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QUASILINEAR DIFFERENTIAL EQUATIONS IN EXTERIOR
DOMAINS WITH NONLINEAR BOUNDARY CONDITIONS AND
APPLICATION

DUMITRU MOTREANU, NICOLAE TARFULEA

ABSTRACT. We investigate the existence of weak solutions to a class of quasi-
linear elliptic equations with nonlinear Neumann boundary conditions in ex-
terior domains. Problems of this kind arise in various areas of science and
technology. An important model case related to the initial data problem in
general relativity is presented. As an application of our main result, we deduce
the existence of the conformal factor for the Hamiltonian constraint in general
relativity in the presence of multiple black holes. We also give a proof for
uniqueness in this case.

1. INTRODUCTION

Let Q ¢ RY be an exterior domain with smooth compact boundary. In this
paper, we study the existence and uniqueness of solutions of the following elliptic
boundary-value problem

—div[A(z, Vu)] = F(z,u), z€Q, (1.1)
Az, Vu)-n = f(z,u), =€, (1.2)

where n stands for the unit exterior normal to 9. Here A : Q x RN — RV is a
Carathéodory function satisfying the following conditions:

e There exist p > 1, a;(-) € LP (Q) (p' is the conjugate of p, that is 1/p +
1/p’ = 1), and by > 0 such that |A(z,&)| < a1 (x) + b1 |E[P7E, for ae. x € Q
and all £ € RV,

o A(x,£) is strictly monotone in &, that is [A(z, &) — A(x,£1)] - (&2 —&1) > 0,
for a.e. x € Q and all &, & € RY with & # &.

e There exist ax € L'(Q) and by > 0 such that the following coercivity
property holds A(z,€) - & > by|¢|P — ag(x), for a.e. z € Q and all £ € RV,

Problems of this type arise in many and diverse contexts like differential geom-
etry (e.g., in the scalar curvature problem and the Yamabe problem), nonlinear
elasticity, non—-Newtonian fluid mechanics, mathematical biology, general relativ-
ity, and elsewhere. In Section [3] we address one of these applications related to the
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initial data problem in general relativity (more precisely, the existence of conformal
factor to the Hamiltonian constraint equation in the case of multiple black holes).

Nonlinear boundary value problems related to — have been studied
for some time by numerous authors and in variuos frameworks. For example,
in [24] Pfliiger considered the problem — for the p-Laplacian with poly-
nomial nonlinearities on the right hand side and in the boundary condition. In
this context, Pfliger showed the existence of a nontrivial, positive weak solution.
Due to the unbounded domain, the lack of compactness was overcome through
the use of weighted Sobolev spaces. For more recent work on this subject, see
[8L 4, 12, 17, 20, 211, 25, 28] [30], and references therein.

We denote by WP () the weighted Sobolev space (the suitable weight function
in our case is (1 + |=|?)~1/2 for 2 € Q)

Whe(Q) = {u e LP (Q): ——
(@)= fu € L@ oy ©

LP(Q) and Vu € LP(Q)}.
Notice that on each bounded part of the open set Q, the space W1P(Q) coincides
with the usual Sobolev space VVlicp (Q). Functions in these two spaces differ only by
their behaviour at infinity. For more on these spaces, see [22] 20], and references
therein.

A variational formulation for the exterior boundary-value problem and
is

/ Az, Vu) - Vodzr — / F(z,u)vdx — f(z,w)vdo =0, YveWP(Q).
Q Q o0

A function u (resp. %) in WHP(Q) is called a (weak) subsolution (resp. supersolu-

tion) of (L.1)) and (1.2)) if

/ A(x,Vu) - Vodz —/ F(z,u)vdr — flz,u)vdo <0, (resp. >) (1.3)
Q Q a0

for each v € W1P(Q), v > 0 a.e. in Q.
Under the above conditions, our main result may be stated as follows.

Theorem 1.1. Assume there exist a pair of sub- and supersolution w and uw of
(1.1)-(1.2) and that the functions F' and f satisfy the following growth conditions:

o There exists az € LP' (Q) such that |F(z,u)| < as(z)/(1 + |z]|2)Y/2, for a.e.
x € Q and all u € [u(z),a(x)].

e There exist ay € L (9Q) and by € LP(Q) such that |f(x,u)| < as(z) +
bs(z)|ulP~t, for a.e. x € ON and all u € [u(x),u(x)].

Then, (L.1)-(1.2) has at least one (weak) solution u € WHP(Q) such that u < u < 1.

A proof of this theorem is given in Section [2l As an application of this result,
we will discuss the existence of the conformal factor for the Hamiltonian constraint
in general relativity in Section[3] We also provide a proof for the uniqueness of the
conformal factor in the case of multiple black holes in Subsection [3.2
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2. PrRoOF oF THEOREM [L.]]
Let p:= (1 4+ |z]|?)Y/2. For u € W'?(Q), define

[u(z) —a(@)P~t/pP if u(z)
b(z,u):=<¢0 i

u(x)
(Tu)(z) == u(z) ifulz) <ulz) <u(z)
u(z)

Next, consider the operators A, B, F, and G : WHP(Q) — (WLP(Q))* defined by:

(A(u), v) ::/A(w,Vu)~Vvdx, (B(u),v) ::/Qb(av,u)vclav7

Q

(F(u),v) := —/QF(.T,TU)UdZ‘, (G(u),v) := — . f(z, Tu)v do,

W) - (W), T(u) = A(u) + B(u) + F(u) + G(u).

The following lemma states that solving I'(u) = 0 in (W1?P(Q))* produces a weak
solution u to problem 7, with u < v < @ a.e. in . Its proof relies on
arguments largely similar to the ones used in [I5 6] (see also [2]) in a different
context.

Lemma 2.1. Assume that u € W1P(Q) is a solution to T'(u) = 0. Then u is also
a week solution to (1.1)—(1.2)), with u(x) < u(z) <u(x) a.e. in Q.
Proof. Since u and u are elements of WP (), it follows that (u —u)* € W1P(Q).
Then

(Tu, (w—u) ") = (A(w) + B(u) + F(u) + G(u), (u —u)") =0, (2.1)
and so

Az, Vu) - V(u—u)t dr + / b(z,u)(u —u)t dr
Q Q

(2.2)
- / F(x,Tu)(u —u)" do — / fla,Tu)(u —u)" do = 0.
Q o0
Since u is a subsolution to 7, we have
/ A(x,Vu) - V(u—u)" dr — / F(z,u)(u—u)" dz — f(z,u)(u—u)"do <0.
Q Q 0 (2.3)

Subtracting (2.2) from (2.3) gives

/ [A(z, Vu) — A(x, Vu)] - V(u — u)t do — / [F(z,u) — F(x,Tu)](u — u)* dx
Q Q

_/ [f(xaﬁ) —f(x,Tu)](y—u)Jr do
o9
< /Q b(z,u)(u —u)t dx.
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Observe that (from the hypotheses and Stampachia’s Theorem)

/ [A(x, Vu) — A(z, Vu)] - V(u — u)t dx

@ (2.5)

= / [A(z, Vu) — A(z, Vu)] - (Vu — Vu) dz > 0.
{w(z)>u(x)}

Furthermore, from the definition of T, it follows that Twu(z) = u(z) on {u(x) >
u(z)}, and so

/ [F(z,u) — F(z,Tu)](u —u)" dz

@ (2.6)

= / [F(z,u) — F(x,Tu)](u — u) de = 0.
{u(@)>u(z)}

Also,

/ (@) — Fz, Tw)](w - u)* do
09 2.7)
-/ [, 0) — f (o, Tw)) (w — w) dor = 0.
{z€dQ: u(z)>u(z)}

By [4), €3), (28), and [27), we obtain
Og/b(x,u)(@—u)+dx=—/ (uw—u)?/pP dx <0,
Q {u(z)>u(x)}

and thus u = v a.e. in {u(x) > u(z)}. That is, the set {u(z) > u(x)} has measure
0. This shows that u(z) < u a.e. in Q. For the inequality u(x) < u a.e. in 2, we
proceed similarly (by considering (u — )t this time). Since u(z) < u(z) < u(z)
a.e. in ©, we have both b(z,u(x)) =0 and Tu(z) = 0 a.e. in . Thus, u is a weak

solution of (|L.1))—(1.2). O

Lemma 2.2. The operator I' is bounded.

Proof. Let M be a bounded subset of W1P(Q), that is, there exists a constant
C1 > 0 such that |Jullw1.r) < C1, for all w € M. Our goal is to prove that there
is a constant Cy > 0 such that ||I'(u)|lw1.r(q)- < Co, for all u € M. Hereafter, the
symbol < between two terms means that the first term is bounded from above by
the second term up to a multiplicative positive constant that may depend on M
but not on the individual elements of M.

For u € M and v € W1P(Q), we have

[(T(w), v)| < [(Au), v)] + [(B(w), v)| + [(F(u), v)] + [(G(w), v)|. (2.8)
Let us place an upper bound on the terms on the right-hand side of inequality (2.8]).

(Au),v)] < / |A(z, V)| - [Vl

< /Q((M(CE) + b1|Vu|p_1) - | Vo|dx o)

< lar | L (o) 1 V0l o) + bal Vel i IV0l o ()

< (larll o @y + ballullfys ) Iollwrr o)

S ”UHWLP(Q)
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Next, observe that
[b(z, u)| < p~P(fu(@)| + [a(z)| + Ju(z)[)P~*
S p7P(Ju(@) P~ + () P+ fue) P
S p7 A () + pPlu() P,
(

with A1 (z) == [p~'a(z)[P~ + |p~'u(z)|P~' € LP' (). Thus,

(B, v)]| < /Q b - oldz

S [ (Arta)+ 1ol e (2.10)

_ —1 _
S (1Al Lo oy + o™ ull )™ ol e (o)
S HUHWLP(Qy

For the third term of the right-hand side of (2.8) we obtain the following upper
bound

(), v)] < /Q \F(z, Tw)| - |olde

< /Qp_las(x)lvldw (2.11)
< ||a3|\Lp'(Q)||P71U||LP(Q)
S vllwae ).
Finally, for the last term of the right-hand side of (2.8)) we have
(0.} < [ 1T -Joldo

o0

= / (as(x) + bs(z)[TulP~") - |v|do
o (2.12)
= /ag[m(f) +b3(x) (Ju(@) [P~ + [a(2)P~)] - Joldo
< laa(z) + bs(@) (lu(@) [P~ + [@(@) P~ )| o o0y 1] Lo 002
S HU”WLP(Q)a

where the last inequality is a consequence of the trace theorem. Returning to

inequality (2.8), and using (2.9), (2.10)), (2.11]), and (2.12), it follows that there

exists a positive constant Cy such that [(I'(u),v)| < Cal|v|lw1.r(q), for all u € M
and all v € WHP(Q); that is, ||T(u)|lw.e(q)« < Co, for all u € M. O

Lemma 2.3. The operator I' is coercive; that is,

(C(w),u)

(2.13)
lullw .m0y~ [ullwiee)
Proof. First of all, observe that
(AQ),w) > bl Vull2, ) — llasllzi - (2.14)

It is easy to prove that, for a > b and p > 1, there are positive constants C7, Cy,
Cs, and Cy (independent of a, b) such that (a — b)P~ta > CilalP — C2|b[P~|a| and
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(@ —b)P~b < CslalP~tb] — C4|blP. Then
(B(u),u) = / p*p(ufﬂ)pfludmf/ pP(u—u)P tude
{u>u} {u<u}

> / PP (Calul? — CofalPful)dz
{u>u}

(2.15)
4 / PP (Calul? — CalulP~ ul)dz
{u<u}
> min {1, Ca} ™"l ) — Csllo™ ull o,
with C5 := Cs||p~ u||Lp @ T Csllp~ u||L,, () Also,
(Fu),uh > —llasll 1o @l % 0y = —lasll o gy 1l (2.16)
and
(G(w),u) = = /ag[lamn + b (@) (@)~ + [a(@)[P~1)]ju] do
_ iy 2.1
> —laa] + [bs] ("~ + [@"~ )| 1o (oo ] ooy (2.17)
>

—Co|llaa] + 1bs]([w”~" + [@lP =) o o0 el wre ).

where the last inequality follows from the trace theorem. Combining (2.14]), (2.15),
(2.16)), and ( m, we get

(C(w),u) > Crllull gy — Csllullwre@) = Co,  Yu € WHP(Q),
with C7, Cs, Cy > 0. Because p > 1, this estimate implies (2.13)). O

Fix an integer ng > maxzeaq |z|. For any n > ng, we set Q, = {x € Q: |z| < n}
and introduce the space W,, := {u € W'P(Q,) : u = 0 on |z| =n}. Notice that
we can consider that W,, C W1P(Q) by setting, for all w € W,,, w(z) = 0 whenever
x € Q with |z| > n (which is possible since w = 0 on |z| = n). For each n > ng, let
in: Wn — WHP(Q) denote the inclusion map and i : WP (Q)* — W its adjoint
operator. Fix n > ng and introduce the nonlinear operator I'y, : W,, — W by

T, := % Dip = i% Aip + 0% Bip, + i Fip, + i Gin.

Lemma 2.4. For every n > ng, the equation I'y,(u) = 0 has at least a solution (in

Proof. The operator I'y, : W,, — W}¥ is pseudomonotone because it is the sum of the
strictly monotone operator i} Ai, and the completely continuous operators i, Biy,
i Fin, i:Gi, (which is true because the domain 2,, is bounded). The operator
I, is also bounded by Lemma [2.2] and the boundedness of the operators i, and
iy . Moreover, from Lemma @ we see that I, is coercive. The application of the
abstract surjectivity result (see [34] Theorem 27.A]) completes the proof. O

2.1. Proof of Theorem Lemma [2.4] ensures that there exists u,, € W,, such
that

/ Az, Vuy,) ~Vvdx+/ b(z, up)vdx
On " (2.18)

- / F(z,Tuy)vdx — f(z,Tuy)vdo =0
Q, a0
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for all v € W,,. Setting v = u, in and using the coercivity of the operator
T, lead to the conclusion that the sequence {u,,} is bounded in W1?(Q).

Thus, up to a subsequence, we may suppose that u, — u in WP (Q), u, — v in
LP () and a.e. in Q and Vu,, — Vu in L (Q,RY), for some u € W1P(Q). Let

loc loc

v € CRN) N WHP(Q). We note that v € W, for n sufficiently large, so we can
make use of (2.18)) which gives

/ Az, Vuy,) - Vodr + / b(x, up)vdz
supp(v) supp(v) (2.19)

—/ F(z,Tu,)vdx — / f(z,Tuy)vdo = 0.
supp(v) o0

We may pass to the limit in ([2.19)) as n — oco. Since C§°(RM)NWP(Q) is dense in
WLP(Q), we arrive at T'u = 0. Now it suffices to invoke Lemma for concluding
that u is a weak solution of problem (1.1)—(1.2) with u(z) < u(x) < w(z) a.e. in .

Remark 2.5. One can show the uniqueness of the solution by assuming additional
conditions, such as F(z,-) and f(z,-) are nonincreasing on the interval [u(z),u(z)]
for a.e. z € Q. Let u1,us € WHP(Q) be two weak solutions to (L.1)-(L.2) belonging
to the ordered interval [u,@]. Then we can write

/Q(A(x7 vul) - A(l'y VUQ)) . V(Ul — UQ)+ dzr

= / (F(z,u1) — F(x,uz)(uy —uz)t da —|—/ (f(z,uy) — fz,u9))(us — ug) ™ do.
Q

0
In view of our hypothesis and since the operator A(z,-) is strictly monotone, we
derive that u; < ug (and similarly that ug < ;) a.e. in Q, and so u; = ug a.e. in

Q.

3. APPLICATION TO THE INITIAL DATA PROBLEM IN GENERAL RELATIVITY

In this section, we indicate an example where we apply Theorem to the
existence of the conformal factor in general relativity. We mention that this section
contains just an example of aplication of Theorem it is in no way intended to
give a deep or extensive analysis of the complicated initial data problem in general
relativity. The interested reader can find important advances on various aspects of
this subject in [5l [7} 10} [IT], 8, @, 17, 18, 19, 27, [29], among many others.

In Subsection[3.1] we briefly review York-Lichnerowicz’s formalism for decompos-
ing the constraint equations. We then discuss the existence of the conformal factor
under certain assumptions. Finally, in Subsection we present an elementary
proof for the uniqueness in the case of multiple black holes.

3.1. York-Lichnerowicz conformal decomposition method. In general rel-
ativity, spacetime is a 4-dimensional manifold of events endowed with a pseudo-
Riemannian metric gog. Einstein’s equations G,g = 877,35 connect the spacetime
curvature represented by the Einstein tensor G, with the stress-energy tensor T, 3.
In fact, these are equations for geometries, that is, their solutions are equivalent
classes under spacetime diffeomorphisms of metric tensors. To break this diffeo-
morphism invariance, Einstein’s equations must first be transformed into a system
having a well-posed Cauchy problem. That is, the spacetime is foliated and each
slice ¥; is characterized by its intrinsic geometry 7;; and extrinsic curvature Kj;,
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which is essentially the “velocity” of 7;; in the unit normal direction to the slice.
Subsequent slices are connected via the lapse function N and shift vector 8¢ cor-
responding to the Arnowitt—Deser—Misner (ADM) 3+1 formulation [I] of the line
element ds® = —N?dt?+~,;(dz" + 3'dt)(dx? + 37dt). This decomposition allows one
to express six of the ten components of Einstein’s equations in vacuum (T, = 0)
as a constrained system of evolution equations for the metric v;; and the extrinsic
curvature K;; (repeated subscript-superscript indices means summation):

Yij = —2NKij + 2V (85,
Kij = N(Rij + K| Kij — 2K K}) + B'V, K + KuV;8' + Ki;Vi8' — V;V;N,
Ri +(K)* - K;; KV =0, (3.1)
VIK; — VK] =0, (3.2)

where we use a dot to denote time differentiation and V; for the covariant derivative
associated to v;;. The spatial Ricci tensor R;; has components given by second order
spatial differential operators applied to the spatial metric components v;;. Indices
are raised and traces taken with respect to the spatial metric +;;, and parenthesized
indices are used to denote the symmetric part of a tensor (e.g., V(;0;) := (Vi3; +
ViBi)/2).

To evolve Einstein’s equations in the standard ADM 341 formulation, one needs
to specify the 3-metric ~;; and the extrinsic curvature K;; on the initial time slice
Y. This is a difficult task, as these quantities must satisfy the constraint equations
and . We outline here the conformal decomposition method of York-
Lichnerowicz (see [6l, 29, BT, B2, [33]) for the vacuum constraint equations. The
base of the method consists of specifying the physical data only up to conformal
equivalence, under the assumption that the trace of K;j, K} := 4" K;;, is given
and fixed. In essence, this means that we look for a metric «;; conformally related
to a given metric 4;; by vi; = 1/)4'%3-, where the conformal factor v is a strictly
positive function to be determined. We will denote by 4%, V;, and R the inverse
metric, covariant derivative operator, and scalar curvature associated to the metric
4i;. We now relate these to quantities based on the original metric 7;;. The inverse
metric 4% and the covariant derivative V; of scalars are easy: 7% = ¢~44% and
VK = @jK and VIK = w_4?jK for any scalar function K. For the covariant
derivative of tensors and for the scalar curvature, we need to relate the Christoffel
symbols f‘fj formed with respect to 4% to the Christoffel symbols I‘fj formed with

respect to ¥¥. By direct calculation

i 1 4,0 | Oy v 31/) i, O O i
ik = (axl]z 83;16 - af?;zlk) k+2w ( 5 a ]5k Oz lPYJk’Yl)a
and so 31/)
I, =17 +65" R

Now, let us relate the extrinsic curvature K% corresponding to 7;; to a given sym-
metric (2,0) tensor K% by K% =¢~*K% for some s. Then, by direct calculation,

0K
oxJ

:w—svjkm w s—1

VK" = + I K 4 T KY

O %f(“
dxm

Ame_i_( O_S)w_s_laxl )
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where K = 4;; K. This motivates the choice s = 10. Moreover, we choose the
tensor K to be trace-free, i.e., K =0. Then, the zero trace is preserved, i.e.,
K is trace-free, and V; K% = ¢~10V ;K% The scalar curvatures R = ~;; R and
R = #4;; R are related by R = ¢ *R — 8 ~5As, where Ay := 4;;ViV7 is the
Laplacian of 9 with respect to the metric 4;;.

If we choose 4;; to be the flat metric 4;; := d;5, then the momentum constraints
are linear, decoupled from the Hamiltonian constraint (as a consequence
of the assumption K = 0), and solutions K’ij to them can be determined analyt-
ically (see [13, 14l 23, 291 (311 [32] B3], among others). Moreover, the Hamiltonian
constraint equation reduces to the relatively simple semilinear elliptic equation

—A¢ = HyT, (3.3)

where A := 6;;0°@7 is the usual 3D Laplacian and H := %K”[Aﬁj is a positive
function. It is also necessary to specify the domain on which this equation will be
solved, and the boundary conditions that will be applied. In the case of multiple
black holes, our goal is to solve equation in the exterior domain  := {z €
R3: |x — O;| > R;, i = 1, N}, where O;, respectively R;, i = 1,2,..., N, are the
centers, respectively the radii, of the disjoint black holes. Because we are interested
in asymptotically flat spacetimes, we would like that the conformal factor approach
unity as the distance from any sources approaches infinity:

P(x) — 1, as|z| — oo. (3.4)

Also, we invoke an inner boundary condition (see [0, 29} [31], and references therein)
0 1 .

%+2Ri¢:o on dB(0;, R;), i =1,2,...,N, (3.5)

where the normal n to dB(O;, R;) points into the domain €.
Let w := ¢ — 1. For 1 to be a solution of (3.3)—(3.5)), v must satisfy the following
boundary value problem in the exterior domain :

~Au=H(1+u)"" inQ, (3.6)
u(z) -0 as|z| — oo,
ou 1

8?:_2R-(1+u) on 0B(0;, R;), i=1,2,...,N. (3.8)

Theorem 3.1. Suppose that pH € L?(Q). Then there exists at least one (weak)

solution u € W2(Q) to (3.6)—(3.8).

Proof. Observe that one can now apply Theorem [I.1]to the boundary-value problem
f if a pair of sub- and supersolution u and % can be found. It is easy to see
that u := 0 is a subsolution to (3.6)—(3.8). Furthermore, the solution u € W'2(Q)
of the following Dirichlet boundary-value problem (whose existence is guarateed by
[22] Theorem 2.5.14])

—AU(z)=H(z) inQ, u®)=0 ondQ,
is a supersolution to 7. Moreover, by the maximum principle one obtains
u > 0 in Q. Then, by Theorem [I.1] it follows that there exists a weak solution
u € WH2(Q), with (u =)0 < u < 7, to the boundary-value problem (3.6)-(3.8). In
fact, by the maximum principle again, w is strictly positive in 2. In addition, since
u € WH2(Q), we also have that u(x) — 0, as |x| — oo, a.e. in Q. O
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3.2. The uniqueness in the general case of multiple black holes. In 1989
York [31] proved that the solution for the boundary value problem , ,
and is locally unique, that is, he proved that no other solutions lie in the
neighborhood of a given solution, but this does not preclude the existence of other
solutions which are “significantly different.” Here the normal n to 02 points into
the domain 2, and this interferes with an usual existence and uniqueness analysis
for the problem. That is, even though looks like a Robin boundary condition,
it has the “wrong” sign between its two terms. Therefore, as observed in [31],
one cannot give a standard uniqueness argument for the problem 7 , and
. In what follows we give a simple proof for uniqueness in the case of multiple
black-holes; it has some points in common with the proof pointed out by York in
[31].

Theorem 3.2. There exists at most one solution to the elliptic exterior boundary-
value problem (3.3)), (3.4)), and (3.5).

Proof. Arguing by contradiction, suppose that we have two distinct solutions for
13-3), (3.4), and (3.5). Denote by v and v these two solutions. Foreachi¢=1,..., N,
by passing to spheric coordinates with respect to O;, we define a related function

_ R,

’LLZ‘(T', 07 QS) = TU(’/‘, 97 ¢)7
where 7 = R?/r, 0 < r < R;. Note that @;(R;,0,¢) = u(R;,0,¢). Moreover,
the first derivatives of u and u agree at r = R; (we need only check the radial
derivatives)

0u; R; 38

a (T 0 (b) 77“( r, a¢) 87“ (7797(25)7
and so
ou; ou ou
O (i0,0) = —R%u(Rz,e 6~ SH(R0.0) = SH(Ri0,0),  (39)

where the last equality in ) follows from the boundary condition .
Likewise, one finds that the second derivatives of u and 4; also match at r = R;.

82 R 4R3 8u R5 0%u
and so
9% ou 0%u

o (Ri.0.0) = 1 (G (R 6.0) + 5 -u(R.6, ¢>) 5 (Rib,0).  (310)

where the first term of the right-hand side of vanishes because of the bound-
ary condition ([3.5)).
Furthermore, simple computations show that

R>

Hence we can extend u as follows

U() u(r) forxeQ
€Tr) =
ftl(.’E) fOI'CUGJi(Q)CB(Oi,Ri), i:1,2,...,N,

where
R2

T = o
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for all  # O;, i = 1, N. Observe that U is in C%(Q), Q:= QU J;(Q) U J»(Q)...U
Jn(€2), and (as a consequence of (3.11))) it satisfies the following differential equa-
tion in the open set 2

~AU =HU",
where
~ H(x) for z € Q
H(z) =13 Lo o m12 g -1 _ .
R;?|lx — O;|" P H(J; (z)) forz e J;(R),i=1,2,...,N.

Doing the same for v, we get its extension V in Q. Without restricting generality,
we can assume U(z) > V() in a nonzero measure subset of Q. Let w(z) =
In |U(z)/V (x)|. Since both u and v tend to 1 as |2| — oo and by the construction of
U and V, it follows that lim|,—o [U(z)/V(2)| = 1 and lim, .o, |U(z)/V(z)| = 1,
i = 1,2,...,N. Therefore, there exists xg in the closure of the set Q such that
w(zo) = sup, g w(x). First, let us prove that xo must belong to 9. Arguing by
contradiction, assume that zo belongs to the interior of 0. Then, from Vw(zy) =0,

it follows that
1 1

U(l‘o)VU(IO) = mvv(l’o),
and so
Auo(a) = AU (1) = e AV (@)
1 2 1 2
+ WWU@“ON - WWV(QUON (3.12)

~ 1 1
=60 (G~ ) >

which is impossible. This forces z( to belong to dS).
Suppose that zg € J;(0B(0j, R;)) for some i and j, with ¢ # j. Then, for
To := J *(x0) € OB(Oy, R;) we have

w(Zo) = In|U(Z0)/V(Zo)| = In|u(Zo)/v(To)| = In |t (o) /0:i(x0)| = w(x0),

and so w(Zg) = sup, . w(zx). Since Ty is an interior point of Q, we get the same

contradiction as in (3.12]). O
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