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REGULARIZED TRACE OF THE STURM-LIOUVILLE
OPERATOR WITH IRREGULAR BOUNDARY CONDITIONS

ALEXANDER MAKIN

ABSTRACT. We consider the spectral problem for the Sturm-Liouville equation
with a complex-valued potential ¢(z) and with irregular boundary conditions
on the interval (0, 7). We establish a formula for the first regularized trace of
the this operator.

1. INTRODUCTION AND MAIN RESULT
This paper deals with the eigenvalue problem for the Sturm-Liouville equation
u —q(z)u+ Au=0 (1.1)
on the interval (0, 7) with the boundary conditions
u'(0) + (—1)%/ () + bu(m) =0, w(0) + (=1)"Fu(r) =0, (1.2)

where b is a complex number, b # 0, 8 = 0, 1. The goal of this article is to calculate
the first-order regularized trace for -.

The theory of regularized traces of ordinary differential operators has a long
history. First, the trace formulas for the Sturm-Liouville operator with the Dirichlet
boundary conditions and sufficiently smooth potential ¢(x) were established in [I} 2].
Afterwards these investigations were continued in many directions, for instance,
the trace formulas for the Sturm-Liouville operator with periodic or antiperiodic
boundary conditions were obtained in [3| [II], and for regular but not strongly
regular ones [9] similar formulas were found in [7]. A method for calculating trace
formulas for general problems involving ordinary differential equations on a finite
interval was proposed in [5]. The bibliography on the subject is very extensive and
we refer to the list of the works in [4] [10].

The trace formulas can be used for approximate calculation of the first eigenval-
ues of an operator [I0], and in order to establish necessary and sufficient conditions
for a set of complex numbers to be the spectrum of an operator [I1].

We will prove the following statement.

Theorem 1.1. Let q(x) be an arbitrary complez-valued function in W(0,7) and
denote by A\, (n=1,2,...) the eigenvalues of (1.1)-(1.2]). Then we have the trace
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formula

.- —1)%(g(m) — — [T (t) cos(2n
S (- - (g) (—=1)"(q(m) — q(0) — Jy q'(¢) cos(2 t)dt)} ,
" 1.3

where (q) =7~ [ q(t)dt

This article is organized as follows. Section 2 is devoted to the analysis of the
characteristic determinant. In section 3, we obtain a formula of the regularized
trace in explicit form.

2. ANALYSIS OF THE CHARACTERISTIC DETERMINANT

Denote by c(x, 1), s(x, ) (u? = \) the fundamental system of solutions to (1.1))
with the initial conditions ¢(0,u) = s'(0,u) = 1, (0, ) = s(0,) = 0. Simple
calculations show that the characteristic equation of (L.1)-(1.2)) can be reduced to
the form A(u) =0, where

A(p) = e(m,p) — &' (m, 1) — (=1)%bs(m, ). (2.1)
Denote by ¢(x, 1), ¥ (x, 1) the system of solutions to with the initial conditions
©(0, 1) = (0, 1) =1, (0, p) = ip, ¥2(0, ) = —ip. It is readily seen that
o(x,p) = (@, —p), oz, p) = (p(z,p) + Pz, 1))/2,
s(z, p) = (p(z, 1) — (@, 1))/ (2ip), (2.2)
s'(w,p) = (¢ (@, 1) — V' (2, 1))/ (2ips).

For convenience, we introduce I(x fo t)dt. Asymptotic formulas for the func-
tions ¢(z, u) and ¢'(x, 1) were estabhshed in [7]:

o, p) = e[l + @[( ) — gﬂ( )]
S /03” e*Hq(t)dt + A(z, i) + Ry (z, 1),

2ip
and
R 1% 2 1 —
@y, ) = ipe™™ 1 + @I(Jﬂ) — (8u?) " P (2)]

e—ium

2

/ e*Mq(t)dt + B(x, p) + Ra(w, 1) + Ra(x, 1) + Rs(z, 1),
0

(2.4)
where

Aeop) = (a2 e [ wiqqoyie [ ats)is

4 eine /0 e 2y (t)dt /0 QZZI”Sq(S)dS*@*W/O q(t)dt/o e a(e)de)
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Ry(z, 1) = —(4p®) " /Ox(e”‘(‘”‘“ — e~ D) g (t)dt
(2.5)

t S
></(ei“(t’s)—e’i"(t’s))Q(S)dS/ sinpu(s — y)a(y) ey, 1)dy,

0 0

T

t
e_Qi“tq(t)dt/ e*q(s)ds
0 0

z t z t
- e*i’”/ e%“tq(t)dt/ q(s)ds + 67““:/ (](t)dt/ *2q(s)ds),
0 0 0 0

B ) = (i) e |

1 ) r .
Rafao) = =3¢ [ (14 1) P ) (2.6
1 [* .
Rafir) = 5 [ (@70 4 e 0) ) Rat, ), (2.7
I .
Raa) = 5 [ (40 e meDg) At )t (2.8)

We need more precise asymptotic formulas for the functions ¢(x, p) and ¢'(z, p).
Substituting known the expression [8] for the function ¢ (y, p1) = e*¥+O(1/p)el! ™+l

into ([2.5)), we obtain

Ry (e, 1) = —(8ig®) ™ / (M) — =0 (1)t
0

t s
% / (eiu(t—S) _ e_i“(t‘s))q(s)ds/ (ew(s—y) _ e—iu(s—y))q(y)
0 0
x [ + O(1/p)el ™) dy
elne x ) t )
-5 /0 (1 — e=2m=0) g (1)t /0 (1= e=2m=)g(5)ds

></ (1 — e 2#=v))g(y)dy + O(1/p*)el il

= [Cawa [ aras [Caw)

[ —Qz;t(ac t) —2iu(t—s) _ e—2iu(s—y) + e—2iu(w—s)

4 e Zin(a—trs—y) 4 o—2iu(t—y) _ f2iu(mfy)}dy + 0(1/H4)ellmu\z

__em 1 4y | Implz
-5 / )t / / (1) = g B (o) + 01 el 0,

K(z,p) = e / dt/ dS/S‘I(y)

—22,u:c t) —21y(t s) —2iu(s—y)+e—2ip(z—s)

where

+ e*2w(w*t+sfy) 4 e~ 2inlt-y) _ e’ziM(I*y)]dy.
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Arguing as in [6], we see that

/O’J q(t)dt /Ot q(s)ds /OS q(y)dy = %I?’(x),

The obvious inequality 0 < y < s < t < z, together with the inequality |x —2z| < x
valid for 0 < z < z and the Riemann lemma [8], implies

K(z,u) = o)™ Ry (2, p) = — () +o(1/p)elmlz.(2.9)

48443
Continuing this line of reasoning, we reduce (2.6) and (2.8) to the form

Rafi 1) = =353 1(a) +0(1/ )™, Rafar, ) = o1 /u)e ™17, (2:10)
It follows from (2.7)) and (2.9) that
Ry(z, 1) = O(1/p®)elmile. (2.11)
Combining (2.3 and (2.9, we obtain
TUT 1 1 2
p(x,p) =™ [1+ %I(m) - @I ()]
e—iuw x 9 eium
_ it (H\di + A _ I3 1 3\ | Imp|x
s [, )+ Al = fm @)+ o1l

(2.12)
It follows from (2.4)), (2.10) and (2.11) that

- AT 1 -
o) = et eI () = (8%) 7 ()
e—i/m:

ipx 13 2|
2 @6“ x[ (x) + 0(1//,L )e m'u‘x.
(2.13)
Substituting into (2.1) the expressions for c(m, u), s(m, ), s'(w, u) of (2.2), (2.12)),

(2.13)), respectively, we obtain

T
/ e2Htq(t)dt + B(x, p) —
0

A(p)
1 . 1 1
—Zdemi L () — ]2
— e /7r eQ“‘tq(t)dt+A(7r ,U) _ e IS(T()—FO(l/,US)@HmHlW
2ip ’ 4853
. 1 1
—iT) (1) — — 12
eI () — g ()
e T it e g 3y |1
Wta(t)dt + A(m, — I 1 | m“‘”}
s [ e ettt Ale, =)+ I m) + ol /e
1 . 1
= Linettt 4 ——I(rn) — 2)-172
i Ve T () — (8)7 ()]
—ipuT ™ ) 1 .
+ / e q(t)dt + B(r, p) = Jom eI (m) + o(1/p?)el I
0 2

~ e 1 = 1) = () P )
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tpr T . 1 .
i 62 /0 672wtq(t)dt + B(7T, 7’u) _ K/ﬂefuml?:(ﬂ) + 0(1/u2)6\1mu|7r]}
b
— (=1 {“”1 — I(x ——IQ
(1) g {0+ 51— )
e T 2ipt 2|1
- g (t)dt + o(1 mplm
s |, it +o(1/)e
— 7 — if(w) - iﬂ(w)] e /W e g (t)dt + 0(1/u2)6”m”‘”]}
2ip 8142 2ip Jo '
Define Ag(p) = _(Ti)b( im — e~ Combining like terms in the above expres-
sion, gives
1 . L _ LA
M) = Bolp) = 5l [ gty — e [ tg(eyar
2ip 0 0

1 ) T ) t ) s ) i
+ —Q[e”“/ e_QZ’Ltq(t)dt/ q(s)ds + e_””‘/ te“tq(t)dt/ q(s)ds
4p 0 0 0

s t t
—em“/ q(t)dt/ e 2 g(s)ds — ””‘/ dt/ e?™"q(s)ds)
0 0 0

b ei7rp, + efiwp, em—u *“TIJ«
- (*1)0f —I(n) — 72] (7)
2ip 2ip 8
1 . T ) 7r ‘
— 5 (6’””/ 62’“tq(t)dt+e”“/ e~ 2itg(t)dt)} + o(1/p3)ellmHim.
2ip 0 0

(2.14)

3. CALCULATION OF THE REGULARIZED TRACE

First, consider the case {gq) = 0. Formula (2.14) is then noticeably simplified:
Ap) = Bo(p) (1 +r(p)), (3.1)

where
7(p)

1 Lo =i /ﬂ it i /Tr —2ipt
= ——9 — e " €thdt—em” e Z”qtdt
AO(H){ QW[ 0 () 0 ()]

1 ) T ) t ) ™ t
e / e tq(e)dt [ ats)ds+ e [t [ o) ds
0 0 0

‘n' t
—e”“/ dt/ —2msg(s)ds — e~ ”“/ q(t)dt/ egi“sq(s)ds}
0 0

b . LA 4 LI
+ (—1)6+172(67M—M / 2t g(t)dt + e”"/ e 2 (t)dt) + 0(1/u3)e|1m”‘”}.
0 0

ap
(3.2)
Integrating by parts the terms on the right-hand side of (3.2)), we have
(_1)0+1

r(p) = m{(eiw + e (g(m) — q(0))

_ eiﬂ'p, " —Qzut / e—zﬂ'u T 2zp,t / q(7r)—|—q(0) o 2
e [ ey e+ [ g any + SO0 <1/(/; ;)
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Denote by T'y the circle of radius N +1/2 centered at the origin. It is well known [§]
that the eigenvalues of — form a sequence \,, = p2, where pu, = n + o(1),
n = 1,2,.... This asymptotic relation for the eigenvalues implies that, for all
sufficiently large N, the numbers p, with n < N are inside I'y, and the numbers
Wy with n > N are outside I'y. It follows that

N
1 A'(p)
2) pn=5= ¢ p—rdu;
nz::l 2mi Jr o A(w)
see [8]. Obviously, if 4 € Ty, then |Ag(u)| > cre?™H7 /|u| (¢; > 0). This inequality

and the Riemann lemma [8] imply that max,cr, [r(p)| — 0 as N — oo. Combining

this with (3.1)) yields

1 2 A'(p) 1 2 Bo(w) r(p)
: dp = - + d
2mi FN'M A(p) H= o FNM (AO(,u) l+r((u)) a

al 1

_ } : 2, _* 2
a 1

_ 2 _

= 2nE=1n 2mi 2uIn(1 + r(pw))dp.

Expanding In(1 4 r(u)) by the Maclaurin formula and applying (3.3)) and the Rie-
mann lemma [8], we find that

(q(m) — 4(0))?
20212

1
In(1+r(p)) =r(p) — cot? T + 0[(L2) (3.5)
on I'y. Evidently,

lim  (cot?rp+1) = 0. (3.6)

[Imp|— o0

It follows from (3.5)) and (3.6) that

1
— ¢ 2uln(1 d
2mi pIn(l +r(p))dup

B 1 (_1)9+1
~2mi Jp, “2bsinmp

_ (eiﬂ‘p. / 672iytq/<t)dt 4 e*iﬂ'#/ eQiptq/(t)dt)}
0 0

(g(m) —q(0))* q(m) +q(0) | o(1)
— 71)2# cot“mu + 72;1 + 7

{(e™ + e7™) (g(m) — q(0))

Jdp
N

— 10 [(gimn o p—imn ) — — (i We—Zz‘nt/
= 3 [0 e gl = a0) = € [ ey (ar

n=—N
+ et /Ow/e%”tq’(t)dt)]] /(2bm cos )

o (D AOF a0y,
= 20 S () - 4(0)
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_ /Tr q'(t) cos(2nt)dt) + (a(m) ;2(](0))2 + a(m) ;Q(O) +o(1).
0

Combining this and (3.4]), we obtain

23 2= a3 s % () — a(0) - / "4/ (t) cos(2nt) )
T a0’ ) 2N o
Passing to the limit as N — oo in , we have
g (ot - C1000) —a0) 7 g cntontyi) .

(a(m) —¢(0)* | a(m) +q(0) _
+ 202 + 1 = 0.
Now consider the case (q) # 0. Let ¢(z) = g(z) — (g). Then () = 0. Suppose
that (1.1)-(1.2) with potential ¢ has eigenvalues A,,. Then \,, = A\, —{(g). According

to (3.8]), we have
S 5t (@) ~0) 7 ) coszntran)

)

(a(m) — 4(0))* | q(m) +q(0) _
+ 202 + 1 =0.
Substituting the expressions for A, and (z) into this equality, we obtain formula

T3).
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