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NONLINEAR SCALAR TWO-POINT BOUNDARY-VALUE
PROBLEMS ON TIME SCALES

REBECCA I. B. KALHORN, JESUS RODRIGUEZ

ABSTRACT. We establish sufficient conditions for the solvability of scalar non-
linear boundary-value problems on time scales. Our attention will be focused
on problems where the solution space for the corresponding linear homoge-
neous boundary-value problem is nontrivial. As a consequence of our results
we are able to provide easily verifiable conditions for the existence of periodic
behavior for dynamic equations on time scales.

1. INTRODUCTION

This paper is devoted to the study of scalar nonlinear boundary-value problems
on time scales. We examine the problem

n—1

A" () 4 an_1 (DB () + -+ ao(Dult) = q(t) + g(u(t)), telablr (1.1)

subject to
D bigut (@) + D diut T (0) =0, (1.2)
j=1 j=1

for i = 1,2,...,n. Throughout this paper we will assume that T is a time scale
and [a,b]y C T*" where [a,b]r will denote {t € T : a < t < b}. The functions
ap,ai,...,a,_1 and g are real-valued, rd-continuous functions defined on T. The
nonlinear term g is continuous, real-valued, and defined on R. We will assume
the solution space for the corresponding homogeneous boundary-value problem,
namely,

U (1) + a1 (Out" () + -+ ap(Bu(t) =0, ¢ € [a,blr (1.3)
subject to

S but (@) + Y digu® T (b)) =0, fori=1,2,...,n, (1.4)

j=1 j=1
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has dimension 1. Let A(t) be the n x n matrix-valued function given by

0 1 0 e 0
0 0 1 0
A(t) = : : - :
0 0 0 e 1
—ao(t) —ai(t) —as(t) ... —ap—1(t)

Clearly A is rd-continuous, and we assume A is also regressive. Let the matrices
B and D be defined by B = (b;;) and D = (d,;). It should be observed that linear
independence of the boundary conditions is equivalent to the matrix [B|D] having
full rank. To analyze the boundary-value problem 7 we will look at the

equivalent n X n system,

22 (t) = At)x(t) + h(t) + f(z(t)), t€ [a,blr (1.5)
subject to
Bz(a) + Dz(b) =0 (1.6)
where
0 fori=1,2,...n—1
)l = {g([m]l) fori=mn
and

[h(B)]: =

Note that the solution space of

z2(t) = A(t)x(t), t € [a,blr (1.7)

0 fori=1,2,...n—1
q(t) fori=n .

subject to

Bzx(a)+ Dxz(b) =0 (1.8)
has dimension one as a result of the assumption on 7. Through use of
the Lyapunov-Schmidt Procedure conditions will be established to guarantee the
existence of solutions to the boundary-value problem f and thus (1.1)—
2.

We will pay particular attention to second-order equations subject to periodic
boundary conditions. We obtain results which significantly extend previous work
by Etheridge and Rodriguez concerning the periodic behavior of nonlinear discrete
dynamical systems[5].

2. PRELIMINARIES

The notation and preliminary results presented here are a straightforward gen-
eralization of previous work in differential equations and discrete time systems
[Bl, [15] 13] 14 [7, 6, 10]. We provide references concerning general information on
time scales[2, [T, 3] as well as boundary-value problems[9, [16]. Let

X = {z € Cla,b]r : Bz(a) + Dz(b) = 0},
and
Y = C’rd[a, b]']r

where C.q[a, b]T denotes the space of rd-continuous R™-valued maps on [a, b]t, and
Cla, b]t denotes the subspace of Crq[a, bjr where the maps are continuous. |- | will
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denote the Euclidean norm on R™. The operator norm will be used for matrices,
and the supremum norm will be used for z € Y U X, that is,

|zl = sup [z(t)].

tea,blr

It is clear that X and Y are Banach spaces with this norm. We define the norm of
a product space, Vi x Vo X -+ x V,,,, by

m
(o1, vz, o) =Y ol
i=1

where || - ||; denotes the norm on V;.
We define the operator L : D(L) — Y where D(L) = X N CL([a,b]lr — R") by
(La)(t) = 22(t) — A(t)z(t), t€ [a,bl
and the operator F': X — Y by

(Fx)(t) = f(z(t)), t€a,blr.

Clearly z is a solution to q ) if and only 1f Lz = h+ Fzx. ® will denote the
fundamental matrix solutlon for , t € |a, bl where ®(a) = I.

Proposition 2.1. The solution space for the homogeneous boundary-value problem
(1.7)—(1.8) and the kernel of (B + D®(b)) have the same dimension.

Proof. The the solution space of f and kernel of L have the same di-
mension. x € ker(L) if and only if z2(t) = A(t)z(t), t € [a,b]r and = satisfies
the boundary conditions. This is true if and only if there is a ¢ in R™ such that
x(t) = ®(t)c for all t € [a,b]r and Bc+ D®(b)c = 0. It follows that the kernel of L
and the kernel of (B + D®(b)) have the same dimension. O

Let d be a unit vector which spans the kernel of (B+D®(b)). Define S : [a, b]T —
R™ by

The following result is obvious.

Corollary 2.2. labelcorol The kernel of L consists of © such that x(t) = S(t)a for
some real number o.

3. MAIN RESULT

We will now construct projections onto the kernel and image of L in order to
use the Lyapunov-Schmidt Procedure [4, B]. Define P : X — X by

(Pz)(t) = S(t)d" z(a), t€ [a,b]r.
Proposition 3.1. P is a projection onto the kernel of L.

Proof. The fact that P is a bounded linear map is self-evident. The fact that P is
idempotent can be shown through direct computation. It remains to be shown that
Im(P) = ker(L). Let z € X. (Px)(t) = S(t)d*z(a) = S(t)a where o = d” z(a).
Therefore Im(P) C ker(L).

Let x € ker(L). There exists a f € R such that x(t) = S()8. (Px)(t) =
St)dTxz(a) = S(t)d* S(a)B = S(t)3 = x(t). Therefore ker(L) C Im(P). O
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Let k be a vector that spans the kernel of ((B + D®(b))T). Define the map
U : [a,blr — R™ by

U(t) = [D2(b)e (a(t)]Tk, t€ [a,blr.
Proposition 3.2. y is in the image of L if and only if fab yI(1)¥(r)AT = 0.

Proof. Using the variation of constants formula [2] and the boundary conditions it
is clear that y € Im(L) if and only if there exists 2 € X such that (B+D®(b))z(a)+

D f: ®(b)®~1(o(7))y(T)AT = 0, which is equivalent to
T
—2"(a)(B + DB(b / Do)~ (o(r)y(7)| Ar.

This holds if and only if fab [DO(b)~* (O’(T))y(T)} A7 = 0 where (3 is an element
of the kernel of (B + D®(b))T and therefore must be a multiple of k. Therefore,
f y” T)AT = 0. O

Define the operator W from Y into Y by

w0 =ww| [ werard]” [ Veuean ek

Proposition 3.3. E, defined by E =1 — W, is a projection onto the image of L.

Proof. First we will show that E is a projection. Since W is a bounded linear
map F is also a bounded map. To prove E? = E it will be sufficient to show that
W2=W. LetyeY.

(W (W) (1)
b 1 b
[ [ werad | mew)(w, e labls

:\pt)[/abqu?m]_l/a W7 ()0 (r) Ar / ()] 1/ab\I/T(V)y(u)Au

= | owpas]” / T W) Ay = (W) (1),

Finally we will prove that Im(F) = Im(L). It is clear that Fy € Im(F).
b
JRACENCIN
-
— [V - WA

b

:/ab q/T(T)y(T)AT—/ab q/T(T)xp(T)AT[/a |\IJ(1/)|2AV}l/ab\I'T(u)y(u)Auz().

Therefore By € Im(L), and Im(E) C Im(L).
Now suppose y € Im(L).

b _1 b
(B (©) =0 - v | [ 1wePar]” [ ¥ @ynar =y,
for all t € [a,b]r. Therefore y € Im(E), and Im(L) C Im(E). O
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By constructing the projections P and E we are now able to analyze the exis-
tence of solutions to 7 using the classic Lyapunov-Schmidt Procedure.
We provide a self-contained presentation of our approach, but offer references
[4, 8, 10, 11l 12] for a more general formulation and for applications to differential
and difference equations. We can utilize the fact that P and E are projections and
write

X=Im(P)®Im(I—P) and Y =Im(I— E) P Im(E).
For all z € X there exists u € ker(L) and v € Im(I — P) such that x = u+v. It is

clear that L : Im(I — P) N D(L) — Im(L) is a bijection, and therefore there exists
a bounded linear map M : Im(L) — Im(/ — P) N D(L) such that

LMy =y,Vy € Im(L) and MLz =v,Vz e X.
Define Hy : R x Im(I — P) — R by

b
Hy(o,0) = o — / 9([aS(7) + Mh(7) + MEF (Sa+v)(7)]1)[¥(7)]n AT,

Define Hy : R X Im(I — P) — Im(I — P) by
Hs(a,v) = Mh+ MEF(Sa+v).
Define H : R x Im(I — P) —» R x Im(I — P) by
H(a,v) = (Hy(a,v), Ho (v, v)).
Proposition 3.4. Lz = h+ Fx if and only if there exists (a,v) € R x Im(I — P)
such that H(a,v) = (o, v).
Proof. Let x € X. There exist @ € R and v € Im(I — P) such that x = Sa+v and
E[Lx —h—Fz]=0
(I — E)|[La —h — Fa] =0
{ Lv—h—FEF(z)=0
(I-E)F(z)=0
PN { v=Mh+ MEF(Sa+v)
2 9([aS(r) + Mh(7) + MEF(Sa + v)(r)])[¥(r)], AT = 0
< H(a,v) = (a,v).

L:z:h+F:17<:>{

O
Define g(+o0) as follows, provided the corresponding limits exist,
Jlim g(x) = g(F00).
Proposition 3.5. Assume g is continuous, g(co) and g(—oo) ewist, [S(t)]1 is of

one sign, and g(co)g(—o0) fb[\I/(T)]nAT #0. Then

a

b b
/ g([£aS(T) + Mh(T) + MEFz(7)]1)[Y (7). AT — g(j:oo)/ [P (1) AT

Proof. We will show that

b b
/ g([aS(F) + Mh(r) + MEFa(r)]1)[T(r)]nAr — g(c0) / [W(r)]Ar
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as a — 00. The proof for the corresponding result with the opposite sign follows
an analogous argument.

Let € > 0. Since Mh and MEF are bounded on [a,b]r and S achieves its
minimum on the set there exists ag > 0 such that for all a > ag

lg(00) — g([aS(t) + Mh(t) + MEFxz(t)]1)] < e.
Let a > . Then

b b
at00) [ [WrluAT =~ [ g(laS(r) + Mh(r) + MEFa(n))[¥(r)]Ar]

b
S/ |9(00) = g([aS(7) + Mh(7) + MEFz(7)[1)[¥(7)ln| AT

< | 96 - a).

Therefore, f; g([£aS(T)+Mh(T)+ MEFz(7)]1)[Y(7) ], AT — g(£00) f;[‘l’(T)]nAT

as a — o0. O

Theorem 3.6. Suppose that the kernel of (B + D®(b)) is one dimensional. If
(i) [S(#)]1 is of one sign for all t € [a,b]r ,
(ii) g : R — R is continuous,
(iii) g(o0) and g(—o0) ewist,
(iv) g(c0)g(—o0)| [L[W(r)].AT| <0, and
(v) JYRT(r)U(r)AT =0
then there is at least one solution to the boundary-value problem 7.

Proof. For simplicity we will assume that g(oo) > g(—o0) and fab[‘lf(T)]nAT > 0.
Let 7 = sup,cg |9(2)|. Using Propositionthere is an ap > 0 such that for a > «y

b
/ g([S(T)a+ Mh(r) + MEF(Sa + v)(7)]1)[¥(7)].AT > 0,

/ g([S()(—a) + Mh() + MEF(Sa + v)(7)]1)[¥ ()], Ar < 0

for v € Im(I — P). We now use Schauder’s Fixed Point Theorem to prove the

existence of a solution to (L.5)—(L.6). Let
B={(v,a):|v|] < ||Mh[|+ |ME|r, and |af <4
where 6 = ap + (b — a)||¥||}. Note that

b
\/ g([S(r)(=a) + Mh(r) + MEF(Sa +v)(7)]1)[¥(D)]nA7| < r(b—a)|[¥].

For a € [0, d], we have
-6 < —r(b—a)||¥| < Hi(a,v) < a <6,
—0 < —a < Hi(—a,v) <r(b—a)||T] <.
Now let (v, @) € B. Then
[Ha(v, )| = [Mh + MEF(Sa +v)|| < [[Mh]| + || ME||r.

Since H(B) C B by the Schauder fixed point theorem there is at least one fixed point
of H in B. If (&,0) is this fixed point, then © = Mh + MEF? and f;g([dS(T) +
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Mh(7) + MEF(&S + 9)(7)]1)[¥(7)]n = 0. By Proposition L(aS+17) =h+
F(&S + ), and therefore the boundary-value problem (1.5)—(1.6) has at least one
solution. Thus ([L.1)—(L.2)) has at least one solution. O

4. PERIODIC BOUNDARY CONDITIONS

In this section we establish the existence of solutions to periodic boundary-value
problems. We consider

uBB () + Bu(t) + yu(t) = q(t) + g(u(t)) t € [a,b]r (4.1)
subject to

u(a) —u(a+T)=0 and u®(a)—u(a+T)=0 (4.2)
where [a,a 4+ T C T** and 8,7 € R where yu — 0 is regressive. We will assume
that the solution space of

w2 (t) 4 Bu(t) +yu(t) =0 t € [a,a+ Ty (4.3)

subject to
u(a) —u(a+T)=0 and u®(a)—u(a+T)=0 (4.4)
is one-dimensional. Let
A= { 0 1 } .
-y =B

It is easily verified that the kernel of (I — ®(b)) is one dimensional if and only if A
has at least one zero eigenvalue.

First suppose A has real distinct eigenvalues, zero and A. Now the solution to the
corresponding homogeneous problem is u(t) = ¢ +caex(t, a), where ey (-, a) denotes
the time scale exponential function [2]. If we impose the boundary conditions we
find that the solution space of this scalar homogeneous boundary-value problem is
spanned by u(t) = 1 for t € [a,a + T)y. Consequently the constant function [1,0]”
spans ker(L).

Now suppose A has a repeated eigenvalue of zero. The solution to the corre-
sponding homogeneous problem is u(t) = ¢; + cot. If we impose the boundary
conditions we find that the solution space of this scalar homogeneous boundary-
value problem is spanned by u(t) =1 for ¢ € [a,a+T]r. Consequently the constant
function [1, 0] spans the ker(L) in this case as well.

We can now say that the solutions to the corresponding homogeneous boundary-
value problem of (£.1)-(4.2) are real multiples of [1,0]7. Therefore, [S(t)]; is of one
sign for all ¢ € [a,a + Tr.

Theorem 4.1. If
w2 (1) 4 Bu(t) + yu(t) = q(t) t € [a,a+ Ty
subject to
u(a) —u(a+T)=0 and u>(a) —u(a+T)=0
has a solution and g(co) and g(—o0) exist where g(co)g(—o0) < 0 then there is at

least one solution to equation (4.1)—(4.2)).

The proof of this theorem follows from Theorem [3.6] It is easy to verify that the
most significant results in Etheridge and Rodriguez [5] are a direct consequence of
Theorem F11

Corollary 4.2. Suppose the conditions in Theorem[{.1] are satisfied. If
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(i) q is periodic with period T
(ii) T is a periodic time scale with period T', meaning if t € T thent +T € T

then there exists at least one periodic solution to equation (4.1)—(4.2).

Proof. Let x be a solution to (4.1)-(4.2). Since g is bounded and g is periodic it
is clear that the solution z exists on all of T. Let x(t + T) = y(t). y satisfies the
dynamic equation (1)), y(a) = 2(a +T) = z(a), and y*(a) = 22(a +T) = z*(a).
Therefore by uniqueness z(t) = z(t + 7). O

5. EXAMPLE

In this section we examine the following second-order nonlinear boundary-value
problem on several time scales. consider

uB(t) + But (t) + yu(t) = g(u(t)) t€ [a,blr (5.1)

subject to
B[ uuA(?cz) } b [ u%(()z);) } =0 (5.2)

where 8,7 € R and yu — [ is regressive, [a,bly € T”2, B and D are 2 x 2 real
matrices, and g : R — R is continuous. The scalar boundary-value problem (5.1])—
(5.2) is equivalent to the 2 x 2 system

22 () = Au(t) + f(2(t) ¢ € [a,br (5.3)

subject to
Bz(a) + Dz(b) =0 (5.4)

[t g el o-[a]

Suppose d is the vector that spans the kernel of (B 4+ D®(b)) and A has real,
distinct eigenvalues, A\; and Ay, where A\; > Ay and both are positively regressive;
ie., 1+ Agp > 0. Further assume that the eigenpairs for A are given by (A1, v) and
(A2, w). Let

where

- viey, (t,a)  wiey (t,a)]
d(t) = ! 2 .
(t) |:’l)2€)\1(f,a) waey, (t, a)
It is clear that

N - dq vidiey, (t,a) + widsey, (t, a)
S(t) = (1) (a)d = b1 [dz] - L)Q Gron(to) pudon a)} |

We will provide conditions under which S; will be of one sign. It is clear that if
v1, wi, dy, or dg are zero then Sp(t) is either identically zero or of one sign. Now
we investigate the case when vy, wy, di, and ds are all nonzero. S;(t) will be of
one sign on [a,b]7 if and only if vidiey, (t,a) + widaen, (t, a) is of one sign for all
t € [a,b]p. This holds when either

ex(ta)  wids

for all ¢ € [a, b
ex, (t,a) vndy’ ora [, bl
or

t d
e)\l( 70‘) < _’LU1 2 for all t € [a7b]1r.

€, (t,a) Uldl ’
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A (4 a)

€y (t a)
consider specific time scales.

The first time scale we will discuss is given by

1 1
To={ll - g 1~ gyl in =012, JU{L}

For simplicity we assume that a =0 and b = 1.

> 1 for any time scale. To obtain further results we

It is easy to see that

-1

-1
exe(1,0) = exp D[t = 3 cotea | TT0+ g o)
i=0 i=0

= i=

where ¢ € [1 — 2—;,1 — 22l+1] and k = 1,2. Lett € [1 — 2—;,1 — 221%] where
[ € ZT U{0}. Observe that

-1 -
1< 200 o i3 }}H e
< exp{(h — )1 - 22; iy

)

=exp{(\1 — >\2)(%)}(1 N

Therefore, S (t) will be of one sign on [0, 1] when
1 1 + )\1 l w1d2
A — ) (3 -
o e {0 - A (3} (HEN! < e
Now we consider the time scale
Te ={2n,2n+1]:n=0,1,2,...}.
Let a = 0 and b > 0 where b € [1 — 5,1 — 553—r] where N € Z* U {0}.

ex (1,0) = exp{\p(t — D}(1 4+ M)’

where t € 20,21+ 1] and k = 1,2. Let ¢t € [1 — 3k, 1 — 55ir7] where [ € ZT U {0}.
Note that

exp{(A1 — A2)(b— N)}(

wids

1>— for 1 =0,1,2....

vidy

1+)\1 N > e)\l(t70)
14+ Ao - 6)\2(t,0)

= exp{(A1 — A2)(t — D }(
Therefore, S1(t) will be of one sign on [0, b] when

or exp{(A1 — A2)(b— N)}(

> 1.

].+/\1)l
14 A2

widy

1+)\1)N - _ widy

1> .
1+>\2 ’Uldl

Uldl
Finally consider the time scale
Ts={2":n=0,1,2,...}.

Let a =1 and b = 2 where N € Z+.
-1

ex, (t,1) = JJ(1+2°M)

=0
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where ¢t = 2! and k = 1,2. Let t = 2! where [ € Z* U {0}. Observe that

(1+2N_1)\1)N > ﬁ (1+21/\1) o e)\1(t71)

oy = HGTns) =y 7t
Therefore, S1(t) will be of one sign on [0, b] when
1>_w1d2 <1+2N71)\1)N _wldg.
vidy 14+ 2N-1), v1dy
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