is allowed.
Additionally, we assume that the jacobian matrix VA = (9, A, )o<pu,v<3 is well-
defined, and that VA and the potential term B = B(t,xz) satisfy the smallness
hypothesis
> 272(279) (|| Bllog, + 16, VAl Lge,) < o (1.3)
JEL
Essentially, VA and B decay at least like 7~ (3T€) as  tends to infinity.
The possible values for dg and ¢y will be made precise in the statement of the
main result.
Moreover, we shall restrict ourselves to radial solutions u = u(¢,r). Since the
Cauchy problem
(04— BJu=F (t,x) € [0,00[xR?,

u(0,2) = Ou(0,z) =0 = €R3

is linear, its solution exists globally in time; in particular, this fact holds for the
smaller class of radial solutions, that is to say for the problem

(D4 —Bu=F (t,r)€[0,00[xRT,
u(0,7) = 0u(0,7) =0 reRT.

(1.4)

(1.5)

Let us introduce the change of coordinates
t+r
Ty =
* 2

and the standard notation (s) := /14 s2; our main result can be expressed as
follows.
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Theorem 1.1. Let u be a radial solution to ; i.e., a solution to , where
A and B satisfy and for some 5y > 0 and ¢g > 0. Then, for every
€ €]0, €], there exist two positive constants § and C (depending on €) such that, for
each &y €]0,0], one has

Imrullnge, < Cllrpr?® () Fl e, -
Note that ¢y > 0 can be chosen freely. Let us introduce the differential operators
Vi:=0;£0,.
The proof of the previous a priori estimate follows easily from the following estimate.

Lemma 1.1. Under the conditions of Theorem for every e €]0, €q] there exist
two positive constants § and C (depending on €) such that, for each dy €0, 6], one
has
747V _ullzz, < Cllrer(r)Flue, (1.6)

An immediate consequence of Theorem is the following dispersive estimate.
Corollary 1.1. Under the same conditions of Theorem for every e €]0, €]
there exist two positive constants 6 and C (depending on €) such that, for each
do €]0, 0], one has

C
Jult, 1)l < ZlImr® () F e,

for every t > 0.

The strategy for proving the lemma is the following. First of all, the potential

terms in (1.5)) can be thought as part of the forcing term, that is, (Oa — B)u = F
can be viewed as

Ou=F, :=F + Bu+i(0"A,)u+ A" A, u+ 20A*0,u, (1.7)
where
O0=0;-A=09}— (02, +92,+02)
is the standard d’Alembert operator. Moreover, if we introduce the gradient oper-
ators Vi gz = (0¢, Oy, Ogy, Ozy) and Vi, = (0, 0,), setting
All‘l + A21‘2 + A3I3

A=(A%AY), A'=4°, A'=

9

r
one has B
Ar0, = (AO,AI,Az, A3) Viz=A Vi,

and -

Fy =F+ Bu+i(0"A)u+ A" Au+ 2iA -V, u. (1.8)

Then we can rewrite (1.7 in terms of 74 and V1 (see Section , obtaining
ViV_ov =G,
where
v(t,r) :=ru(t,r) and G(t,r):=rFi(t,T). (1.9)

This last equation can be easily integrated to obtain a relatively simple explicit
representation of (V_v)(74,7_) in terms of G.

Another fundamental step consists in taking advantage of the gauge invariance
property of the operator [J 4, which means that, if we consider the potential A of
components

At = At 40", HER,
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we have
0, (eu) = "0 u

(see [2, p. 34]). Because of this property, which can be easily verified, since |¢/®| = 1,
we can modify through ¢ the potential A and get dispersive estimates for the
solution to [ ; that extend to the solution to 4.

More precisely, set
A0+ A?

2 )
we can assume, without loss of generality, that Ay = 0. Indeed, it is sufficient to
choose ¢ such that

AP= A"+ 9'¢p=A"+0,¢ and A'=A'+9¢p=A'—0,.¢

are opposite; i.e.,

+ =

V_¢=—(A"+ A",
Hence we can take any ¢ of the form

T—

¢<T+,r_>:¢0f/ (A° + AY) (7, 5)ds,

70

where ¢¢ and 7y are real numbers. This implies

A. Viru=A_V_u+ A Viu=A_V_u,

and hence
Fi=F+ Bu+i(0"A )u+ A" A u+21A_V _u, (1.10)
thus
9
G=rF =rF+Bv+i(0"A)v+ APA+2A_V_ v+ —A_v. (111
r
Obviously, one still has
> 279(279)0 ¢ A || L, < b0 (1.12)
JEZ

These simplifications, combined with the technical Lemma [2.I] and the estimate of
Lemma allow us easily to obtain Lemma and Theorem

Application: The Dirac Equation. As an application, we use Theorem to
obtain a similar result for radial solutions to the massless Dirac equation with a
suitable potential. Let us introduce some notations. First of all, the Dirac matrices
are defined by

10 0 0 0 0 0 1
o o1 0 o o o 10
TZloo -1 0o 7" o -1 0 0|
00 0 -1 1 0 0 0
0 0 0 —i 0 0 1 0
> [0 0 i o s o 00 -1
T=lo a0 o T T|=1 00 o0
i 0 0 0 0 10 0

The relativistic invariant form of the nonperturbed massless Dirac operator, applied
to a vector function 1 : R1™3 — C* (generally called spinor), is

D =~"0,
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while, for the perturbed case, we consider the operator
Dy =~"0u,4

(with the notations introduced for the wave equation).
We consider radial solutions u : R*3 — C* to the Cauchy problem

Dau=TF (t,z)€[0,00[xR?,

1.13
u(0,2) =0 2z € R3, (1.13)

assuming that each potential matrix 4, € R*** (i.e., it is real), p = 0,1,2,3, VA,
is well-defined and the following smallness hypotheses are satisfied for suitable &g
and ey > 0:

3 2792790164, e, < o, (1.14)
JEL
D 27327906V AullLgs, < o, (1.15)
JEZ

where the sequence (¢,) ez is the Paley-Littlewood partition of unity previously
defined.
Under these hypotheses, we have the following result.

Theorem 1.2. Let u be a radial solution to (1.13)), where, for each p = 0,1,2,3,
Ay, is real and satisfies (1.14) and (1.15)) for some 69 > 0 and eo > 0. Then, for
every € €]0, €], there exist two positive constants 6 and C' (depending on €) such
that, for each 0y €]0,4], one has

Isullzz, < Cllrsr®(r) DaF |z, -

In particular, one has
C
[u(t, 1) < ZlImer®(r) DaF ||,
for every t > 0. Moreover, if ||A||L§om < 00, one has
ITsullzz, < Clmr®(r) Fllzg, + mer®(r) VF| g, (1.16)

To prove these estimates, we observe that the solution u to the Cauchy problem
is a solution to
D3u = DuF,

u(0,7) = du(0,7) =0,

and this problem can be recast in the form
(04 — B)u= DuF,

u(0,7) = du(0,7) =0,
for A = (Ao, A1, Az, A3) and B suitably chosen, where in this case A, and B are
complex 4 x 4 matrices such that we can apply a slight variation of Theorem [I.1]

In other words, the operator D4 can be viewed as the square root of the operator
s — B, where

B= ﬂ’;z" ((0,4) — (8,A4,))
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(for further details, see Section . In this sense, the massless Dirac equation (with
potential) can be viewed as the square root of the wave equation (with potential);
ie, D?=0.

Motivation. The dispersive properties of evolution equations are important for
their physical meaning and, consequently, they have been deeply studied, though
the problem in its generality is still open. The dispersive estimate obtained in
Corollary provides the natural decay rate, that is the same rate that one has
for the nonperturbed wave equation (see [IT} [13]); i.e., a t—(»~1/2 decay in time,
where n is the space dimension (in our case, n = 3). The generalization to the case
of a potential-like perturbation has been considered widely (see [11, [3l [4\ [5] [7, 10} 14]
17, (18], 19}, 20]), also for the Schréodinger equation (see [ [9) 12} 15l [16]). Recently,
D’Ancona and Fanelli have considered in [6] the case

Ou(t,x) + Hu=0, (t,z)€RxR?
u(0,2) =0, Owu(0,z) = g(z),
where
H:=—(V +iA(x))* + B(z),
A:R3—-R3 B:R>-R.

Under suitable conditions on A, VA and B, in particular

3
A@) < e 2 A+ B < (1.17)

— (4 [lgr| 1+ [lgr])?”

with Cg > 0 sufficiently small, 8 > 1 and r = |z|, they have obtained the dispersive
estimate

C ;
Jult, 2)] < — > 27 |(rywy e, (VE)gll 12 (1.18)
320
where wg := (1 + |logr|)? and (¢;);>0 is a nonhomogeneous Paley-Littlewood

partition of unity on R3.

In this paper, restricting ourselves to radial solutions, we are able to obtain the
result in Corollary which is optimal from the point of view of the estimate
decay rate t~! and improve essentially the assumptions on the potential, assuming
the weaker conditions and instead of and allowing that it could
depend on time.

This article is structured as follows: In Section [2] we prove the main results
(concerning the wave equation), while Section [3|is devoted to the proof of Theorem
(the application to the Dirac equation).

2. PROOF OF THE MAIN RESULTS

First of all, we reformulate our problem taking advantage of the radiality of the
solution u to ([L1.5). Indeed, since Agzu(t,r) = 0 and v = ru, we have

2 1
Ou(t,r) = (82 — Ay)u = (af — 02—, T—zASz)u(t,r)
_ 1, 1
- Tat'U(t,T’) rarv(tvr)

1 1
= ;V+V_v(t,r) = ;V_V_,_v(t,r).
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Recalling (1.7), and (1.10]), we get that the (1.5)) is equivalent to
ViV_ov=G.
Note that the support of u(t,r) is contained in the domain {(t,r) € R? : 7 >0, t >
r}, therefore we have
suppv(7y4,7-) C{(t4,7-) €ER*: 7 >0, 74 > 7_}. (2.1)

From this fact, we get
T4 T4
V_v(ry,7-) =V_v(r_,72) —|—/ G(s,7-)ds = / G(s,7-)ds.

Note that G depends on (¢, x) or, in spherical coordinates, on (t,r, 01, 02), or even on
(14,7—,01,02); since the angular components are not relevant to our computations,
we shall write briefly G(7;,7_) and proceed similarly for other terms. However, it
is important to remember that u and v are effectively radial.

Let us observe that, for each s € [7_, 7], we have

s<T4, S$—T_<TL—T_=T,

T+ ™ s(s —71_)¢|G(s, T_
’/L G(S,T,)ds|§/n < <s><s>|T(_>€ )|ds

< 7)o, / (5)"Hs —7_)~ds

T—

hence

for every € > 0; applying Lemma (see the end of this section), we conclude that
eIV _v(re, 7)| < Crllr r) <Gl
Now, we recall that G satisfies (1.11)) and we note that, set
B=DB+i(0"A,) + A'A,,,

we have

> 27827995 Bl L, < b, (2.2)
JEL
as one easily deduces from (|1.2)) and (|1.3). Hence we obtain

P V0, 7| < Cr(llm (AT vl + m () A vllags

i (2.3)
+ llme ) Bollgs, + Im (1) rF s )-
Now, if we take € < ¢y, we have
P gy (MIA- (6, 1) < C279(279) 634 1ge (2.4)

(here and in the following, we assume that C' = C(e) > 0 could change time by
time), thus

Pl (r) AV vl e, < Cllma Vvl Y 277(279) A | e,

J€z (2.5)
< Cool|m+V_v| 1, s

where we have used the fact that (¢;);ez is a Paley-Littlewood partition of unity

and property (1.12]).
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Moreover, v(74+,7+) = 0 because of (2.1]), whence
T4
v(Ty, o) = —/ V_v(ry,s)ds
T—
and, consequently,

T+
[o(T4, 7-)] < / IV_v(ry, s)|ds < r||[V_v] g, .

Thus we have
(r) ;)| A= (t,r)o(ry, 7-)| < C277(277) 0 |g; A_ || Lge, | V-vl| Lz,
which implies
THT_,_<’I“>E’I“_1A_U||L;OI < O[T+ V_v| g, -
Similarly, from (2.6) and (2.2]), we get
rl|me () Boll o, < CllreVovloz > 27%(277) ¢, B Ly,
jez
S 050|‘T+V,U||L??z.
Combining this estimate with (2.5) and (2.7) in (2.3)), we deduce
174V vz, < Cllmar®(r)Flze, .

(2.6)

(2.8)

provided dy is sufficiently small. For instance, one can take &y such that 4025, < 1

(it is sufficient that 3C%d < 1).
From the definition of v, we have

rV_u=V_v+u
and, hence,
|7V _u| < |74 V_v| + |T4ul.
Now, thanks to the inequality in Lemma we have
ITsullpz, < Cllmer®(r) Fullog,
< C(|mer®(r) A=V _ullzge, + |77 (r)Bul L)
+ Cll7yr? () Fll e,

<Oy rr)og;A-

Ly, ||T+Tv—u||Lt°f’l.

JEL
+ CH ZT2<T>EO¢jB||L§°I ||7'_;,_U,HL;>?m + C||7'_,'_7'2<7ﬂ>6F||L;<>m
JEZL '

< Coo(|mrV_ulng, + ITvull,) + Cllmar®(r) Fllzz,
and thus
I ullnge, < CQollryrV _ullLs, + 747 () FllLs,) -
Combining this result with (2.8)) in , we conclude
I7erV_ull e, < Cllrer®(r)°FllLg,

provided §p > 0 small enough, that is, Lemma [I.1
Now we use the fact that, because of (2.9), we have

[Trul < |TerVou| + |7, V_vl;

(2.9)

(2.10)

(2.11)

(2.12)
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combining this estimate with (2.11)) and (2.8]), we finally conclude
Irsullre, < Cllmer®(r) Flliz,, (2.13)

and also Theorem [I.1]is proven.
Now we prove the two lemmas that we have used previously in this section.

Lemma 2.1. For each € > 0, there exists a positive constant C = C(e€) such that
T4+ C
/ <5>71<s—7'_>76d3§—r Vr_ >0.
T T+

Proof. We distinguish two cases.
case 1: 7. > 27_. Note that, since r = 74 — 7— > 7 /2, it is sufficient to prove
that

/T+<5>71<3 —7_)"%ds < Cp(e).

We observe that s — 7_ > s/2 provided s > 27_, so

T4+ 27_+1 T++1
/ () Ns—7_)"cds < / (s)71 ds+2€/ 57149 ds

T_ 27_+1
< T +1 " 25/ s~ (1+6) g
(7-) 1
< Ci(e)
case 2: 7, < 27_. We use the estimates (s)™! < 2/7; and (s — 7_)7¢ < 1 to get
T+ 2 2
/ () Ms—T1_)"“ds < —(T+—T_):—T. (2.14)
T_ T+ T+
This completes the proof. O

Let us note that, because of the property about the support of the solution
v, we are interested only in the case 7_ > 0.

In the case A = B = 0 (nonperturbed equation), we have the following version
of the estimate in Theorem It consists in a slight modification of estimate (1.8)
shown in [7], p. 2269.

Lemma 2.2. Let u be the solution to
Ou=F (tr)€[0,00xRT,
u(0,7) = 0u(0,r) =0 reRT.
Then, for every € > 0, there exists C > 0 such that
Irsullzz, < Cllrer®(r) Fllz

Proof. Note that u is the solution to ([L.5)) with A = B = 0. Then, from ({2.3)), we
have

T4 |V ov(re, 7)| < Cllrpr?(r)F | nge,, (2.15)
where v = ru. Using (12.6]), we deduce
Telul = i folr ™t < T Vool

and hence the claim follows. O
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3. PROOF FOR THE DIRAC EQUATION

First of all, let us observe that a radial solution u to the Cauchy problem (|1.13))
is also a radial solution to the Cauchy problem
D%u= DuF,
4 4 (3.1)
U(O, T) = atu(oa T) =0,

and that
2 v gl
DA = ’7#7 8M,A6V,A = T({au,Ay 81/,A} + [au,fh 8V,A])7 (32)
where
{X,Y}=XY+YX, [X,Y]=XY-YX
represent respectively the symmetric and the antisymmetric part of 2XY. On one
hand, we have

BV nwoAv
7 2’y {aM,A)aV,A} = %{ap,}Aaau,A}

nz
= ”2 {00,000}

_0%0,4+0"0, A
N 2

On the other hand, since
0, 00] = [Ap, A] = 0,

we have also

olaelt Y
5 (004004 = T (19, A + 4,00
Y
= ((0pAL) — (8,AL)) -

Consequently, setting
gl
B=- 2% ((a,uAV) - (5'VA#)) ,
the Cauchy problem (3.1]) can be recast in the form
(04 — B)u=DuF,
u(0,7) = dpu(0,7) =0,

that is the form of , the one for which Theorem holds.

To conclude, we need two remarks. First, Theorem can be easily generalized
(with essentially the same proof) to the case of a system of wave equations where
u, FF € CN, while A* € RY*N and B € CV*V are matrices that satisfy the
hypotheses of the theorem. In particular, this holds for N = 4.

Second, thanks to the decay assumptions on A and VA, that is the conditions
and , the smallness conditions on A* and B are satisfied, that is esti-
mates similar to and hold.

Hence we can apply the generalization of Theorem and get, for every € €]0, €],
the existence of two positive constants § and C' (depending on €) such that, for each
do €]0, ], one has

ITsullzze, < Cllrr®(r) DaF ||z, (3-3)
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where u is a radial solution to the Cauchy problem (1.13). Moreover, if A is
essentially bounded; i.e.,

[A(t ©)l|Lge, < o0,

we have immediately

742 (r) DaF | rge, < C(Imer®(r)Flige, + lrer®(r) VF | £g,) -

This concludes the proof of Theorem [1.2
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