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ASYMPTOTIC BEHAVIOR OF ELLIPTIC BOUNDARY-VALUE
PROBLEMS WITH SOME SMALL COEFFICIENTS

SENOUSSI GUESMIA

ABSTRACT. The aim of this paper is to analyze the asymptotic behavior of the
solutions to elliptic boundary-value problems where some coefficients become
negligible on a cylindrical part of the domain. We show that the dimension
of the space can be reduced and find estimates of the rate of convergence.
Some applications to elliptic boundary-value problems on domains becoming
unbounded are also considered.

1. INTRODUCTION

We study the asymptotic behavior of the solutions of elliptic boundary-value
problems, posed on bounded domains of R™ = RP x R®™P with cylindrical part,
where the coefficients and the domains depend on a parameter . We show under
certain conditions on the coefficients that the solution of such problems converges
towards a solution of another elliptic problem in R™ P, faster than any power of 6
on the cylindrical part. More specifically, we are interested in problems invariant by
translations (cylindrical symmetry) arbitrary in p directions, and we compare the
solution of our problem with that of an ideal problem independent of the coordinates
associated with these p directions. This study was inspired to us, on one hand by
the theory of ”Singular Perturbation” of boundary problem, which is the framework
of this paper, and on the other hand by the ideas and the tools given in some works
of Chipot and Rougirel (see [3], [5]) where another study of the asymptotic behavior
of elliptic boundary-value problems on domains becoming unbounded is given. We
would like to note that is difficult to locate similar studies in the literature, except
some examples studied in [8] and recently some cases have been considered in [I]
and [1].

The paper is organized as follows: In the second section, we give some useful
lemmas which will be used in the following sections. We show the main theorem in
the third section where we investigate the rate of convergence estimates. Next, in
the fourth section, we apply this result to the asymptotic behavior of the solutions
of elliptic problems on domains becoming unbounded in one or several directions
and we extend some results of [3] and [B] for more general domains. In the last
section, we give the rate of convergence according to the size of the domain in all
directions.
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Let (Q9)g>0 be a family of bounded Lipschitz domains of R", satisfying
AXxwCQy, AxXJIdwC0O, Px,Q Cuwy, (1.1)

where wy and w are two bounded Lipschitz domains of R™*™P, A is a bounded
Lipschitz domain of RP, n and p two positive integers with n > p > 1 and Pkx;

the projection on the X; axis, such that for z = (z1,22,...,2,) € R™, we set
X1 = (21,...,2p) and Xo = (Tpt1,.-.,%n).
A

FIGURE 1. The domain €.

We would like to consider the following three boundary-value problems

Z —6i(afj8ju) +agu=f in Qy

=1 (1.2)
uw=0 on 09,
Z —9;(a;;0;u) +apu=f nw
ij=p+1 (1.3)
u=0 on Jdw,
and
Z —0i(a;j0;u) + apu =h inwp
ij=p+1 (1.4)

u=0 on dwy

where 6 is a positive parameter. Since we are interested in 6 close to 0, we can take
0 < 1. Assume that

fih € L*(wp). (1.5)
Consider then
af; € L™(Px, Q9 X w), (1.6)

foralli,j=1,...,n.
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Remark 1.1. We can only suppose that
afj € L*(Qy), forj=1,...,n
and we extend the coefficients on Px, 2y X wp, keeping the assumptions below.
Assume that the coefficients afj are independent of X; for j > p+ 1, and inde-
pendent of @ for i >p+1and j >p+1,ie.
afj(z) = al;(Xa) for j>p+1 (1.7)
afj(x) =a;j(X2) fori>p+1,j>p+1. (1.8)
Furthermore, we assume the ellipticity condition; i.e., there exist a constant A > 0,
such that

D ali(@)6& = MIEP + NE,  ae x€ Px,Q xwo, YEERY,  (1.9)

i,j=1
where ¢! = (&4, ... ,&p) and &= (&p+1, - - -, &n). Consequently,

n

Z aij(7)&€; > MEP?,  ae. x € wp, VEERP. (1.10)
i,j=p+1
In addition, we suppose that there exist constants o (0 < a < 1/2) and C > 0,
such that

|afj(ac)| <COt™ fori<p, j<p (1.11)
laf; ()] <CO fori>p+1, j<pori<p, j>p+1 (1.12)

a.e. © € A X w. The existence of the term ag does not have any influence on the
final result, then we put ag = 0.

Remark 1.2. As a model example, we consider the singularly perturbed Laplacian
problem, defined on a cylindrical domain Qg = A X w,

7€AX1U — AX21L = f in Qg
u=0 on 0.
The variational problems corresponding to ([1.2)), (1.3) and (1.4) are

n

a(u,v) = / Z afj(x)ajuaaivdx = fodz,
Qi1 Q0 (1.13)

u,v € Hy (Q),
aw(u, U) = Z aij(Xg)@-uooaivng = / fUdXQ,
wi w (1.14)
u,v € H} (w),
Qo (U, V) :/
wo i 1 wo (1.15)
u,v € Hi(wop).
According to the Lax-Milgram theorem, the existence and the uniqueness of the
solution ug in H}(Qy) of the problem (1.13), the solution us, in H}(w) of the

and
n

Z aij(XQ)ajUhaiUdXQZ/ hvdXo,
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problem (1.14)) and the solution u; in Hg(wg) of the problem (1.14) are assured.

First of all, we need to introduce some preliminary results.

2. SOME ESTIMATES
We start with the following Lemmas which will be used frequently in this paper.
Lemma 2.1. Let v be an element of Hi"(Qp). Then
v(X1,.) € HJ'(wo) a.e. Xy € Px,$Qyp, (2.1)
v(X1,.) € Hf'(w) a.e. X5 € A. (2.2)

Proof. By the density of D(g) in HJ"(£lg), there exists a sequence ¢, of D({y),
such that

V(v —¢p)dz —0 asn— oo.
Qo

We extend v and ¢, by 0 on Px,Q X wy (Qs C Px,Qp X wp), then we have
On € D(leQg X UJQ), RS HS”(PXIQQ X wo) and

/ V(v —¢p)|?de — 0 asn — oco.
PXI Qg w
We can extract a subsequence ¢, , such that as k — oo:

IVx,(v —¢n, )Pde — 0 ae X; € Px,Q,

/\Vx2< — $n)Pdz — 0 ae X €A,

which give and . O

Lemma 2.2. Under the preceding hypotheses, we assume that h = f > 0 (resp.
h=f <0). Then we have

0<wp<wup, (resp. up <ug<0).

Proof. We apply the weak maximal principle for elliptic problems (see [6]) to obtain
the inequalities ug > 0 and up > 0. For the second inequality, if we use (2.1) we
can take v € H}(Qg) in (1.15) and integrate on Py, Qg, to get

/ Z a;;(x)0jupOivdr = fudz,
Q

0 i,j=p+1 Qo

n

because v vanishes in the exterior of Qy. By comparison with (1.13]), we deduce
( )0;jugd;vdr = / Z a;; (x)0jupOvdz.

/Q Qo 4 j=p+1

Taking into account the independence of u., on X7, we deduce

0 4,j=1

/ 0;(ug — up)O;vde = / ?j (x)0jupd;vde
Qo ; J=1 1<i<p
p+1<g<n
_ / S Oy ()0yuo)d
Q0 1<i<p

p+1<i<n
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n

= / E afj (x)0jupvvide,
Qg 1<i<p
p+1<j<n

because a? is independent of X7 for 1 <i <pand p+1 < j < n. Then, since v

vanishes on the boundary, we deduce that

n

/Q Z a?j(:r)aj (ug — up)O;vdr = 0, (2.3)

0 ij=1
for all v € H}(Qg). On the other hand, Theorem 2.8 in [4] shows that
Y (uo —un)™] = [y(up — un)] "
Then since ug € H () and uj, > 0, we have
Y(uo —un)] =0,

which allows us to take v = (ug — up)™ € Hg(Qp) in (2.3), then we get

n

/Q afj(x)aj(ug —up)0; (g — Uso ) Tvd

= / ) Z afj(x)aj(ug — up,)0; (ug — up) Tvdr = 0.

By the ellipticity assumption (1.9)), it follows that
|V(u.9 - Uh)+|%2(99) <0.

Therefore, (ug —up) " =const and (up —up)*t € HE(Qp), then we have (ug—up)™ =
0, which gives the second inequality ug < us,. For the second case when f < 0, it
is enough to take — f in place of f above. O

Let u, (resp. u_) be the solution of (1.15)) replacing h by f* (resp. —f7).
Lemma 2.3. Under the preceding assumptions, we have
U_ < ug < Ug.

Proof. Let ug+ (resp. ug,_) be the solution of (1.13) replacing f by f* (resp.
—f7). Let us notice that

—fm<fsft ffz0 —f7<0
a.e. T € wy, then applying the weak maximal principle for elliptic problems, we get
ug,— < up < Ug 4.

If we use lemma we obtain u_ < wg _, up,+ < uq. This completes the proof. [

Next, we show the convergence of ug to us, and we estimate the rate of this
convergence.
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3. ASYMPTOTIC BEHAVIOR

According to Lemma testing (1.14) with v € H} (A x w) and integrating on
A yields

n

/ Z afj ()0juccOsvdr = fudz,
20 4 j=p+1 e
because v vanishes in the exterior of A x w. By m we remark that

[.2

Using the independence of uy, on X7, it comes

n

/ Z ag;(x)0;(ug — uso)Ojvdr = / > ali(2)dusdivdz. (3.1)

()6 ugavdx—/ Z a;j(2)0juscOjvde.

0 4,5=1 QGZg =p+1

Q0 4,j=1 Q0 1<i<p
p+1<j<n
On the other hand, the independence of u,, and of the coefficients afj on X for
1<i<pandp+1<j<n, gives
n
/ Z ?j(m)ajuooaivdm = Z (x)0juscv)dx
Qo 1<i<p 1<i<p v
p+1<j<n p+1<]<n
= Z / z)0juccvride =0,
1<:i<p o0
p+1<5<n
because v vanishes on the boundary. Consequently, (3.1)) becomes
/ 9 (up — uoo)Oivdz =0 for all v € Hy(A x w)). (3.2)
Q

6 ij=1
For € > 0, we set
Ac={r € A:d(0A,z) > €}.
Let (pe)eso be a family of smooth functions on RP, such that
supppe C Ag, (A CAg),
pe(x) =1 for all z in A, and for all z in A, p. satisfies
0 < pe(z) <1
If we take v = p2(ug — Uoo) € HY'(A x w)) in (3.2)), we deduce that

n

/QX > al(2)0; (s — o) i (pZ (g — tog))da = 0,

ij=1

whence
n

[ 3 s @)0)(0 — u)oi(uo — )
AXw

i,7=1

= _2/ E ( )pea ( Uy — Uoo)(ue - uoo)azpedx
Axw 1<i<p
1<5<n
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Using (1.9) and noting that p. vanishes in the exterior of A< and depends only on
X1, it follows that

n

/ )\92[)6 i (U — Uoo))2dx —I—/ N Z pZ(0i(ug — uco))da
Ag Xw

AgXw i=pt1

/ Z ZJ i (Up — Uoo ) (Ug — Uoo)Djped

A 5 Xw 1<i<p
1<j<p

- 2/ Z U — Uoo ) (Us — Uoo ) D ped.
Ae Xw

1<i<p
p+1<5<n

We estimate the second member using ([1.11)), (1.12) and the fact that the derivative
of p¢ is bounded, we get

/ QZpE (up — Uoo)) dx+/ Z (pe0; ug—uoo))d:r
Asxw A

=1 5 XW j— =p+1
< (192+" / Z pe0; (U — Uso)) dx} 2 [/ (ug — uoo)2d$:| 2
£ X w 1<j<p A§ X w
+ Cﬁa Z (pe0j(ug — uoo))de} V2 [/ (ug — uoo)de] 1/2.
A

AeXw1<]<p %Xw

According to the Young inequality ab < ca? + * with e = 1 02 “ in the first term
of the right hand side, and ¢ = 1 5007 in the second term of the right hind side,
we deduce

1/ 02(,068 (g — Uso))?dx + = / Z (pe0i(up — Uso))?da
2 A% Xw A

i=1 31 i=ph (3.3)
< 092“/ (ug — uoo)Qd:U.
Ae Xw

Using Poincaré’s inequality and since up — uoo vanishes on Ow for a.e. X7,
1 .
W/(ua )2dXs < / Z Ug — Uso))?d X5 a.e. X in A,
“ p+1<i<n

where |w| is the diameter of w, then (3.3) becomes

P

1
o /L ixw(ﬂe(ue — o))z + /A IS LI

AT

1=p+1

< 0020‘/ (g — Uoo)?dx.
Ae Xw
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According to the definition of p., we obtain

ﬁ /A (g — oo )?d —|—/ 02(@(119 — Uso))?d

A Xw i=1

+/Ag><wiz (0 (up — uoo))?dx (3.4)

=p+1
< CQQQ/ (g — Uoo ) de,
Ae Xw
2
in particular
/ (g — Uoo)?da < C(Ga\w|)2/ (g — Uoo )*da. (3.5)
A Xw A% Xw
Choosing € = 55 for k=0,...,7 — 1 and € > 0, we get

/ (g — oo )?dx < C(Ga\w|)2/ (up — too)da.
A e Xw A

e Xw
oRF1
Iterating the above formula, leads to

/ (g — o) 2dz < C(0%|w])*™— V) / (up — Uso)?d.
Ae Xw

A e Xw
o

Applying Lemma [2.3] we obtain
/ (up — se)2dzx < C(° )20 / (] + Juz| + usol)?dz,
Ae Xw w
2

whence
/ (ug — uoo)de < C,0%( 1),
A% Xw

with
Cu = ClP™ [ (e 4 fu-] + el P (3.6)

w

Using (3.4)) with e = ¢, we get the estimates

p
/ > (0ilup — o)) ?da < CLH%7 1, (3.7)
Acxw ;1

/ D (0i(ub — us))’dz < C67. (3.8)
AcXw i=p+1

Finally, for any constant r > 0, choosing 7 such that 7o > r. Hence, we can state
the following theorem.

Theorem 3.1. Under conditions (1.5)—(1.9)), (1.11)) and (1.12)), for any open subset
D of A x w with boundary disjoint of OA X w, it holds that

Ug — Uso in H(P),

and for any r > 0,

/ IV x, ug|?dx < C0* 1, (3.9)
(93]
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[ 190 — e < (3.10)
i3]

where C,, is a constant given above and independent of 6.
Proof. Tt is sufficient to take e = d(0A, Px, ®). O

Remark 3.2. We can take f € H !(wp) to show the same results. In this case we
can consider f as an element of H () by

< f(t),v >H-1(Qy)= / < f(t),v(Xy,.) >H-1(w) dXy, ve€E H&(Qg),
leﬂg
where v is the extension of v by 0 on Px, {2y X wyq.

4. APPLICATION TO THE CASE OF LARGE SIZE DOMAINS

We will see in this paragraph that the asymptotic behavior of the solution of
linear elliptic problems of order two on domain ), satisfied for ¢/ > ¢

Qo= (—£,0)P xwor (£, )P xwCQy C (= )P xw (4.1)

which is studied in the book of Chipot [3 Chapter 2 and 3], can be casted in

the preceding study without supposing any assumption on ¢’ (considering domains

more general than )7 by giving a particular form to the coefficients afj. Indeed,

Let (£2¢)¢>0 be a family of bounded Lipschitz domains of RP x wq (see Figures 2 and

3), such that for any ¢ > 0, Q contains the cylinder (—¢,¢)P x w and (—¢,¢)P x Ow

is a part of the boundary of €, where wy and w are defined in the first section.
We consider the two boundary-value problems defined by

Z —0i(a;j0u) + apu = f in
ij=1 (4.2)

u=0 on 08y,

and
n

Z —0i(aij05u) +aou = f inw

ij=p+1 (4.3)
u=0 on Jw.
We suppose that f € L?(w),
ag, G;; € LOC(RP X wo), (44)
and
ap(z) = ap(X2) >0, ai(x) =a;;(X2) forj>p+1. (4.5)
Moreover, we assume that there exists a constant A > 0, such that
D aij(@)6&; > MEP,  ae. x € RP xw, VEER™. (4.6)
i,j=1
Then the solutions %, and u«, of (4.2) and (4.3)) respectively satisfy
[ Z aij(2)0;we0pv + ag(z)upvdr = | fodz, a.e. v € Hy(Q), (4.7

97 i,j=1 Qy
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FIGURE 2. The domain .

FIGURE 3. The domain ﬁgl has another form for ¢; > £.

and
/ Z ;5 (X2)0jUoc0; v+ ap(X2)Uacvd Xo = / fvdXs, ae. v H}(w). (4.8)
i,j=p+1
We take 6 = e% and use the change of variable given by

X1

1/1:(X1,X2)'—>y=(Y1 7

in (4.7), and we set w(ﬁg) = Qg, thus we obtain

V2= X)), (4.9)

/ 2045 (Y3, Y2)05 (V3. ¥2)00 (071, Y2) Py
20 i,j= 1
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1
+ S0y (O, )05 (07, Y2)Oio(£Y:, Vo) Py
Qo 1<i<p, p+1<j<n
1<5<p, +l<z<n
P
+ Z aij(Yg)ajm(EYl, Yg)@iv(éYl, Yg)fpdy
Q0 4 j=p+1
f(Yg)U(gyh Yg)fpdy
Qg
Setting
(Yh Y2) = (41, Y2),
(Yl,YQ) gQalj(EYhYQ) fOI' ’L,j = 1,...,p,
1
aﬁj(iﬁ,Yg)zzaij(ﬁYhYg) forl1<i<p<j<norl<j<p<i<n,

al;(Ys) = a;j(Y2) for i,j=p+1,...,n

In addition, it is clear that (Y7, Y2) — v(£Y1,Ys) € H}(Qp) if and only if (X1, Xo) —
v(X1, X2) € H& (Q). Consequently, the problem (4.7) is equivalent to

/ x)0jup0;vdr = f(Xo)vdz, for all v € Hg(Qp). (4.10)
Qo j=1 Qg

Therefore, u, is a solution of if and only if ug is a solution of . More-
over we can examine the conditions of the first paragraph on the problem .
According to the definition of Q, the domain €y satisfies the condition with
A = (—=1,1)?. The conditions 7 are satisfied by definition, for the condi-

tion (|1.9), we have

- u 1.1 1
Z V&&= aij ((Y1, ¥2)(56)(5&) + > aij (Y2) (56)(&))
=1 ij=1 1<i<p, p+1<j<n
FY i mEGE) Y e,
1<j<p, p+1<i<n i,j=p+1

then using (4.6)), we obtain

> ali(w)&g = MIE + NEP,

ij=1
a.e. y € Qy and Vf € R", therefore we have (1.9)). Finally, if we use (4.4)), we get
the conditions and with a = % Then, if we apply Theorem we
deduce for r > 0 and for <I> ( 0,0)P x w with 0 < o < 1, that there exists C > 0
independent of ¢, such that

/ [V x,upl?dy < COTHP2,
(—0o,0)P xXw

/ |VX2 (u9 - uoo)‘2dy < co TP,
(—0,0)P xw
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Again, we use the change of variable to obtain

_ C
e — Uool| 1 (—ort,00)p xw) < ik

5. ESTIMATE ACCORDING TO ALL DIRECTIONS

In the applications, we say that the size of the domain is large specifically in
some directions if we take into account the size ratio between all the directions, for
instance in the domain (0,1) x (0,¢), the size of (0,1) is considered large when &
become negligible. However all the estimates of Uy —us given in [2], [3] and [5], only
show an estimate of the error of convergence with respect to £. In the following, we
investigate this estimate with respect to the size ratio between £ and |w|. Then, we
suppose in this section that w = wy and a bounded domain Q, satisfies

(—0,0)P x w C Qp CRP x w; (5.1)

in addition, we assume that
feL®w). (5.2)
First, we show the following estimate.

2¢

FIGURE 4. The domain Q.

Lemma 5.1. Let uy (resp. u_) be the solution of (1.14]) replacing h by f+ (resp.
—f7). It holds that

sl 2@y, fu-lzz), sz < C [measw)]'/? wf? (5.3)
where C is a constant independent of w and measw) denotes the measure of w.

Proof. We give the proof for uy, the proof for u_ and us are similar. Taking
v =wuy in ([1.14) and using the ellipticity condition ((1.10]), we obtain

)\l/ |VU+|2dX2 S |f+|L2(w)|u+|L2(w)-
w

Using (5.2) and applying Poincaré’s inequality, then there exists a constant C' in-

dependent of w, such that
1

W|U+|i2(w) < Clmeas w)]"?|uy [L2(w),

which gives (5.3). O

This enables us to state the following corollary.
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Corollary 5.2. Let T, be the solution of (4.7) where Q is given by (5.1). If we
suppose that (4.4), (4.5), (4.6) and (5.2) hold, then for any T > 0 and any0 < o < 1

there exists a constant C, > 0 independent of £ and w, such that

— W\ 2T
‘V(U@ - uoo)'Lz((—aZ,aZ)pxw) < Cot? meaS(w)|w|2(|£T|) : (54)
Proof. If we use the change of variable (4.9) in (3.7) and (3.8, and we apply the

3.
lemma above to estimate the constant C,, defined in (3.6]), then we deduce (5.4). O

Acknowledgements. We would like to thank Professor M. Kirane for his useful
comments that helped improving this article. We would also like to thank Professor
R. Beauwens for raising part of questions considered in this work.

REFERENCES

[1] Brighi, B.; Guesmia, S.; Asymptotic behavior of solutions of hyperbolic problems on a cylin-
drical domain. Discrete Contin. Dyn. Syst. suppl. (2007), 160 - 169.

[2] Brighi, B.; Guesmia, S.; On elliptic boundary-value problems of order 2m in cylindrical domain
of large size. Adv. Math. Sci. Appl. (2008) (to appear).

[3] Chipot, M.; £ goes to plus infinity. Birkhduser, 2002.

[4] Chipot, M.; Element of nonlinear analysis. Birkhauser, 2000.

[5] Chipot, M.; Rougirel, A.; On the aymptotic behavior of the solution of elliptic problems in
cylindrical domains becoming unbounded. Communication in Contemporary Mathematics,
Vol 4, 1, (2002), 15-44.

[6] Gilbarg, D.; Trudinger, N. S.; Elliptic partial differential equations of second order. Springer
Verlag, 1983.

[7] Guesmia, S.; Etude du comportement asymptotique de certaines équations aux dérivées par-
tielles dans des domaines cylindriques. Thése Université de Haute Alsace, December 2006.

[8] Lionms, J.-L.; Perturbations singuliéres dans les problémes auz limites et en contrdl optimal.
Sringer-Verlag, 323, 1973.

[9] Lions, J.-L.; Magenes, E.; Problémes aux limites non homogénes. Dunod, 1968.

SENOUSSI GUESMIA
SERVICE DE METROLOGIE NUCLEAIRE, UNIVERSITE LIBRE DE BRUXELLES, C. P. 165, 50, Av. F.
D. ROOSEVELT, B-1050 BRUSSELS, BELGIUM
LABORATOIRE MATHEMATIQUES, INFORMATIQUE ET APPLICATIONS (MIA), 4, RUE DES FRERES
LUMIERE 68093 MuLHOUSE CEDEX FRANCE

E-mail address: senoussi.guesmia@uha.fr, sguesmia@ulb.ac.be



	1. Introduction
	2. Some estimates
	3. Asymptotic behavior
	4. Application to the case of large size domains 
	5. Estimate according to all directions
	Acknowledgements

	References

